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This paper discusses the application of a robust filtering technique to a benchmark trajectory
estimation problem involving radar measurements of an atmospheric entry vehicle. The robust
technique is based on the Huber estimator, which is a mixed minimum `1/`2-norm linear regression
technique. The approach is robust with respect to deviations in the traditionally assumed Gaussian
measurement error probability distributions. It is shown how the Huber technique can be applied to
the Extended Kalman Filter and to First and Second-Order Divided Difference Filter measurement
update equations to provide robustness against non-Gaussian errors. The filters are applied to the
benchmark problem using Monte-Carlo techniques, and computational costs associated with the
filtering techniques are provided.

I. Introduction

This paper describes the application of several nonlinear filters to a benchmark problem involving estimating the
trajectory of an entry body from discrete–time range data measured by a radar tracking station. The processing

of the sensor measurements to estimate the target trajectory can be accomplished by one of several means. Perhaps
the most basic estimation technique in this area of application is the Kalman filter.1 The Kalman filter is a recursive
weighted least–squares or minimum `2 norm (sample or conditional mean) estimation procedure, and is a maximum
likelihood technique assuming that the error statistics follow Gaussian probability distributions.2, 3

Unfortunately, the least–squares method is not a robust estimation technique because the procedure can fail to
perform adequately when the true error statistics follow non-Gaussian probability distributions, particularly those
with much thicker tails than the Gaussian distribution.4, 5 Thickly–tailed probability distributions are those with
high probability of large errors compared with the Gaussian distribution. The term robustness in a statistical sense
was coined by Box6 to describe procedures that are insensitive to deviations in the assumed underlying probability
distribution from which the data are sampled, although the sensitivity of the least squares technique to the distri-
bution of the data has been known for longer. In fact, in the first publication on least squares, Legendre suggests
rejecting data that appear erroneous before using least squares on the remaining observations.7 Formal definitions
of robust estimation can be found in Refs. 9–11. Intuitively, robustness means that the estimation error remains
bounded for arbitrarily large observation residuals. As radar systems are known to exhibit thick tailed non–Gaussian
random measurement errors,8 it is important to develop estimation techniques for radar–based tracking that are
robust with respect to deviations from the commonly assumed Gaussian measurement error distribution.

One robust technique is the Huber estimator,12 which is a combined minimum `1 and `2 norm estimation method.
The Huber estimator is a blend of the two estimators that seeks to take the best of both techniques. Specifically,
the Huber estimator takes the robustness of the sample median and the efficiency of the sample mean. The Huber
technique was originally developed as a generalization of maximum likelihood estimation, applied first to estimating
the center of a probability distribution in Ref. 12 and further generalized to multiple linear regression in Refs. 13–15.

The Huber technique has been further extended to dynamic estimation problems. By expressing the discrete-
time Kalman filter as a sequence of linear regression problems,16 Boncelet and Dickinson17 first proposed to solve the
robust filtering problem by means of the Huber technique at each measurement point. The authors do not provide
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any simulation results to validate the proposed technique. Kovacevic, et al18 follow the work of Ref. 17 and develop a
robust filter using the Huber technique applied to a linear regression problem at each measurement update. Refs. 19–
21 express the dynamic filtering problem as a sequential linear regression to be solved by the Huber technique, and
apply the filter to underwater vehicle tracking, power system state estimation, and spacecraft rendezvous navigation,
respectively.

Some other approaches to robust filtering include several ad-hoc techniques for dealing with observation data
that do not follow the assumed Gaussian distribution. In particular, that of censoring the data such that any
observation that differs from the predicted value by some set threshold is discarded entirely. This approach to robust
filtering has numerous disadvantages that have been known for quite some time,22 notably that the non-continuous
weighting function can lead to non-robust covariance estimates.5, 9 Another disadvantage of the censoring method
is the increase in estimation variance due to the fact that information contained within the residual is discarded
entirely and not processed according to a statistical procedure. Another ad-hoc technique is to simply inflate the
measurement error covariance matrix to account for the perturbing density that leads to the non-Gaussianity. This
method also suffers from several drawbacks, namely that all measurements processed according to this rule receive
decreased weights, not only those that are to be considered as outliers. This reduction in overall weighting in turn
leads to an increase in the estimation variance.5

Other techniques for robust filtering have been proposed. Sorenson and Alspach23, 24 advocate a Bayesian
approach in which the measurement error distributions are adaptively approximated using Gaussian sums. The
Gaussian sum methodology yields a robust estimation technique, but at an extreme cost in computation. Specifi-
cally, the number of terms kept in the Gaussian sum grows exponentially with time. The computation time can be
reduced using filter banks and parallel processing techniques,25, 26 but the overall computational complexity across
the entire processing system remains substantial. For these reasons, the Gaussian sum filters are not feasible for real–
time implementation in many applications. Masreliez and Martin27 develop a robust filter by means of a Bayesian
approach in which either the state noise is Gaussian and the measurement noise is non-Gaussian, or the state noise
is non-Gaussian and the measurement noise is Gaussian. No consideration is made for the case when both noise
sources are non-Gaussian, which is allowed for under the Huber filtering approach.

Recent developments in dynamic filtering are the Sigma Point Kalman Filters (SPKFs). Like the basic Kalman
filter, the SPKFs seek to determine a state estimate that minimizes the `2–norm of the residuals. The SPKF technique
differs from the basic Kalman filter in the estimate and covariance propagation prior to determining the state estimate
at the time of the measurement update. The differences lie in that the SPKFs do not linearize the dynamic system
for the propagation, but instead propagate a cluster of points centered around the current estimate in order to form
improved approximations of the conditional mean and covariance. SPKFs have the additional advantage over the
basic Kalman filter in that they can easily be extended to determine second–order solutions to the minimum `2–
norm measurement update, which increases the estimation accuracy when the system and measurement equations are
nonlinear. It is important to note that the SPKFs use a minimum `2–norm measurement update and are therefore
subject to the same sensitivity to non-Gaussian measurement errors as the Kalman filter.

