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FULLY-COUPLED SPHERICAL MODULAR PENDULUM MODEL
TO SIMULATE SPACECRAFT PROPELLANT SLOSH

Paolo Cappuccio∗, Cody Allard†and Hanspeter Schaub‡

A spacecraft undergoing general translational and rotational motion can be af-
fected by the sloshing of propellant. A spherical pendulum model is used for
simulating this phenomenon because it can better represent the sloshing behavior
for rotational dynamics in micro-gravity. This paper develops the fully coupled
equations of motion of such a system and presents the solution in a form suitable
for the back-substitution method. This modular formulation permits the use of as
many pendulums as necessary to approximate the actual sloshing behavior. The
general formulation makes minimal assumptions for the rigid portion of the space-
craft and is developed in a frame independent manner making the model applicable
to wide range of spacecraft configurations. The model is implemented and verified
using energy and momentum conservation in the Basilisk astrodynamics software
package. The results of a simulation example of a GPS satellite are shown as an
application of the model.

INTRODUCTION

Propellant sloshing can be one of the main disturbances on spacecraft motion. It affects both
the on-orbit mission requirements (e.g. attitude control performance, precise pointing, precise orbit
determination etc.) and launch requirements. Launch systems have strict requirements on lateral
and longitudinal first fundamental spacecraft frequency to avoid dynamic coupling between the low-
frequencies of the launch vehicles and the spacecraft modes.1 The coupling between spacecraft and
launcher modes is investigated by many studies. The effect of propellant sloshing is one of the main
contributors to this coupling.2

Several studies on the propellant sloshing is based on ground observations3–5 but the knowl-
edge of sloshing motion in micro-gravity needs still a deep investigation. The most precise way
to predict propellant sloshing is to perform computational fluid dynamics (CFD) analysis based on
the well-known Navier-Stokes equations.6 DNS (direct numerical simulation) provides an accurate
prediction of the sloshing but it is expensive in terms of time and computing resources. In partic-
ular these computations cannot be executed in real time because a complex CFD simulation could
require many days.7

In contrast, a simplified model is desirable to analyze the control system performance through-
out the whole mission time-line and in a Monte-Carlo environment. Historically two mechanical
models have been used to approximate propellant slosh: spring-mass systems and pendulums. The
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spring-mass system provides a good approximation in a gravity field or during a strong accelera-
tion phase.2 On the other hand, in micro-gravity the pendulum model is preferred.8 Additionally,
pendulum models can better approximate the sloshing phenomenon in a micro-gravity environment
when the spacecraft is undergoing attitude maneuvers.9 These models, when used simultaneously,
can better approximate the overall sloshing phenomenon from a translational and attitude dynamics
perspective.9

This paper develops a fully-coupled dynamics model for propellant propellant slosh modeled
as spherical pendulums using Newtonian/Eulerian mechanics. The model is developed from first-
principles, therefore, conservation of energy and momentum can be verified. In contrast to earlier
work, the equations of motion are developed in a manner suitable for the recently developed back-
substitution method for complex spacecraft dynamics.10 The spacecraft relative flexing, or sloshing
in this case, is written in a manner where their contributions to the rigid spacecraft hub compo-
nents is analytically decoupled. This form allows the complex spacecraft equations of motion to
be elegantly numerically implemented in a modular fashion. For example, if in addition to fuel
slosh the spacecraft is also subject to an imbalanced reaction wheel,11 or a flexible panel,12 the fuel
slosh equations do not need to be re-derived even though all these modes are coupled. Rather, the
back-substitution form allows such dynamic effectors to be added individually and still retain the
full nonlinear coupling.

The first section presents a general outline of the reference systems and reference points necessary
to derive the equation of motions, obtained in the second section. In the third section, the back
substitution method10 is derived to obtain better computational efficiency. In the fourth section,
the equation of energy and momentum conservation are derived and in the fifth section a method
to avoid singularities due to the reference frame definitions is derived. Finally, in the last section
an example of the implementation of this model is presented and it is verified through energy and
momentum conservation.

PROBLEM STATEMENT

The spacecraft model considered in this work is composed by a rigid hub, a propellant tank and
NP lumped masses simulating the propellant. The Basilisk software package∗ allows for multiple
phenomena at the same time (e.g. solar panel rotations, maneuvers, reaction wheels operations
etc.), thanks to the versatile structure of this software.10 Subscript j indicates the jth propellant
slosh mass, mj . Figure 1 shows reference frame and key point definitions used for this formulation.

Four coordinate frames are defined for this formulation. The inertial reference frame is indicated
by N : {n̂1, n̂2, n̂3}. The body fixed coordinate frame, B : {b̂1, b̂2, b̂3}, which is fixed with
respect to the hub and can be oriented in any direction. Point B indicates the origin of the body
fixed reference frame, which can be any point fixed with respect to the hub. The initial pendulum
frame, P0,j : {p̂0j ,1, p̂0j ,2, p̂0j ,3}, is a frame with its origin located at the tank geometrical center,
T . The P0,j frame is a fixed frame with respect to the body frame, oriented such that p̂0j ,1 points
to the propellant slosh mass in its initial position, Pj . The constant distance from point T to point
Pj is defined as lj , while with lj is indicated the vector from T to Pc,j , the instantaneous position
of the propellant slosh mass mj . Bc is the location of the center of mass of the rigid hub and d is
vector from the center of the body reference system to the tank geometrical center.

Figure 2 provides further detail of the propellant slosh parameters and reference frames. As seen

∗http://hanspeterschaub.info/bskMain.html
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Figure 1: Frame and variable definitions used for formulation

in Figure 1, an individual slosh particle is free to move in every direction constrained to a sphere
while connected by rigid weightless rod to the geometrical center of the tank. A linear damper effect
is considered using a damping matrix, D. The variables, ϕj and ϑj are state variables and quantify
the angular displacement from initial position for the corresponding slosh mass.

Figure 2: Further detail of propellant slosh and reference frames

DERIVATION OF EQUATIONS OF MOTION

Rigid Spacecraft Bus Translational Motion

Regarding the derivation of the equations of motion (EOMs), the same back-substitution approach
used in others Basilisk package’s modules is considered in this work; such as hinged solar panels
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////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012, Michail Vidiassov, John C. Bowman, Alexander Grahn
//
// asylabels.js
//
// version 20120912
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript to be used with media9.sty (option `add3Djscript') for
// Asymptote generated PRC files
//
// adds billboard behaviour to text labels in Asymptote PRC files so that
// they always face the camera under 3D rotation.
//
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License, either version 1.3
// of this license or (at your option) any later version.
// The latest version of this license is in
//   http://www.latex-project.org/lppl.txt
// and version 1.3 or later is part of all distributions of LaTeX
// version 2005/12/01 or later.
//
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
////////////////////////////////////////////////////////////////////////////////

var bbnodes=new Array(); // billboard meshes
var bbtrans=new Array(); // billboard transforms

function fulltransform(mesh) 
{ 
  var t=new Matrix4x4(mesh.transform); 
  if(mesh.parent.name != "") { 
    var parentTransform=fulltransform(mesh.parent); 
    t.multiplyInPlace(parentTransform); 
    return t; 
  } else
    return t; 
} 