This paper first discusses the Huber estimation technique as a generalization of the method of maximum likelihood
regression. Next, the dynamic state estimation problem is shown to be equivalent to a sequence of regression
problems occurring at each measurement update. When written in the sequential regression form, the dynamic
estimation problem can be solved by means of the robust Huber estimator. It is further shown how the robust Huber
measurement update solution can be applied to the update equations of the first–order (DD1) and second–order
Divided Difference Filter (DD2), which is one subclass of the SPKF technique. Finally, the robust techniques are
applied to a benchmark tracking problem. The simulation is conducted using Monte-Carlo techniques for both the
Gaussian and non-Gaussian cases. The computational cost associated with each filter is discussed. The next section
begins the discussion of the Huber estimator as a robust solution of the linear regression problem.

II. Some Concepts in Regression Theory

The purpose of this section is to review some basic concepts in regression theory. The estimation of a static
linear system will later be shown to be easily extended to discrete-time dynamic estimation. In this section the linear
regression model of the form

y = Hx + w (1)

is considered, where y represents the measurement data, x is the variable to be estimated, H represents the re-
lationship between x and y and is usually called the design matrix, and w represents the random measurement
error.
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A. Maximum Likelihood Estimation

1. Overview of the Method

The method of maximum likelihood estimation was introduced by Fisher28 in a series of papers between 1912 and
1922, although some of the basic ideas had been touched on previously by Bernoulli29 for semi-circular distributions,
and Gauss 30 in connection with an effort to determine the probability distribution that made the least squares
estimate the most probable estimate.13, 31 The maximum likelihood method proceeds as follows. Given a sample
of m measurement data y = [y1, · · · , ym]T , let the joint probability density function of the measurement data for a
given value of x be denoted by f(y|x). The likelihood function L is then defined as

L (x;y) = f(y|x) (2)

If the observation data are considered to be independent and identically distributed, then the joint density function is
the product of the marginal density functions.32 Also, the density function reduces to a function only of the residuals
between the estimate and the observation data, defined as ζ = Hx − y. Under these assumptions, the likelihood
function takes the form

L (x;y) =
m∏

i=1

f(ζ) (3)

The most probable value of x (the mode of the joint distribution) is the value of x that maximizes the likelihood
function. In practice it is more convenient to minimize the natural logarithm of the likelihood function. Such a value
of x can be found by minimizing the cost function,

J(x) = −
m∑

i=1

ln [f (ζi)] (4)

The solution to the minimization problem is given implicitly by the derivative of the cost function
m∑

i=1

φ(ζi)
∂ζi

∂x
= 0 (5)

where φ(ζi) = −f ′(ζi)/f(ζi). By defining the function ψ (ζi) = φ(ζi)/ζi, and the matrix Ψ = diag [ψ (ζi)], the implicit
equation can be written in matrix form as

HT Ψ (Hx− y) = 0 (6)

Note that, in general, the implicit likelihood equation (6) is nonlinear, since the matrix Ψ is a function of x. Solutions
of the likelihood equation can be determined by the application standard iterative techniques for nonlinear systems.
The solution of the likelihood equation is the maximum likelihood estimate for x and is denoted by x̂.

Once the solution of the maximum likelihood method is obtained, the covariance associated with the estimate
can be computed from9

P̂ =
E

(
φ2

)

[E (φ′)]2
(
HT H

)−1
(7)

It can be shown that estimators of this form are asymptotically normal with mean x̂ and covariance P̂. Further,
the estimator is minimum variance and asymptotically unbiased, when the true measurement error distribution
follows the assumed model exactly. See Ref. 33 for further details.

2. Correlated Residuals

The development of the maximum likelihood estimation method made the assumption that the residuals were inde-
pendent and identically distributed. If in fact the residuals are correlated then the maximum likelihood method is
still applicable, but a transformation of variables is required. If the measurement error covariance matrix is given by
R, then the regression problem can be transformed to uncorrelated coordinates (this transformation is sometimes
known as stochastic decoupling) by defining the new variables

w̃ = R−1/2w (8)
ỹ = R−1/2y (9)

H̃ = R−1/2H (10)

Upon defining the above quantities, the regression problem is transformed into

ỹ = H̃x + w̃ (11)
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Figure 1. Comparison of ρ, φ, and ψ Functions

In the transformed problem, the measurement errors have a covariance matrix given by R̃ = I, as can be seen by
expanding the expectation E

[
w̃w̃T

]
. This fact implies that the transformed residuals are linearly independent and

hence that the standard maximum likelihood method can be applied to the transformed linear regression problem.

B. Generalized Maximum Likelihood Estimation

1. Overview of the Method

Huber in 196412 introduced a new class of estimation methods known as the generalized maximum likelihood method,
also known as the technique of M -estimation. In this method, one seeks to minimize a function of the residuals of
the form

J (x) =
m∑

i=1

ρ (ζi) (12)

where ρ is an arbitrary function. Note that the generalized maximum likelihood method reduces the standard
maximum likelihood method in the special case when ρ(ζi) = − ln [f (ζi)]. The solution to the generalized maximum
likelihood problem can be found from the implicit equation

m∑

i=1

φ(ζi)
∂ζi

∂x
= 0 (13)

where φ(ζi) = ρ′(ζi). By defining the function ψ (ζi) = φ(ζi)/ζi, and the matrix Ψ = diag [ψ (ζi)], the implicit
equation can be written in matrix form as

HT Ψ (Hx− y) = 0 (14)

In generalized maximum likelihood estimation, the function ρ can be chosen to yield an estimator x̂ with certain
desirable properties. A desirable property of the solution of the generalized maximum likelihood technique is that of
robustness with respect to deviations from the assumed underlying probability distribution.

Huber12 introduces a ρ function of the form

ρ (ζi) =





1
2ζ2

i for |ζi| < γ

γ|ζi| − 1
2γ2 for |ζi| ≥ γ

(15)

where γ is a tuning parameter. This ρ function is a blend of the minimum `1 and `2 norm functions. Note that as
γ → 0, Eq. (15) approaches the `1 norm, which is equivalent to the median in the scalar case, and that as γ → ∞,
Eq. (15) approaches the `2 norm, which is equivalent to the mean in the scalar case. The ρ, φ, and ψ functions for
the `1, `2, and Huber cases are shown in Fig. 1 for comparison. Note that the ρ, φ, and ψ functions are sometimes
known as the score, influence, and weight functions, respectively.

Huber12 shows that the ρ function given in Eq. (15) is asymptotically optimally robust in the ε neighborhood of
the Gaussian distribution. Explicitly, if the measurement errors follow a perturbed Gaussian density function of the
form

f(w) =
1− ε√

2π
exp

(
−w2

2

)
+ εg(w) (16)
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(b) Comparison of Asymptotic Relative Efficiencies (Detail)

Figure 2. Comparison of Asymptotic Relative Efficiencies for Gaussian Mixture

where ε is a perturbing parameter and g(w) is an unknown perturbing density function, then the M -estimation
technique with ρ function given by Eq. (15) minimizes the maximum asymptotic estimation variance in the ε neigh-
borhood of the Gaussian distribution. Further, it can be shown that estimators of this form are asymptotically
normal and unbiased.34

2. Example of a Gaussian Mixture

To illustrate the advantages of the generalized maximum likelihood techniques, consider for a moment the scalar
estimation problem found by setting H = 1. This problem corresponds with estimating the center of a probability
distribution given a sample of measurements. In this example, the measurement data are drawn from a mixture of
two Gaussian densities given by the function

f(w) =
1− ε√

2π
exp

(
−w2

2

)
+

ε√
2πa

exp
(
− w2

2a2

)
(17)

where a2 > 1 is the variance of the perturbing density. The mixture of Gaussian densities in Eq. 17 was first introduced
by Newcomb for the purpose of studying heavy–tailed measurement data.7, 35 Since H = 1, the estimation variance is
a scalar quantity that simplifies from Eq. (7) as P̂ = E

(
φ2

)
/ [E (φ′)]2. The `1, `2, and Huber estimation variances can

be found by carrying out the the necessary integrals. If the asymptotic variance of the `1, `2, and Huber estimators
are denoted by P̂`1 , P̂`2 , and P̂H , respectively, then the results are

P̂`1 =
π

2

(
1− ε +

ε

a

)−2

(18)

P̂`2 = 1 + ε
(
a2 − 1

)
(19)

P̂H =

{
γ2 + (1− ε)

[
(
1− γ2

)
erf

(
γ√
2

)
−

√
2
π

γ exp
(−γ2

2

)]

+ε

[
(
a2 − γ2

)
erf

(
γ√
2a

)
−

√
2
π

aγ exp
(−γ2

2a2

)]}
·
[
(1− ε) erf

(
γ√
2

)
+ εerf

(
γ√
2a

)]−2

(20)

A useful metric for comparing estimators is the relative efficiency, which is the ratio of the maximum likelihood
asymptotic variance and the asymptotic variance of the estimator. If the asymptotic variance of the maximum
likelihood estimator is denoted by P̂MLE , then the asymptotic relative efficiency is defined as e = P̂MLE/P̂ , where
P̂ is the asymptotic variance of the estimator in question. Note that the best possible asymptotic relative efficiency
is e = 1, since the maximum likelihood estimator is asymptotically minimum variance at the particular distribution.

The asymptotic relative efficiencies are shown in Fig. 2 as a function of the perturbing parameter ε for fixed a = 5
and γ = 1. The results for the entire range of ε is shown in Fig. 2(a) where just the portion of ε between 0 and
0.03 is shown in Fig. 2(b). From the plots in Fig. 2 it is apparent that when the data are perfectly Gaussian, the
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Figure 3. Asymptotic Relative Efficiencies for Gaussian–Cauchy Mixture

`2 estimator is more efficient than either the `1 or the Huber estimator. This behavior is to be expected since the
`2 estimator is the maximum likelihood estimator at the Gaussian distribution. When the perturbing parameter ε
is increased, the `2 efficiency decreases sharply, but the `1 and Huber efficiencies show a more shallow decrease than
the `2 case. The Huber and `1 estimators rapidly show higher efficiencies than the `2 case as ε increases away from
zero. The `1 estimator becomes superior to the `2 estimator at ε = 0.027 and the Huber estimator becomes superior
to the `2 estimator at ε = 0.005. As ε increases further, the distribution function again becomes nearly Gaussian for
which the `2 estimator has the minimum variance. This example illustrates the point that a small contamination of
an assumed Gaussian model by another distribution will lead to a rapid loss of efficiency of the least squares method,
whereas the Huber estimator exhibits a reduced sensitivity. In fact, the Huber efficiency is nearly constant across a
wide range of ε, illustrating the robustness of the technique.