// find all text labels in the scene and determine pivoting points
var nodes=scene.nodes;
var nodescount=nodes.count;
var third=1.0/3.0;
for(var i=0; i < nodescount; i++) {
  var node=nodes.getByIndex(i); 
  var name=node.name;
  var end=name.lastIndexOf(".")-1;
  if(end > 0) {
    if(name.charAt(end) == "\001") {
      var start=name.lastIndexOf("-")+1;
      if(end > start) {
        node.name=name.substr(0,start-1);
        var nodeMatrix=fulltransform(node.parent);
        var c=nodeMatrix.translation; // position
        var d=Math.pow(Math.abs(nodeMatrix.determinant),third); // scale
        bbnodes.push(node);
        bbtrans.push(Matrix4x4().scale(d,d,d).translate(c).multiply(nodeMatrix.inverse));
      }
    }
  }
}

var camera=scene.cameras.getByIndex(0); 
var zero=new Vector3(0,0,0);
var bbcount=bbnodes.length;

// event handler to maintain camera-facing text labels
billboardHandler=new RenderEventHandler();
billboardHandler.onEvent=function(event)
{
  var T=new Matrix4x4();
  T.setView(zero,camera.position.subtract(camera.targetPosition),
            camera.up.subtract(camera.position));

  for(var j=0; j < bbcount; j++)
    bbnodes[j].transform.set(T.multiply(bbtrans[j]));
  runtime.refresh(); 
}
runtime.addEventHandler(billboardHandler);

runtime.refresh();



////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012--today, Alexander Grahn
//
// 3Dmenu.js
//
// version 20140923
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript used by media9.sty
//
// Extended functionality of the (right click) context menu of 3D annotations.
//
//  1.) Adds the following items to the 3D context menu:
//
//   * `Generate Default View'
//
//      Finds good default camera settings, returned as options for use with
//      the \includemedia command.
//
//   * `Get Current View'
//
//      Determines camera, cross section and part settings of the current view,
//      returned as `VIEW' section that can be copied into a views file of
//      additional views. The views file is inserted using the `3Dviews' option
//      of \includemedia.
//
//   * `Cross Section'
//
//      Toggle switch to add or remove a cross section into or from the current
//      view. The cross section can be moved in the x, y, z directions using x,
//      y, z and X, Y, Z keys on the keyboard, be tilted against and spun
//      around the upright Z axis using the Up/Down and Left/Right arrow keys
//      and caled using the s and S keys.
//
//  2.) Enables manipulation of position and orientation of indiviual parts and
//      groups of parts in the 3D scene. Parts which have been selected with the
//      mouse can be scaled moved around and rotated like the cross section as
//      described above. To spin the parts around their local up-axis, keep
//      Control key pressed while using the Up/Down and Left/Right arrow keys.
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License, either version 1.3
// of this license or (at your option) any later version.
// The latest version of this license is in
//   http://www.latex-project.org/lppl.txt
// and version 1.3 or later is part of all distributions of LaTeX
// version 2005/12/01 or later.
//
// This work has the LPPL maintenance status `maintained'.
//
// The Current Maintainer of this work is A. Grahn.
//
// The code borrows heavily from Bernd Gaertners `Miniball' software,
// originally written in C++, for computing the smallest enclosing ball of a
// set of points; see: http://www.inf.ethz.ch/personal/gaertner/miniball.html
//
////////////////////////////////////////////////////////////////////////////////
//host.console.show();

//constructor for doubly linked list
function List(){
  this.first_node=null;
  this.last_node=new Node(undefined);
}
List.prototype.push_back=function(x){
  var new_node=new Node(x);
  if(this.first_node==null){
    this.first_node=new_node;
    new_node.prev=null;
  }else{
    new_node.prev=this.last_node.prev;
    new_node.prev.next=new_node;
  }
  new_node.next=this.last_node;
  this.last_node.prev=new_node;
};
List.prototype.move_to_front=function(it){
  var node=it.get();
  if(node.next!=null && node.prev!=null){
    node.next.prev=node.prev;
    node.prev.next=node.next;
    node.prev=null;
    node.next=this.first_node;
    this.first_node.prev=node;
    this.first_node=node;
  }
};
List.prototype.begin=function(){
  var i=new Iterator();
  i.target=this.first_node;
  return(i);
};
List.prototype.end=function(){
  var i=new Iterator();
  i.target=this.last_node;
  return(i);
};
function Iterator(it){
  if( it!=undefined ){
    this.target=it.target;
  }else {
    this.target=null;
  }
}
Iterator.prototype.set=function(it){this.target=it.target;};
Iterator.prototype.get=function(){return(this.target);};
Iterator.prototype.deref=function(){return(this.target.data);};
Iterator.prototype.incr=function(){
  if(this.target.next!=null) this.target=this.target.next;
};
//constructor for node objects that populate the linked list
function Node(x){
  this.prev=null;
  this.next=null;
  this.data=x;
}
function sqr(r){return(r*r);}//helper function

//Miniball algorithm by B. Gaertner
function Basis(){
  this.m=0;
  this.q0=new Array(3);
  this.z=new Array(4);
  this.f=new Array(4);
  this.v=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.a=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.c=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.sqr_r=new Array(4);
  this.current_c=this.c[0];
  this.current_sqr_r=0;
  this.reset();
}
Basis.prototype.center=function(){return(this.current_c);};
Basis.prototype.size=function(){return(this.m);};
Basis.prototype.pop=function(){--this.m;};
Basis.prototype.excess=function(p){
  var e=-this.current_sqr_r;
  for(var k=0;k<3;++k){
    e+=sqr(p[k]-this.current_c[k]);
  }
  return(e);
};
Basis.prototype.reset=function(){
  this.m=0;
  for(var j=0;j<3;++j){
    this.c[0][j]=0;
  }
  this.current_c=this.c[0];
  this.current_sqr_r=-1;
};
Basis.prototype.push=function(p){
  var i, j;
  var eps=1e-32;
  if(this.m==0){
    for(i=0;i<3;++i){
      this.q0[i]=p[i];
    }
    for(i=0;i<3;++i){
      this.c[0][i]=this.q0[i];
    }
    this.sqr_r[0]=0;
  }else {
    for(i=0;i<3;++i){
      this.v[this.m][i]=p[i]-this.q0[i];
    }
    for(i=1;i<this.m;++i){
      this.a[this.m][i]=0;
      for(j=0;j<3;++j){
        this.a[this.m][i]+=this.v[i][j]*this.v[this.m][j];
      }
      this.a[this.m][i]*=(2/this.z[i]);
    }
    for(i=1;i<this.m;++i){
      for(j=0;j<3;++j){
        this.v[this.m][j]-=this.a[this.m][i]*this.v[i][j];
      }
    }
    this.z[this.m]=0;
    for(j=0;j<3;++j){
      this.z[this.m]+=sqr(this.v[this.m][j]);
    }
    this.z[this.m]*=2;
    if(this.z[this.m]<eps*this.current_sqr_r) return(false);
    var e=-this.sqr_r[this.m-1];
    for(i=0;i<3;++i){
      e+=sqr(p[i]-this.c[this.m-1][i]);
    }
    this.f[this.m]=e/this.z[this.m];
    for(i=0;i<3;++i){
      this.c[this.m][i]=this.c[this.m-1][i]+this.f[this.m]*this.v[this.m][i];
    }
    this.sqr_r[this.m]=this.sqr_r[this.m-1]+e*this.f[this.m]/2;
  }
  this.current_c=this.c[this.m];
  this.current_sqr_r=this.sqr_r[this.m];
  ++this.m;
  return(true);
};
function Miniball(){
  this.L=new List();
  this.B=new Basis();
  this.support_end=new Iterator();
}
Miniball.prototype.mtf_mb=function(it){
  var i=new Iterator(it);
  this.support_end.set(this.L.begin());
  if((this.B.size())==4) return;
  for(var k=new Iterator(this.L.begin());k.get()!=i.get();){
    var j=new Iterator(k);
    k.incr();
    if(this.B.excess(j.deref()) > 0){
      if(this.B.push(j.deref())){
        this.mtf_mb(j);
        this.B.pop();
        if(this.support_end.get()==j.get())
          this.support_end.incr();
        this.L.move_to_front(j);
      }
    }
  }
};
Miniball.prototype.check_in=function(b){
  this.L.push_back(b);
};
Miniball.prototype.build=function(){
  this.B.reset();
  this.support_end.set(this.L.begin());
  this.mtf_mb(this.L.end());
};
Miniball.prototype.center=function(){
  return(this.B.center());
};
Miniball.prototype.radius=function(){
  return(Math.sqrt(this.B.current_sqr_r));
};