3. Example of a Gaussian–Cauchy Mixture

As a slightly more extreme example, consider the Gaussian–Cauchy mixture given by the density

f(w) =
1− ε√

2π
exp

(
−w2

2

)
+

ε

π

1
1 + w2

(21)

Note that for any ε > 0, the variance of this distribution is infinite. Therefore, the asymptotic variance of the
`2 estimator applied to data drawn from this distribution is also infinite for ε > 0. The `1 and Huber estimator
asymptotic variances are finite and given by

P̂`1 =

[√
2
π

(1− ε) +
2ε

π

]−2

(22)

P̂H =

[
γ2 +

2γε

π
+ γ

√
2
π

(ε− 1) exp
(−γ2

2

)
− 2ε

π

(
1 + γ2

)
arctan γ+

(
1− γ2 − ε + γ2ε

)
erf

(
γ√
2

)]
·
[
2ε

π
arctan γ + (1− ε) erf

(
γ√
2

)]−2

(23)

The `1 and Huber asymptotic relative efficiencies are shown in Fig. 3. Here it is apparent that the Huber
estimation technique performs quite well, even when applied to a problem where the random measurement errors
have infinite variance.

4. Choice of Tuning Parameter

Figure 4(a) shows the influence of the choice of the tuning parameter γ on the asymptotic relative efficiency of the
Huber technique for the Gaussian case (ε = 0). The previous examples have shown that for a penalty in asymptotic
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Figure 4. Huber Gaussian Asymptotic Relative Efficiency and Optimal Tuning Parameter

relative efficiency at the model distribution (the Gaussian case), the relative efficiency is nearly constant in an ε
neighborhood of the model distribution. The efficiency can vary between one for γ = ∞ (the `2 case) and 2/π
for γ = 0 (the `1 case). If the value of the parameter ε is known (even though the density function g(w) of the
perturbing distribution is unknown), then the best choice of γ has been determined by Huber.12, 13 If ε = ε0 is the
known perturbing parameter, then the optimal choice of γ, denoted by γ?, is given by the implicit equation12, 13

1
1− ε0

=
1
γ?

√
2
π

exp

[
− (γ?)2

2

]
+ erf

(
γ?

√
2

)
(24)

For a given value of ε, estimates computed using γ = γ? maximize the asymptotic relative efficiency across the range
of all possible values of γ.12, 13

The optimal value of the tuning parameter γ? is shown as a function of ε0 in Fig. 4(b). When ε0 = 0 the
best tuning parameter is infinite. This value is expected because when ε0 = 0, the distribution is Gaussian and
least squares estimation (γ = ∞) is minimum variance. As ε0 → 1, the tuning parameter γ? → 0. This behavior
suggests that the median is the best choice of estimation technique when the noise density f(w) = g(w) is completely
unknown. However, note that if ε0 > 1/2 then the model distribution should no longer be taken as Gaussian since
the perturbing density is in fact greater in proportion.

If the perturbing parameter ε is unknown, then the choice of γ is typically motivated by a desired variance at
the model distribution. One common choice is γ = 1.345; for this value the Huber filter will exhibit estimation error
variances that are 5% larger than that of the least squares method when the measurement error distributions are
truly Gaussian. Generally any value of γ between 1.0 and 2.0 is suggested.12

5. Solution of the Generalized Maximum Likelihood Estimator

This section discusses a numerical technique of solving the implicit equation resulting from application of the gen-
eralized maximum likelihood method. The solution of Eq. (14) is typically determined in one of two ways: a
Newton–Raphson iteration, or the iteratively reweighted algorithm, which is commonly attributed to Beaton and
Tukey.36 In this paper, the latter method will be used. The algorithm can be derived as follows. Eq. (14) can be
expanded to yield HT ΨHx = HT Ψy, which can be solved for x to give x =

(
HT ΨH

)−1
HT Ψy. Since the matrix

Ψ depends on the residuals ζi, and hence on x, an iterative solution to Eq. (14) is expressed as

x(j+1) =
(
HT Ψ(j)H

)−1

HT Ψ(j)y (25)

where the superscript (j) refers to the iteration index. The method can be initialized by using the least–squares
solution x(0) =

(
HT H

)−1
HT y. The converged value from the iterative procedure is taken as the state estimate, x̂.

When the measurement errors are correlated, they can be transformed to uncorrelated measurements with unit
variance by means of the transformations given in Sec. A. The resulting solution by means of the iteratively re-
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weighted algorithm takes the form

x(j+1) =
(
HT R−1/2Ψ(j)R−1/2H

)−1

HT R−1/2Ψ(j)R−1/2y (26)

The algorithm can be iterated until convergence or can be carried out through only one fixed iteration step, as
discussed in Refs. 11, 37 and 38. It is shown in Refs. 11, 37 and 38 that the one-step Huber estimates capture all
the desired robustness properties of the fully iterated estimator. Note that as γ → ∞, the Huber filtering problem
reduces to the least squares estimator. Specifically, when γ → ∞, the matrix Ψ → I, and Eq. (14) can be solved
exactly in one iteration step and is equal to the least squares solution.

III. Application to Dynamic Estimation

This section discusses the problem of estimating the state of the system of ordinary differential equations

ẋ = f (x,u,v, t) (27)

where x is the state vector, u are the deterministic inputs to the system, and v are random inputs to the system.
The mean value of v is v̄ = 0 and its covariance is Q. It is assumed that the state of the system can be measured
at discrete times in the form of a model given as

yk = h (xk) + wk (28)

where the subscript k refers to the value of the parameter at time tk, yk is the measurement at time tk, and wk is
the measurement noise at time tk. The mean value of wk is w̄k = 0 and its covariance is Rk.

A. Robust Extended Kalman Filter: Linear Filtering as a Sequence of Linear Regression Problems

The Kalman filter is a well-known technique for estimating the state of systems of differential equations described
in the form provided in Eqs. (27–28). The filter is a predictor–corrector approach in which the state predictions are
computed by numerical integration of the dynamic model, and state corrections are obtained by a weighted linear
combination of the predicted measurements and the actual measurements. In this approach, the state and covariance
predictions are given as

x̄k = x̂k−1 +
∫ tk

tk−1

f (x,u, v̄, t) dt (29)

P̄k = P̂k−1 +
∫ tk

tk−1

[
A(x̂(t), t)P̄(t) + P̄(t)T A(x̂(t), t)T + B(x̂(t), t)Q(t)B(x̂(t), t)T

]
dt (30)

where x̄k is the predicted value of the state at time tk, based on the estimated value of the state at time tk−1, which
is x̂k−1. Similarly, P̄k is the predicted state error covariance matrix at time tk and P̂k−1 is the estimated state error
covariance matrix and time tk−1. Also, the matrices A and B are given by

A(t) =
∂f
∂x

∣∣∣∣
x=x̄(t),v=v̄

(31)

B(t) =
∂f
∂v

∣∣∣∣
x=x̄(t),v=v̄

(32)

The state correction obtained at the time of the measurement update can be expressed as a linear regression
problem between the predicted state and the observed quantity.16 If the true value of the state is written as xk and
the state prediction error is written as δk = xk − x̄k, then the state prediction can be expressed as x̄k = xk − δk.
By approximating the measurement equation as

yk ≈ h (x̄k) + Hk (xk − x̄k) (33)

the regression problem then takes the form
{

yk − h (x̄k) + Hkx̄k

x̄k

}
=

[
Hk

I

]
xk +

{
wk

−δk

}
(34)
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where the matrix Hk is defined as

Hk =
∂h
∂x

∣∣∣∣
x=x̄k,w=w̄

(35)

By defining the quantities

Tk =

[
Rk 0
0 P̄k

]
(36)

zk = T−1/2
k

{
yk − h (x̄k) + Hkx̄k

x̄k

}
(37)

Gk = T−1/2
k

[
Hk

I

]
(38)

ξk = T−1/2
k

{
wk

−δk

}
(39)

the linear regression problem is transformed to

zk = Gkxk + ξk (40)

Note that Eq. (40) is in precisely the same form as the linear regression problem given in Eq.(11), which can be
solved using the robust Huber generalized maximum–likelihood technique. Recall from the previous section that the
solution of the Huber estimation problem can be written as the converged solution of the iterative equation

x(j+1)
k =

(
GT

k Ψ(j)Gk

)−1

GT
k Ψ(j)zk (41)

where the superscript (j) refers to the iteration index. The method can be initialized by using the least–squares
(Kalman filter) solution x(0)

k =
(
GT

k Gk

)−1
GT

k zk. The converged value from the iterative procedure is taken as the
corrected state estimate following a measurement update, x̂k.

Finally, the estimated state estimate error covariance matrix following the measurement update is computed from

P̂k =
(
GT

k ΨGk

)−1
(42)

using the final value of Ψ corresponding to the converged state estimate.
Due to the particular structure of the matrix Gk, the discrete time dynamic state estimation technique can be

simplified considerably from the static state estimation technique by application of the matrix inversion lemma.39 By
first decomposing the Ψ matrix into two portions Ψx and Ψy corresponding to the state prediction and measurement
prediction residuals so that

Ψ =

[
Ψy 0
0 Ψx

]
(43)

and by defining the gain matrix

Kk = P̄1/2
k Ψ−1

x P̄1/2
k HT

k

(
HkP̄

1/2
k Ψ−1

x P̄1/2
k HT

k + R1/2
k Ψ−1

y R1/2
k

)−1

(44)

then the state estimate and covariance corrections can be written as

x̂(j+1)
k = x̄k + K(j)

k [yk − h (x̄k)] (45)

P̂k = (I−KkHk) P̄1/2
k Ψ−1

x P̄1/2
k (46)

Again, note that as the tuning parameter γ →∞, the matrix Ψ → I and the Huber recursive estimation technique
reduces to the familiar Kalman filter solution.

B. Robust Divided Difference Filtering

The Divided Difference Filter is one of several new estimation techniques that are collectively known as Sigma–Point
Kalman Filters (SPKF). Like the basic Kalman filter, the SPKFs seek to determine a state estimate that minimizes
the `2–norm of the residuals. The SPKF technique differs from the basic Kalman filter in that the estimate and
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covariance propagation prior to determining the state estimate at the time of the measurement update. The divided
difference filter arises from an alternate approach to the nonlinear state estimation and filtering problem than the
EKF. Whereas the EKF is based on first–order Taylor series approximations, the divided difference filter relies on
multidimensional interpolation formulas to approximate the nonlinear transformations. As a result of this approach,
the filter does not require knowledge or existence of the partial derivatives of the system dynamics and measurement
equations.