//functions called by menu items
function calc3Dopts () {
  //create Miniball object
  var mb=new Miniball();
  //auxiliary vector
  var corner=new Vector3();
  //iterate over all visible mesh nodes in the scene
  for(i=0;i<scene.meshes.count;i++){
    var mesh=scene.meshes.getByIndex(i);
    if(!mesh.visible) continue;
    //local to parent transformation matrix
    var trans=mesh.transform;
    //build local to world transformation matrix by recursively
    //multiplying the parent's transf. matrix on the right
    var parent=mesh.parent;
    while(parent.transform){
      trans=trans.multiply(parent.transform);
      parent=parent.parent;
    }
    //get the bbox of the mesh (local coordinates)
    var bbox=mesh.computeBoundingBox();
    //transform the local bounding box corner coordinates to
    //world coordinates for bounding sphere determination
    //BBox.min
    corner.set(bbox.min);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //BBox.max
    corner.set(bbox.max);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //remaining six BBox corners
    corner.set(bbox.min.x, bbox.max.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
  }
  //compute the smallest enclosing bounding sphere
  mb.build();
  //
  //current camera settings
  //
  var camera=scene.cameras.getByIndex(0);
  var res=''; //initialize result string
  //aperture angle of the virtual camera (perspective projection) *or*
  //orthographic scale (orthographic projection)
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov*180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('\n3Daac=%s,', aac);
  }else{
      camera.viewPlaneSize=2.*mb.radius();
      res+=host.util.printf('\n3Dortho=%s,', 1./camera.viewPlaneSize);
  }
  //camera roll
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('\n3Droll=%s,',roll);
  //target to camera vector
  var c2c=new Vector3();
  c2c.set(camera.position);
  c2c.subtractInPlace(camera.targetPosition);
  c2c.normalize();
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('\n3Dc2c=%s %s %s,', c2c.x, c2c.y, c2c.z);
  //
  //new camera settings
  //
  //bounding sphere centre --> new camera target
  var coo=new Vector3();
  coo.set((mb.center())[0], (mb.center())[1], (mb.center())[2]);
  if(coo.length)
    res+=host.util.printf('\n3Dcoo=%s %s %s,', coo.x, coo.y, coo.z);
  //radius of orbit
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var roo=mb.radius()/ Math.sin(aac * Math.PI/ 360.);
  }else{
    //orthographic projection
    var roo=mb.radius();
  }
  res+=host.util.printf('\n3Droo=%s,', roo);
  //update camera settings in the viewer
  var currol=camera.roll;
  camera.targetPosition.set(coo);
  camera.position.set(coo.add(c2c.scale(roo)));
  camera.roll=currol;
  //determine background colour
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('\n3Dbg=%s %s %s,', rgb.r, rgb.g, rgb.b);
  //determine lighting scheme
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+=host.util.printf('\n3Dlights=%s,', curlights);
  //determine global render mode
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      currender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      currender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      currender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      currender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      currender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      currender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      currender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      currender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      currender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      currender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      currender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      currender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      currender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      currender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      currender='HiddenWireframe';break;
  }
  if(currender!='Solid')
    res+=host.util.printf('\n3Drender=%s,', currender);
  //write result string to the console
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Copy and paste the following text to the\n'+
    '%% option list of \\includemedia!\n%%' + res + '\n');
}

function get3Dview () {
  var camera=scene.cameras.getByIndex(0);
  var coo=camera.targetPosition;
  var c2c=camera.position.subtract(coo);
  var roo=c2c.length;
  c2c.normalize();
  var res='VIEW%=insert optional name here\n';
  if(!(coo.x==0 && coo.y==0 && coo.z==0))
    res+=host.util.printf('  COO=%s %s %s\n', coo.x, coo.y, coo.z);
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('  C2C=%s %s %s\n', c2c.x, c2c.y, c2c.z);
  if(roo > 1e-9)
    res+=host.util.printf('  ROO=%s\n', roo);
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('  ROLL=%s\n', roll);
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov * 180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('  AAC=%s\n', aac);
  }else{
    if(host.util.printf('%.4f', camera.viewPlaneSize)!=1)
      res+=host.util.printf('  ORTHO=%s\n', 1./camera.viewPlaneSize);
  }
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('  BGCOLOR=%s %s %s\n', rgb.r, rgb.g, rgb.b);
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+='  LIGHTS='+curlights+'\n';
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      defaultrender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      defaultrender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      defaultrender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      defaultrender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      defaultrender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      defaultrender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      defaultrender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      defaultrender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      defaultrender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      defaultrender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      defaultrender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      defaultrender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      defaultrender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      defaultrender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      defaultrender='HiddenWireframe';break;
  }
  if(defaultrender!='Solid')
    res+='  RENDERMODE='+defaultrender+'\n';