The First–Order (DD1) and Second–Order (DD2) Divided Difference Filters40, 41 are generalizations of the filter
introduced by Schei,42 and are two examples of SPKF–class estimators; other examples can be found in Refs. 43–45.
This section describes the DD1 and DD2 filters and shows how the measurement update equation can be modified to
provide robustness against deviations from the assumed Gaussian error model by use of the Huber technique. The
filter summary closely follows that given in Refs. 40 and 41. The filter equations rely upon a discrete representation
of the system dynamics, in which the differential equation in Eq. (27) is replaced with a difference equation of the
form

xk+1 = F (xk,vk, tk) (47)

and the measurement equation is given by
yk = G (xk,wk, tk) (48)

Note that the transformation between the continuous representation and the discrete representation of the system
dynamics is essentially an integration between time steps of the measurement data, so that

F (xk,vk, tk) = f (xk,vk, tk) +
∫ tk+1

tk

f (x(t),v(t), t) dt (49)

The following square-root decompositions of the covariance, process noise, and measurement noise matrices are
defined as

P̂k = Ŝxk
ŜT

xk
(50)

P̄k = S̄xk
S̄T

xk
(51)

Qk = Svk
ST

vk
(52)

Rk = Swk
ST

wk
(53)

Also, the jth column of S̄xk
shall be referred to as s̄xkj

and likewise for the other matrices.

1. Overview of the DD1 Filter

The DD1 filter makes use of first–order divided differences to approximate the system and measurement dynamics
rather than the first–order Taylor series expansions used in the EKF. The following matrices of first–order divided
differences are defined as

S′xx̂ki,j
=

1
2c

[
Fi

(
x̂ + cŝxj , v̄k, tk

)− Fi

(
x̂k − cŝxj , v̄k, tk

)]
(54)

S′xvki,j
=

1
2c

[
Fi

(
x̂k, v̄k + csvj , tk

)− Fi

(
x̂k, v̄k − csvj , tk

)]
(55)

S′yx̄ki,j
=

1
2c

[
Gi

(
x̄k + cs̄xj , w̄k, tk

)−Gi

(
x̄k − cs̄xj , w̄k, tk

)]
(56)

S′ywki,j
=

1
2c

[
Gi

(
x̄k, w̄k + cswj , tk

)−Gi

(
x̄k, w̄k − cswj , tk

)]
(57)

where c the divided–difference perturbing parameter.
The state, state root–covariance, measurement, and measurement root-covariance predictions are given by

x̄k+1 = F (x̂k, v̄k, tk) (58)

S̄xk+1 = H
([

S′xx̂k
S′xvk

])
(59)

ȳk = G (x̄k, w̄k, tk) (60)

Syk
= H

([
S′yx̄k

S′ywk

])
(61)

where H(·) represents a Householder transformation of the argument matrix.40, 41
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The state and root-covariance measurement update equations are given by

x̂k = x̄k + Kk (yk − ȳk) (62)

Ŝxk
= H

([
S̄xk

−KkS′yxk
KkS′ywk

])
(63)

where Kk = S̄xk
S′Tyx̄k

(
Syk

ST
yk

)−1 is the Kalman gain matrix.

2. Overview of the DD2 Filter

The DD2 filter makes use of second–order divided differences to approximate nonlinear transformation of the state
and covariance. The matrices of second–order divided differences are defined as

S′′xx̂ki,j
=

√
c2 − 1
2c2

[
Fi

(
x̂k + cŝxj

, v̄k, tk
)

+ Fi

(
x̂k − cŝxj

, v̄k, tk
)− 2Fi (x̂k, v̄k, tk)

]
(64)

S′′xvki,j
=

√
c2 − 1
2c2

[
Fi

(
x̂k, v̄k + cswj , tk

)
+ Fi

(
x̂k, v̄k − cswj , tk

)− 2Fi (x̂k, v̄k, tk)
]

(65)

S′′yx̄ki,j
=

√
c2 − 1
2c2

[
Gi

(
x̄ + cs̄xj , w̄k, tk

)
+ Gi

(
x̄− cs̄xj , w̄k, tk

)− 2Gi (x̄k, w̄k, tk)
]

(66)

S′′ywki,j
=

√
c2 − 1
2c2

[
Gi

(
x̄k, w̄k + cswj

, tk
)

+ Gi

(
x̄kw̄k − cswj

, tk
)− 2Gi (x̄k, w̄k, tk)

]
(67)

The state, state root–covariance, measurement, and measurement covariance predictions are given by

x̄k+1 =
(

c2 − nx − nv

c2

)
F (x̂k, v̄k, tk)

+
1

2c2

nx∑

j=1

[
F

(
x̂k + cŝxkj

, v̄k, tk

)
+ F

(
x̂k − cŝxkj

, v̄k, tk

)]

+
1

2c2

nv∑

j=1

[
F

(
x̂k, v̄k + csvkj

, tk

)
+ F

(
x̂k, v̄k − csvkj

, tk

)]
(68)

S̄xk+1 = H
([

S′xx̂k
S′xvk

S′′xx̂k
S′′xvk

])
(69)

ȳk =
(

c2 − nx − nw

c2

)
G (x̄k, w̄k, tk)

+
1

2c2

nx∑

j=1

[
G

(
x̄k + cs̄xkj

, w̄k, tk

)
+ G

(
x̄k − cs̄xkj

, w̄k, tk

)]

+
1

2c2

nw∑

j=1

[
G

(
x̄k, w̄k + cswkj

, tk

)
+ G

(
x̄k, w̄k − cswkj

, tk

)]
(70)

Syk
= H

([
S′yx̄k

S′ywk
S′′yx̄k

S′′ywk

])
(71)

where nx is the size of the state dimension, nv is the size of the process noise dimension, and nw is the size of the
measurement noise dimension.