  //detect existing Clipping Plane (3D Cross Section)
  var clip=null;
  if(
    clip=scene.nodes.getByName('$$$$$$')||
    clip=scene.nodes.getByName('Clipping Plane')
  );
  for(var i=0;i<scene.nodes.count;i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd==clip||nd.name=='') continue;
    var ndUTFName='';
    for (var j=0; j<nd.name.length; j++) {
      var theUnicode = nd.name.charCodeAt(j).toString(16);
      while (theUnicode.length<4) theUnicode = '0' + theUnicode;
      ndUTFName += theUnicode;
    }
    var end=nd.name.lastIndexOf('.');
    if(end>0) var ndUserName=nd.name.substr(0,end);
    else var ndUserName=nd.name;
    respart='  PART='+ndUserName+'\n';
    respart+='    UTF16NAME='+ndUTFName+'\n';
    defaultvals=true;
    if(!nd.visible){
      respart+='    VISIBLE=false\n';
      defaultvals=false;
    }
    if(nd.opacity<1.0){
      respart+='    OPACITY='+nd.opacity+'\n';
      defaultvals=false;
    }
    if(nd.constructor.name=='Mesh'){
      currender=defaultrender;
      switch(nd.renderMode){
        case scene.RENDER_MODE_BOUNDING_BOX:
          currender='BoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
          currender='TransparentBoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
          currender='TransparentBoundingBoxOutline';break;
        case scene.RENDER_MODE_VERTICES:
          currender='Vertices';break;
        case scene.RENDER_MODE_SHADED_VERTICES:
          currender='ShadedVertices';break;
        case scene.RENDER_MODE_WIREFRAME:
          currender='Wireframe';break;
        case scene.RENDER_MODE_SHADED_WIREFRAME:
          currender='ShadedWireframe';break;
        case scene.RENDER_MODE_SOLID:
          currender='Solid';break;
        case scene.RENDER_MODE_TRANSPARENT:
          currender='Transparent';break;
        case scene.RENDER_MODE_SOLID_WIREFRAME:
          currender='SolidWireframe';break;
        case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
          currender='TransparentWireframe';break;
        case scene.RENDER_MODE_ILLUSTRATION:
          currender='Illustration';break;
        case scene.RENDER_MODE_SOLID_OUTLINE:
          currender='SolidOutline';break;
        case scene.RENDER_MODE_SHADED_ILLUSTRATION:
          currender='ShadedIllustration';break;
        case scene.RENDER_MODE_HIDDEN_WIREFRAME:
          currender='HiddenWireframe';break;
        //case scene.RENDER_MODE_DEFAULT:
        //  currender='Default';break;
      }
      if(currender!=defaultrender){
        respart+='    RENDERMODE='+currender+'\n';
        defaultvals=false;
      }
    }
    if(origtrans[nd.name]&&!nd.transform.isEqual(origtrans[nd.name])){
      var lvec=nd.transform.transformDirection(new Vector3(1,0,0));
      var uvec=nd.transform.transformDirection(new Vector3(0,1,0));
      var vvec=nd.transform.transformDirection(new Vector3(0,0,1));
      respart+='    TRANSFORM='
               +lvec.x+' '+lvec.y+' '+lvec.z+' '
               +uvec.x+' '+uvec.y+' '+uvec.z+' '
               +vvec.x+' '+vvec.y+' '+vvec.z+' '
               +nd.transform.translation.x+' '
               +nd.transform.translation.y+' '
               +nd.transform.translation.z+'\n';
      defaultvals=false;
    }
    respart+='  END\n';
    if(!defaultvals) res+=respart;
  }
  if(clip){
    var centre=clip.transform.translation;
    var normal=clip.transform.transformDirection(new Vector3(0,0,1));
    res+='  CROSSSECT\n';
    if(!(centre.x==0 && centre.y==0 && centre.z==0))
      res+=host.util.printf(
        '    CENTER=%s %s %s\n', centre.x, centre.y, centre.z);
    if(!(normal.x==1 && normal.y==0 && normal.z==0))
      res+=host.util.printf(
        '    NORMAL=%s %s %s\n', normal.x, normal.y, normal.z);
    res+=host.util.printf(
      '    VISIBLE=%s\n', clip.visible);
    res+=host.util.printf(
      '    PLANECOLOR=%s %s %s\n', clip.material.emissiveColor.r,
             clip.material.emissiveColor.g, clip.material.emissiveColor.b);
    res+=host.util.printf(
      '    OPACITY=%s\n', clip.opacity);
    res+=host.util.printf(
      '    INTERSECTIONCOLOR=%s %s %s\n',
        clip.wireframeColor.r, clip.wireframeColor.g, clip.wireframeColor.b);
    res+='  END\n';
//    for(var propt in clip){
//      console.println(propt+':'+clip[propt]);
//    }
  }
  res+='END\n';
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Add the following VIEW section to a file of\n'+
    '%% predefined views (See option "3Dviews"!).\n%%\n' +
    '%% The view may be given a name after VIEW=...\n' +
    '%% (Remove \'%\' in front of \'=\'.)\n%%');
  host.console.println(res + '\n');
}

//add items to 3D context menu
runtime.addCustomMenuItem("dfltview", "Generate Default View", "default", 0);
runtime.addCustomMenuItem("currview", "Get Current View", "default", 0);
runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);

//menu event handlers
menuEventHandler = new MenuEventHandler();
menuEventHandler.onEvent = function(e) {
  switch(e.menuItemName){
    case "dfltview": calc3Dopts(); break;
    case "currview": get3Dview(); break;
    case "csection":
      addremoveClipPlane(e.menuItemChecked);
      break;
  }
};
runtime.addEventHandler(menuEventHandler);

//global variable taking reference to currently selected node;
var target=null;
selectionEventHandler=new SelectionEventHandler();
selectionEventHandler.onEvent=function(e){
  if(e.selected&&e.node.name!=''){
    target=e.node;
  }else{
    target=null;
  }
}
runtime.addEventHandler(selectionEventHandler);

cameraEventHandler=new CameraEventHandler();
cameraEventHandler.onEvent=function(e){
  var clip=null;
  runtime.removeCustomMenuItem("csection");
  runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);
  if(clip=scene.nodes.getByName('$$$$$$')|| //predefined
    scene.nodes.getByName('Clipping Plane')){ //added via context menu
    runtime.removeCustomMenuItem("csection");
    runtime.addCustomMenuItem("csection", "Cross Section", "checked", 1);
  }
  if(clip){//plane in predefined views must be rotated by 90 deg around normal
    clip.transform.rotateAboutLineInPlace(
      Math.PI/2,clip.transform.translation,
      clip.transform.transformDirection(new Vector3(0,0,1))
    );
  }
  for(var i=0; i<rot4x4.length; i++){rot4x4[i].setIdentity()}
  target=null;
}
runtime.addEventHandler(cameraEventHandler);

var rot4x4=new Array(); //keeps track of spin and tilt axes transformations
//key event handler for scaling moving, spinning and tilting objects
keyEventHandler=new KeyEventHandler();
keyEventHandler.onEvent=function(e){
  var backtrans=new Matrix4x4();
  var trgt=null;
  if(target) {
    trgt=target;
    var backtrans=new Matrix4x4();
    var trans=trgt.transform;
    var parent=trgt.parent;
    while(parent.transform){
      //build local to world transformation matrix
      trans.multiplyInPlace(parent.transform);
      //also build world to local back-transformation matrix
      backtrans.multiplyInPlace(parent.transform.inverse.transpose);
      parent=parent.parent;
    }
    backtrans.transposeInPlace();
  }else{
    if(
      trgt=scene.nodes.getByName('$$$$$$')||
      trgt=scene.nodes.getByName('Clipping Plane')
    ) var trans=trgt.transform;
  }
  if(!trgt) return;

  var tname=trgt.name;
  if(typeof(rot4x4[tname])=='undefined') rot4x4[tname]=new Matrix4x4();
  if(target)
    var tiltAxis=rot4x4[tname].transformDirection(new Vector3(0,1,0));
  else  
    var tiltAxis=trans.transformDirection(new Vector3(0,1,0));
  var spinAxis=rot4x4[tname].transformDirection(new Vector3(0,0,1));