Lastly, the state and root-covariance update equations are given by

x̂k = x̄k + Kk (yk − ȳk) (72)

Ŝxk
= H

([
S̄xk

−KkS′yxk
KkS′ywk

KkS′yxk
KkS′ywk

])
(73)

where Kk = S̄xk
S′Tyx̄k

(
Syk

ST
yk

)−1 is the Kalman gain matrix.
Note that many of the same state and noise perturbations used to calculate the first–order divided differences

are again used to compute the second–order divided differences. This point has important implications with regard
to the computational costs, suggesting that the DD2 filter may not require a great deal more computing time than
the DD1 filter.
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3. Modification of Measurement Update Equations

The DD1 filter measurement update can be modified to yield a robust estimator in a manner similar to that shown
for the Kalman filter in the previous section. If the measurement update given in Eq. (62) is taken as the initial
guess for the state, similar to how the Kalman filter solution utilized in the previous section, then a one-step Huber
update can be written as

S(1)
yk

= H
([

S′yx̄k
Ψ−1/2

x S′ywk
Ψ−1/2

y

])
(74)

K(1)
k = S̄xk

Ψ−1
x S′Tyx̄k

(
S(1)

yk
S(1)T

yk

)−1

(75)

x̂k = x̄k + K(1)
k (yk − ȳk) (76)

Ŝxk
= H

([
S̄xk

Ψ−1/2
x −K(1)

k S′yxk
Ψ−1/2

x K(1)
k S′ywk

Ψ−1/2
y

])
(77)

Similarly for the DD2 filter, if the measurement update given in Eq. (72) is taken as the initial guess for the state,
then a one-step Huber update can be written as

S(1)
yk

= H
([

S′yx̄k
Ψ−1/2

x S′ywk
Ψ−1/2

y S′′yx̄k
Ψ−1/2

x S′′ywk
Ψ−1/2

y

])
(78)

K(1)
k = S̄xk

Ψ−1
x S′Tyx̄k

(
S(1)

yk
S(1)T

yk

)−1

(79)

x̂k = x̄k + K(1)
k (yk − ȳk) (80)

Ŝxk
= H

([
S̄xk

Ψ−1/2
x −K(1)

k S′yxk
Ψ−1/2

x K(1)
k S′ywk

Ψ−1/2
y K(1)

k S′′yxk
Ψ−1/2

x K(1)
k S′′ywk

Ψ−1/2
y

])
(81)

In each case, Ψx and Ψy are diagonal matrices computed from the Huber ψ function, with residuals that take
the form

ζ =

[
S−1

wk
0

0 S̄−1
xk

]
·





yk − ȳk

x̂(0)
k − x̄k





(82)

where the superscript (0) refers to the initial state estimate computed from the standard DD1 or DD2 update.

IV. Application to a Benchmark Nonlinear Filtering Problem

This section discusses the application of the robust filter to the problem of reconstructing the trajectory of a
target using range measurements recorded from a radar ground station. The example problem is to estimate the
trajectory of a mass falling through an exponential atmosphere with a constant, yet unknown, drag coefficient. The
gravitational acceleration acting on the body is neglected in the dynamic model. This truncated model is valid
for high initial velocities that cause the aerodynamic acceleration to dominate over the gravitational acceleration.
Measurements of the vehicle state are provided by a radar tracking station. This benchmark nonlinear filtering
problem was initially studied in Ref. 46 and has been repeated numerous times. Fig. 5 shows the geometry of the
problem.

A. Dynamic Model and Measurement Equations

The dynamic model for this problem can be derived by writing

ẋ1 = −x2 (83)

ẋ2 = −CDAρ

2m
x2

2 (84)

where x1 represents the altitude of the mass, x2 its downward velocity, CD is the drag coefficient, A is the cross-
sectional area, m is the mass, and ρ is the atmospheric density, which is assumed to follow an exponential function
of the form

ρ = ρ0e−ηx1 (85)

where the quantity η is the known constant inverse density scale height. If the aerodynamics of the target are
considered to be an unknown parameter to be estimated in real time, then a third state variable can be expressed as

x3 =

√
CDAρ0

2m
(86)
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x1

yk

a

radar location

Figure 5. Geometry of Example Problem

Here, the square-root of CDAρ0/2m is used since this term must always be positive, in other words since the quantity
x2

3 is always non-negative.
In summary, the complete dynamic model for this problem is expressed as

ẋ1 = −x2 (87)
ẋ2 = −x2

3x
2
2e
−ηx1 (88)

ẋ3 = 0 (89)

The radar measurement equation is

yk =
√

b2 + [x1 (tk)− a]2 + wk (90)

where wk represents zero-mean random error, with probability density function f(wk).
The model parameters and initial conditions for the problem are summarized in Table 1. The true trajectory for

these initial conditions is shown in Fig. 6.

Table 1. Simulation Parameters

Parameter Value
a, km 30.5
b, km 30.5
η, m−1 1.64 · 10−4

σ1, m 30.5
γ 1.345
c2 3.0

Random measurement errors are drawn from the mixture of zero–mean Gaussian probability distributions, defined
by the probability density function

f (wk) =
(

1− ε

σ1

√
2π

)
exp

[
−

(
w2

k

2σ2
1

)]
+

(
ε

σ2

√
2π

)
exp

[
−

(
w2

k

2σ2
2

)]
(91)
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Table 2. Initial Conditions

Initial State True Value Estimated Value Standard Deviation
x1(0), km 91.5 91.5 0.31
x2(0), km/s 6.1 6.1 0.06
x3(0), 1/

√
m 0.06 0.01 0.02
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Figure 6. True Trajectory of Target

where σ1 and σ2 are the standard deviations of the individual Gaussian distributions, and ε is a perturbing parameter
that represents error model contamination. The standard deviations σ1 are chosen according to Table 1 and σ2 is
chosen as σ2 = 5σ1. The measurements are assumed to occur at a frequency of 1 Hz.

B. Results of Example Problem

This section discusses the results of applying several filters to the benchmark tracking problem. These filters include
the EKF, DD1, DD2 and the robust versions of each with the one–step Huber update. The results of a Monte–Carlo
simulation are shown in the following figures. In this simulation, 2000 trial cases have been conducted, each case
terminating after an elapsed time of 60 s.

The absolute value of the median errors are shown for the case of ε = 0 in Figs. 7(a)–(c). In this case the DD2
filter gives a smaller estimation error than the other robust and non-robust filters. The DD1 filter exhibits slightly
larger errors than the EKF. These results are not surprising based on the results given in Ref. 40 and 41. The robust
filters do not perform as well as their non-robust counterparts in this case, because the Huber update does not
minimize the `2 norm during the measurement update. The increase in the estimation error for the robust filters is
to be expected in a perfectly Gaussian simulation since the minimum `2 norm is the maximum likelihood estimator
in this case.

The absolute value of the median errors are shown in Figs. 7(d)–(f) for the case ε = 0.5, for the case where the
measurement errors are highly non–Gaussian. In this case, the Huber–EKF and DD2 filters give comparable results
to each other for the position and velocity errors, but the Huber–EKF gives a smaller error in the estimate of the
ballistic parameter. Both Huber–EKF and DD2 are superior to the Kalman filter in this case. The DD2 filter with
the Huber update exhibits the smallest errors since it captures both nonlinearity and non-Gaussianity. The DD1
and Huber–DD1 filters do not perform as well as the EKF and the Huber–EKF, respectively, in the non–Gaussian
case, which follows the behavior from the Gaussian case. In the non-Gaussian case, six cases of the EKF and two
cases of the DD1 methods diverged completely, while the robust counterparts, H-EKF and H-DD1, did not exhibit
divergence. Divergence problems with the Kalman filter have been noted previously.47 In this case, the ballistic
parameter initialization is poor, which is compounded by the presence of non-Gaussian errors. The DD2 filter, being
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(c) Estimated Ballistic Coefficient Errors
for ε = 0.0
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(d) Estimated Position Errors for ε = 0.5
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(e) Estimated Velocity Errors for ε = 0.5
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(f) Estimated Ballistic Coefficient Errors
for ε = 0.5

Figure 7. Estimated Trajectory Errors

a second–order filter and therefore not as sensitive to initialization, did not diverge in any of the Monte-Carlo cases,
but clearly the median error is reduced by making use of the Huber update method.

Table 3. EKF-Relative Computation Ratios

Filter Computation Ratio
H-EKF 1.08
DD1 2.95
H-DD1 3.14
DD2 3.02
H-DD2 3.19

The improvements found by use of the DD2 and Huber filtering techniques in favor of the Kalman filter do
not come without a cost. The computational cost associated with implementing the each filter is summarized in
Table 3. In this table, the computational costs are divided by the EKF processing time to provide a ratio of the
cost relative to that associated with the EKF. These ratios are based on the median computation time for each
filter during the Monte-Carlo simulation. The results show that the linear Huber–EKF filter requires the smallest
relative computational cost whereas the DD2 and Huber–DD2 filters require a great deal more, at 3.12 and 3.15
times the total computation, respectively. It is not surprising that the Huber–DD2 filter has the largest cost since
it has the smallest errors for the non-Gaussian case, but it is interesting to note that the similar levels of accuracy
in the non-Gaussian case can be found by use of the Huber filter over that of DD2 filter, for only a fraction of the
computation time.
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V. Conclusions

This paper has discussed a robust filtering technique based on Huber’s generalized maximum likelihood estimation
theory, which provides robustness against deviations from the Gaussian error distributions assumed by standard
Kalman filtering techniques. The standard Kalman filtering problem was recast in the form of a sequence of linear
regression problems, to be solved at each measurement point using the robust Huber technique. Next it was shown
how the update equations of the first–order (DD1) and second–order divided difference filters (DD2), two particular
cases of the class of sigma point Kalman filters, can be modified using the Huber technique to provide a robust
update. The robust filters were applied to a benchmark tracking problem involving the estimation of the trajectory
of an entry body from discrete–time, noisy range measurement data provided by a radar tracking system. The
simulation was conducted using Monte–Carlo techniques and both Gaussian and non–Gaussian error distributions
in order to asses the performance of the filtering techniques.

The results show that for perfectly Gaussian error distributions the standard DD2 filter exhibits the lowest
estimation error time history, which was the expected outcome based on previously published results. The DD1
filter exhibited slightly larger estimation errors than that of the EKF. The filters with the Huber update technique
produced larger errors than the standard update, since the standard form of the update is a the maximum likelihood
estimate for the perfectly Gaussian case. However, for non–Gaussian error distributions, the modified filters with the
Huber update outperformed the standard filters. The modified DD2 filter with the Huber update equation exhibited
the smallest errors in the non-Gaussian numerical simulations conducted. The Huber-EKF and the Huber-DD1
filters were able to mitigate divergence problems in their non-robust counterparts.

Comparisons of the computational costs associated with each filter shows that the Huber–EKF filter is able to
process data at a rate approximately three times faster than the standard DD2 filter, and produces similar accuracy
levels in the non–Gaussian case. Therefore, for non-Gaussian cases, the Huber–EKF filter is superior to the standard
DD2 filter. If computation costs are not a concern for the particular application, then the Huber–DD2 filter exhibits
the best performance.

Future work in this area could be focused toward an adaptive Huber update, where the value of the perturbing
parameter ε is estimated in real time from fixed number of stored residuals, using a fading memory approach. Then
the optimal value of the tuning parameter γ for the current estimated perturbing parameter ε could be used at each
measurement update in order to optimize the filter performance.
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