  //get the centre of the mesh
  if(target&&trgt.constructor.name=='Mesh'){
    var centre=trans.transformPosition(trgt.computeBoundingBox().center);
  }else{ //part group (Node3 parent node, clipping plane)
    var centre=new Vector3(trans.translation);
  }
  switch(e.characterCode){
    case 30://tilt up
      rot4x4[tname].rotateAboutLineInPlace(
          -Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(-Math.PI/900,centre,tiltAxis);
      break;
    case 31://tilt down
      rot4x4[tname].rotateAboutLineInPlace(
          Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(Math.PI/900,centre,tiltAxis);
      break;
    case 28://spin right
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            -Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 29://spin left
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 120: //x
      translateTarget(trans, new Vector3(1,0,0), e);
      break;
    case 121: //y
      translateTarget(trans, new Vector3(0,1,0), e);
      break;
    case 122: //z
      translateTarget(trans, new Vector3(0,0,1), e);
      break;
    case 88: //shift + x
      translateTarget(trans, new Vector3(-1,0,0), e);
      break;
    case 89: //shift + y
      translateTarget(trans, new Vector3(0,-1,0), e);
      break;
    case 90: //shift + z
      translateTarget(trans, new Vector3(0,0,-1), e);
      break;
    case 115: //s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1.01);
      trans.translateInPlace(centre.scale(1));
      break;
    case 83: //shift + s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1/1.01);
      trans.translateInPlace(centre.scale(1));
      break;
  }
  trans.multiplyInPlace(backtrans);
}
runtime.addEventHandler(keyEventHandler);

//translates object by amount calculated from Canvas size
function translateTarget(t, d, e){
  var cam=scene.cameras.getByIndex(0);
  if(cam.projectionType==cam.TYPE_PERSPECTIVE){
    var scale=Math.tan(cam.fov/2)
              *cam.targetPosition.subtract(cam.position).length
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }else{
    var scale=cam.viewPlaneSize/2
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }
  t.translateInPlace(d.scale(scale));
}

function addremoveClipPlane(chk) {
  var curTrans=getCurTrans();
  var clip=scene.createClippingPlane();
  if(chk){
    //add Clipping Plane and place its center either into the camera target
    //position or into the centre of the currently selected mesh node
    var centre=new Vector3();
    if(target){
      var trans=target.transform;
      var parent=target.parent;
      while(parent.transform){
        trans=trans.multiply(parent.transform);
        parent=parent.parent;
      }
      if(target.constructor.name=='Mesh'){
        var centre=trans.transformPosition(target.computeBoundingBox().center);
      }else{
        var centre=new Vector3(trans.translation);
      }
      target=null;
    }else{
      centre.set(scene.cameras.getByIndex(0).targetPosition);
    }
    clip.transform.setView(
      new Vector3(0,0,0), new Vector3(1,0,0), new Vector3(0,1,0));
    clip.transform.translateInPlace(centre);
  }else{
    if(
      scene.nodes.getByName('$$$$$$')||
      scene.nodes.getByName('Clipping Plane')
    ){
      clip.remove();clip=null;
    }
  }
  restoreTrans(curTrans);
  return clip;
}

//function to store current transformation matrix of all nodes in the scene
function getCurTrans() {
  var tA=new Array();
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd.name=='') continue;
    tA[nd.name]=new Matrix4x4(nd.transform);
  }
  return tA;
}

//function to restore transformation matrices given as arg
function restoreTrans(tA) {
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(tA[nd.name]) nd.transform.set(tA[nd.name]);
  }
}

//store original transformation matrix of all mesh nodes in the scene
var origtrans=getCurTrans();

//set initial state of "Cross Section" menu entry
cameraEventHandler.onEvent(1);

//host.console.clear();




dynamics ,13 spring-mass propellant slosh model 12 and reaction wheel dynamics .11 The derivation
begins with Newton’s first law14 for the center of mass of the spacecraft:

r̈C/N =
F

msc
(1)

Ultimately, the acceleration of the body frame or point B is desired:

r̈B/N = r̈C/N − c̈ (2)

The definition of c can be seen in Eq. (3):

c =
1

msc

(
mbusrBc/B +

NP∑
j=1

mjrPc,j/B

)
(3)

The time derivative of c with respect to the body frame is needed to compute the inertial time
derivative of c. A time derivative of any vector, v, with respect to the body frame is denoted by v′;
the inertial time derivative is indicated as v̇. The first and second body-relative time derivatives of
c are seen in:

c′ =
1

msc

( NP∑
j=1

mjr
′
Pc,j/B

)
(4)

c′′ =
1

msc

( NP∑
j=1

mjr
′′
Pc,j/B

)
(5)

Remembering that the derivative of d is null respect to the body frame, the first and second body
time derivatives of rPc,j/B are:

rPc,j/B = lj

P0,j
cos(ϕj) cos(ϑj)
sin(ϕj) cos(ϑj)
− sin(ϑj)

+ d (6)

r′Pc,j/B
= lj

P0,j
−ϕ̇j sin(ϕj) cos(ϑj)− ϑ̇j cos(ϕj) sin(ϑj)

ϕ̇j cos(ϕj) cos(ϑj)− ϑ̇j sin(ϕj) sin(ϑj)

−ϑ̇j cos(ϑj)

 (7)

r′′Pc,j/B
= lj

P0,j


−ϕ̈j sin(ϕj) cos(ϑj)− ϑ̈j cos(ϕj) sin(ϑj)− ϕ̇2
j cos(ϕj) cos(ϑj)

−ϑ̇2j cos(ϕj) cos(ϑj) + 2ϕ̇jϑ̇j sin(ϕj) sin(ϑj)

ϕ̈j cos(ϕj) cos(ϑj)− ϑ̈j sin(ϕj) sin(ϑj)− ϕ̇2
j sin(ϕj) cos(ϑj)

−ϑ̇2j sin(ϕj) cos(ϑj)− 2ϕ̇jϑ̇j cos(ϕj) sin(ϑj)

−ϑ̈j cos(ϑj) + ϑ̇2j sin(ϑj)


(8)

Eqs. (4) and (5) are next reformulated to include these new definitions:

c′ =
1

msc

NP∑
j=1

mjlj

[(
− ϕ̇j sin(ϕj) cos(ϑj)− ϑ̇j cos(ϕj) sin(ϑj)

)
p̂0j ,1+

(
ϕ̇j cos(ϕj) cos(ϑj)− ϑ̇j sin(ϕj) sin(ϑj)

)
p̂0j ,2 − ϑ̇j cos(ϑj)p̂0j ,3

]
(9)
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c′′ =
1

msc

NP∑
j=1

mjlj

[(
−ϕ̈j sin(ϕj) cos(ϑj)−ϑ̈j cos(ϕj) sin(ϑj)−ϕ̇2

j cos(ϕj) cos(ϑj)−ϑ̇2j cos(ϕj) cos(ϑj)

+ 2ϕ̇jϑ̇j sin(ϕj) sin(ϑj)
)
p̂0j ,1 +

(
ϕ̈j cos(ϕj) cos(ϑj)− ϑ̈j sin(ϕj) sin(ϑj)− ϕ̇2

j sin(ϕj) cos(ϑj)

− ϑ̇2j sin(ϕj) cos(ϑj)− 2ϕ̇jϑ̇j cos(ϕj) sin(ϑj)
)
p̂0j ,2 +

(
− ϑ̈j cos(ϑj) + ϑ̇2j sin(ϑj)

)
p̂0j ,3

]
(10)

Using the transport theorem14 yields the following definition for c̈:

c̈ = c′′ + 2ωB/N × c′ + ω̇B/N × c+ ωB/N ×
(
ωB/N × c

)
(11)

Eq. (2) is updated to include Eq. (11):

r̈B/N = r̈C/N − c′′ − 2ωB/N × c′ − ω̇B/N × c− ωB/N ×
(
ωB/N × c

)
(12)

Substituting Eq.(10) into Eq.(12) results in:

r̈B/N = r̈C/N−
1

msc

NP∑
j=1

mjlj

[(
−ϕ̈j sin(ϕj) cos(ϑj)−ϑ̈j cos(ϕj) sin(ϑj)−ϕ̇2

j cos(ϕj) cos(ϑj)

− ϑ̇2j cos(ϕj) cos(ϑj) + 2ϕ̇jϑ̇j sin(ϕj) sin(ϑj)
)
p̂0j ,1 +

(
ϕ̈j cos(ϕj) cos(ϑj)− ϑ̈j sin(ϕj) sin(ϑj)

− ϕ̇2
j sin(ϕj) cos(ϑj)− ϑ̇2j sin(ϕj) cos(ϑj)− 2ϕ̇jϑ̇j cos(ϕj) sin(ϑj)

)
p̂0j ,2 +

(
− ϑ̈j cos(ϑj)

+ ϑ̇2j sin(ϑj)
)
p̂0j ,3

]
− 2ωB/N × c′ − ω̇B/N × c− ωB/N × (ωB/N × c) (13)

Moving second order terms to the left hand side, introducing the tilde matrix, to replace the cross
product operators, and rearranging the terms, Eq. (13) simplifies to:

r̈B/N − [c̃]ω̇B/N −
1

msc

NP∑
j=1

mjlj

[(
sin(ϕj) cos(ϑj)p̂0j ,1 − cos(ϕj) cos(ϑj)p̂0j ,2

)
ϕ̈j

+
(
cos(ϕj) sin(ϑj)p̂0j ,1 + sin(ϕj) sin(ϑj)p̂0j ,2 + cos(ϑj)p̂0j ,3

)
ϑ̈j

]
= r̈C/N − 2[ω̃B/N ]c

′

− [ω̃B/N ][ω̃B/N ]c−
1

msc

NP∑
j=1

mjlj

[(
− cos(ϕj) cos(ϑj)p̂0j ,1 − sin(ϕj) cos(ϑj)p̂0j ,2

)
ϕ̇2
j

+
(
− cos(ϕj) cos(ϑj)p̂0j ,1 − sin(ϕj) cos(ϑj)p̂0j ,2 + sin(ϑj)p̂0j ,3

)
ϑ̇2j

+
(
2 sin(ϕj) sin(ϑj)p̂0j ,1 − 2 cos(ϕj) sin(ϑj)p̂0j ,2

)
ϕ̇jϑ̇j

]
(14)

Equation (14) is the translational motion equation and is the first EOM needed to describe the
motion of the spacecraft. The following section develops the second EOM needed in the derivation
of the method.
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Rigid Spacecraft Bus Rotational Motion

To obtain the spacecraft rotational equation of motion, the Euler’s equation14 is used. When
the body fixed coordinate frame origin is not coincident with the center of mass of the body, the
modified Euler’s equation is:

Ḣsc,B = LB +mscr̈B/N × c (15)

whereLB is the total external torque about pointB. The definition of the angular momentum vector
of the spacecraft about point B is:

Hsc,B = [Ibus,Bc ]ωB/N +mbusrBc/B × ṙBc/B +

NP∑
j=1

mjrPc,j/B × ṙPc,j/B (16)

Now the inertial time derivative of Eq. (16) is taken and yields:

Ḣsc,B = [Ibus,Bc ]ω̇B/N + ωB/N × [Ibus,Bc ]ωB/N +mbusrBc/B × r̈Bc/B

+

NP∑
j=1

mjrPc,j/B × r̈Pc,j/B (17)

The terms r̈Bc/B and r̈Pc,j/B are found using the transport theorem, and knowing that rBc/B is
fixed with respect to the body frame, the body frame relative derivatives are zero.

r̈Bc/B = ω̇B/N × rBc/B + ωB/N × (ωB/N × rBc/B) (18)

r̈Pc,j/B = r′′Pc,j/B
+ 2ωB/N × r′Pc,j/B

+ ω̇B/N × rPc,j/B + ωB/N × (ωB/N × rPc,j/B) (19)

Incorporating Eqs. (18) and (19) into Eq. (17), applying the Jacobi identity,15 (a × b) × c =
a× (b× c)− b× (a× c), to the cross products and rearranging the terms, Eq. (19) results in:

Ḣsc,B =

[Ibus,Bc ] +mbus[r̃Bc/B][r̃Bc/B]
T +

NP∑
j=1

mj [r̃Pc,j/B][r̃Pc,j/B]
T

 ω̇B/N
+ ωB/N ×

{
[Ibus,Bc ] +mbus[r̃Bc/B][r̃Bc/B]

T +

NP∑
j=1

mj [r̃Pc,j/B][r̃Pc,j/B]
T

}
ωB/N

+

NP∑
j=1

mj

{
rPc,j/B × r

′′
Pc,j/B

−
[
[r̃Pc,j/B][r̃

′
Pc,j/B

] + [r̃′Pc,j/B
][r̃Pc,j/B]

]
ωB/N

+ ωB/N × (rPc,j/B × r
′
Pc,j/B

)

}
(20)

Applying the parallel axis theorem the following inertia tensor terms are defined as:

[Ibus,B] = [Ibus,Bc ] +mbus[r̃Bc/B][r̃Bc/B]
T (21)

[Isc,B] = [Ibus,B] +

NP∑
j=1

mj [r̃Pc,j/B][r̃Pc,j/B]
T (22)

6



Taking the body-relative time derivative of Equation (22) yields:

[I ′sc,B] = −
NP∑
j=1

mj

(
[r̃′Pc,j/B

][r̃Pc,j/B] + [r̃Pc,j/B][r̃
′
Pc,j/B

]
)

(23)

Using Eqs. (22) and (23) to simplify results in Eq. (20), the following simplified equation is
obtained:

Ḣsc,B = [Isc,B]ω̇B/N + ωB/N × [Isc,B]ωB/N + [I ′sc,B]ωB/N +

NP∑
j=1

[
mjrPc,j/B × r

′′
Pc,j/B

+mjωB/N ×
(
rPc,j/B × r

′
Pc,j/B

)]
(24)

Eqs. (15) and (24) are equated and yield:

LB+mscr̈B/N×c = [Isc,B]ω̇B/N+ωB/N×[Isc,B]ωB/N+[I ′sc,B]ωB/N+

NP∑
j=1

[
mjrPc,j/B×r

′′
Pc,j/B

+mjωB/N ×
(
rPc,j/B × r

′
Pc,j/B

)]
(25)

Finally, using tilde matrix and simplifying the modified Euler equation, which is the second EOM
necessary to describe the motion of the spacecraft, is obtained. Rearranging Eq. (25) to be in the
same form as the previous sections results in:

msc[c̃]r̈B/N+[Isc,B]ω̇B/N−
NP∑
j=1

mjlj [r̃Pc,j/B]

[(
sin(ϕj) cos(ϑj)p̂0j ,1−cos(ϕj) cos(ϑj)p̂0j ,2

)
ϕ̈j+

+
(
cos(ϕj) sin(ϑj)p̂0j ,1+sin(ϕj) sin(ϑj)p̂0j ,2+cos(ϑj)p̂0j ,3

)
ϑ̈j

]
= LB−[ω̃B/N ][Isc,B]ωB/N+

− [I ′sc,B]ωB/N −
NP∑
j=1

mj

{
[ω̃B/N ][r̃Pc,j/B]r

′
Pc,j/B

+ lj [r̃Pc,j/B]

[(
− cos(ϕj) cos(ϑj)p̂0j ,1+

−sin(ϕj) cos(ϑj)p̂0j ,2

)
ϕ̇2
j+
(
−cos(ϕj) cos(ϑj)p̂0j ,1−sin(ϕj) cos(ϑj)p̂0j ,2+sin(ϑj)p̂0j ,3

)
ϑ̇2j+

+
(
2 sin(ϕj) sin(ϑj)p̂0j ,1 − 2 cos(ϕj) sin(ϑj)p̂0j ,2

)
ϕ̇jϑ̇j

]}
(26)

Propellant Slosh Motion

The propellant motion is being approximated by a simplified mechanical model composed of
spherical pendulums. Fig. 1 shows that a single propellant slosh particle is free to move around the
geometrical center of the tank at a fixed distance lj and this formulation is generalized to include
NP number of propellant slosh particles. The derivation begins with Euler’s law for each propellant
slosh particle:

ḢT,j = LT,j +mj r̈T/N × lj (27)
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Here the term LT,j represents the external torques. It contains the damping term that is modeled
as D damping matrix multiplied by the relative velocity between the tank and the propellant, l′j . It
takes into account the torque due to gravity and any other external torque.

LT,j = lj × Fg −Dl′j + τext,j (28)

It is necessary to expressHT of the propellant slosh particle as:

HT,j = mjlj × l̇j (29)

Deriving this equation obtains:

ḢT,j = mjlj × l̈j (30)

Using the transport theorem once again:

l̈j = l
′′
j + ω̇B/N × lj + 2ωB/N × l′j + ωB/N × (ωB/N × lj) (31)

lj prime and second derivative are equal to (7) and (8) because the d vector is constant in body
frame. In fact, the following relations apply between the vectors lj and rPc,j/B:

lj = rPc,j/B − d l′j = r
′
Pc,j/B

l′′j = r′′Pc,j/B
(32)

Equating Eqs. (27) and (30) and using Eq. (31), yields:

mjlj ×
[
l′′j + ω̇B/N × lj + 2ωB/N × l′j + ωB/N × (ωB/N × lj)

]
= LT,j +mj r̈T/N × lj (33)

Substituting Eq. (32) in Eq. (33):

mjlj×
[
lj

(
−ϕ̈j sin(ϕj) cos(ϑj)−ϑ̈j cos(ϕj) sin(ϑj)−ϕ̇2

j cos(ϕj) cos(ϑj)−ϑ̇2j cos(ϕj) cos(ϑj)

+2ϕ̇jϑ̇j sin(ϕj) sin(ϑj)
)
p̂0j ,1+ lj

(
ϕ̈j cos(ϕj) cos(ϑj)− ϑ̈j sin(ϕj) sin(ϑj)− ϕ̇2

j sin(ϕj) cos(ϑj)

− ϑ̇2j sin(ϕj) cos(ϑj)− 2ϕ̇jϑ̇j cos(ϕj) sin(ϑj)
)
p̂0j ,2 + lj

(
− ϑ̈j cos(ϑj) + ϑ̇2j sin(ϑj)

)
p̂0j ,3

+ ω̇B/N × lj + 2ωB/N × l′j + ωB/N × (ωB/N × lj)
]
= LT,j +mj r̈T/N × lj (34)

Executing the vectorial products and projecting Eq. (34) on the axis of rotation of ϕ and ϑ, the
propellant slosh particle equations are obtained. Fig. 3 shows the rotations axes on which the Eq.
(34) is projected. The ϕ rotation axis is p̂0j ,3, while is called p̂′0j ,2 the ϑ rotation axis.

8



Figure 3: Rotation Axes

p̂0j ,3 =

P0,j
00
1

 (35)

mjl
2
j

[
ϕ̈j cos

2(ϑj)− 2ϕ̇jϑ̇ cos(ϑj) sin(ϑj)

]
+mjp̂

T
0j ,3lj ×

[
ω̇B/N × lj + 2ωB/N × l′j+

+ωB/N × (ωB/N × lj)
]
= p̂T0j ,3LT,j +mjp̂

T
0j ,3r̈T/N × lj

(36)

p̂′0j ,2 =

P0,j
− sin(ϕ)

cos(ϕ)
0

 (37)

mjl
2
j

[
ϑ̈j + ϕ̇2

j cos(ϑj) sin(ϑj)

]
+mjp̂

′T
0j ,2lj ×

[
ω̇B/N × lj + 2ωB/N × l′j + ωB/N × (ωB/N × lj)

]
= p̂

′T
0j ,2LT,j +mjp̂

′T
0j ,2r̈T/N × lj

(38)

Remembering that rT/N = rB/N+d, and that d is constant in the body frame, the transport theorem
is used to write:

d̈ = ω̇B/N × d+ ωB/N × (ωB/N × d) (39)

r̈T/N = r̈B/N + ω̇B/N × d+ ωB/N × (ωB/N × d) (40)

Rearranging the terms as done in the previous sections:

mjl
2
j ϕ̈j cos

2(ϑj)−mjp̂
T
0j ,3[l̃j ]([l̃j ] + [d̃])ω̇B/N +mjp̂

T
0j ,3[l̃j ]r̈B/N = −mjp̂

T
0j ,3[l̃j ][ω̃B/N ][ω̃B/N ]d

+p̂T0j ,3LT,j + 2mjl
2
j ϕ̇jϑ̇ cos(ϑj) sin(ϑj)−mjp̂

T
0j ,3[l̃j ]

[
2[ω̃B/N ]l

′
j + [ω̃B/N ][ω̃B/N ]lj

]
(41)
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mjl
2
j ϑ̈j −mjp̂

′T
0j ,2[l̃j ]([l̃j ] + [d̃])ω̇B/N +mjp̂

′T
0j ,2[l̃j ]r̈B/N = −mjp̂

′T
0j ,2[l̃j ][ω̃B/N ][ω̃B/N ]d

+p̂
′T
0j ,2LT,j −mjl

2
j ϕ̇

2
j cos(ϑj) sin(ϑj)−mjp̂

′T
0j ,2[l̃j ]

[
2[ω̃B/N ]l

′
j + [ω̃B/N ][ω̃B/N ]lj

]
(42)

Eqs. (41) and (42) are the Propellant Slosh Particle equations. In the next section the EOMs
obtained so far are further manipulated to derive the back substitution method which increase the
efficiency of the software in terms of computing time.

BACK-SUBSTITUTION METHOD

The EOMs obtained in the previous sections constitute a system of 2NP + 6 coupled differen-
tial equations. Therefore, to numerically integrate the EOMs, it would be necessary to invert a
system mass matrix of size 2NP + 6. This can result in a computationally expensive simulation.
The computation effort to numerically invert an N × N matrix scales with N3.16 Implementing a
back-substitution method is possible to reduce considerably the computing cost.10 In the following
sections, it is demonstrated how the problem is reduced to an inversion of two (3× 3) matrices. As
it is shown in Eqs. (65) and (66),10 the A−1 and (D − CA−1B)−1 are the two matrices to be in-
verted. Then the system is completely solved back substituting for propellant slosh and translational
motions. A step-by-step derivation of the back-substitution method is presented in the following
sections.

Propellant Slosh Motion

The spherical pendulum equation have a complex expression that needs to be simplified to de-
couple the propellant slosh particle from the proper motion of the spacecraft. In this section, the
angular accelerations, that control the pendulum motion, are isolated from the other variables that
control the motion.

Starting from inverting Eq. (41) to obtain the expression of ϕ̈j :

ϕ̈j =
1

mjl2j cos
2(ϑj)

{
mjp̂

T
0j ,3[l̃j ]([l̃j ]+[d̃])ω̇B/N−mjp̂

T
0j ,3[l̃j ]r̈B/N−mjp̂

T
0j ,3[l̃j ][ω̃B/N ][ω̃B/N ]d

+ p̂T0j ,3LT,j + 2mjl
2
j ϕ̇jϑ̇ cos(ϑj) sin(ϑj)−mjp̂

T
0j ,3[l̃j ]

[
2[ω̃B/N ]l

′
j + [ω̃B/N ][ω̃B/N ]lj

]}
(43)

ϕ̈j =
1

mjl2j cos
2(ϑj)

(
mjp̂

T
0j ,3[l̃j ]([l̃j ] + [d̃])ω̇B/N −mjp̂

T
0j ,3[l̃j ]r̈B/N + aϕj

)
(44)

Introducing a new notation to make the equations shorter, lets us to appreciate better the depen-
dence of the propellant slosh particle from the other variables that control the spacecraft motion:

ϕ̈j = a
T
ϕj
r̈B/N + bTϕj

ω̇B/N + cϕj (45)
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with the following definitions:

aTϕj
= −

p̂T0j ,3[l̃j ]

l2j cos
2(ϑj)

(46)

bTϕj
=
p̂T0j ,3[l̃j ]([l̃j ] + [d̃])

l2j cos
2(ϑj)

(47)

cϕj =
1

mjl2j cos
2(ϑj)

{
−mjp̂

T
0j ,3[l̃j ][ω̃B/N ][ω̃B/N ]d+ p̂T0j ,3LT,j

+2mjl
2
j ϕ̇jϑ̇ cos(ϑj) sin(ϑj)−mjp̂

T
0j ,3[l̃j ]

[
2[ω̃B/N ]l

′
j + [ω̃B/N ][ω̃B/N ]lj

]} (48)

Performing the same operations for Eq. (42) to isolate ϑ̈j :

ϑ̈j =
1

mjl2j

{
mjp̂

′T
0j ,2[l̃j ]([l̃j ] + [d̃])ω̇B/N −mjp̂

′T
0j ,2[l̃j ]r̈B/N −mjp̂

′T
0j ,2[l̃j ][ω̃B/N ][ω̃B/N ]d

+ p̂
′T
0j ,2LT,j −mjl

2
j ϕ̇

2
j cos(ϑj) sin(ϑj)−mjp̂

′T
0j ,2[l̃j ]

[
2[ω̃B/N ]l

′
j + [ω̃B/N ][ω̃B/N ]lj

]}
(49)

ϑ̈j =
1

mjl2j

(
mjp̂

′T
0j ,2[l̃j ]([l̃j ] + [d̃])ω̇B/N −mjp̂

′T
0j ,2[l̃j ]r̈B/N + aϑj

)
(50)

Writing this a different way, following the procedure used for ϕ̈j , yields the final back-substitution
contributions of the spherical pendulum:

ϑ̈j = a
T
ϑj
r̈B/N + bTϑj

ω̇B/N + cϑj
(51)

aTϑj
= −

p̂
′T
0j ,2

[l̃j ]

l2j
(52)

bTϑj
=
p̂
′T
0j ,2

[l̃j ]([l̃j ] + [d̃])

l2j
(53)

cϑj
=

1

mjl2j

{
−mjp̂

′T
0j ,2[l̃j ][ω̃B/N ][ω̃B/N ]d+ p̂

′T
0j ,2LT,j −mjl

2
j ϕ̇

2
j cos(ϑj) sin(ϑj)

−mjp̂
′T
0j ,2[l̃j ]

[
2[ω̃B/N ]l

′
j + [ω̃B/N ][ω̃B/N ]lj

]} (54)

Translational and Rotational EOMs Manipulation

The translational and rotational EOMs can now be updated with the new form of the propellant
slosh equation, obtained in the previous section. These are the key passages of the back-substitution
method that enables the desired fast computation.
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Plugging these definitions into the translation and rotational equations of motion and multiplying
by msc, Eq. (14) and (26) result in:

{
[I3×3]−

1

msc

NP∑
j=1

mjlj

[(
sin(ϕj) cos(ϑj)p̂0j ,1−cos(ϕj) cos(ϑj)p̂0j ,2

)
aTϕj

+
(
cos(ϕj) sin(ϑj)p̂0j ,1

+sin(ϕj) sin(ϑj)p̂0j ,2+cos(ϑj)p̂0j ,3

)
aTϑj

]}
r̈B/N+

{
−[c̃]− 1

msc

NP∑
j=1

mjlj

[(
sin(ϕj) cos(ϑj)p̂0j ,1

−cos(ϕj) cos(ϑj)p̂0j ,2

)
bTϕj

+
(
cos(ϕj) sin(ϑj)p̂0j ,1+sin(ϕj) sin(ϑj)p̂0j ,2+cos(ϑj)p̂0j ,3

)
bTϑj

]}
ω̇B/N

= r̈C/N − 2[ω̃B/N ]c
′ − [ω̃B/N ][ω̃B/N ]c−

1

msc

NP∑
j=1

mjlj

[(
− cos(ϕj) cos(ϑj)p̂0j ,1

− sin(ϕj) cos(ϑj)p̂0j ,2

)
ϕ̇2
j +
(
− cos(ϕj) cos(ϑj)p̂0j ,1− sin(ϕj) cos(ϑj)p̂0j ,2+sin(ϑj)p̂0j ,3

)
ϑ̇2j

+
(
2 sin(ϕj) sin(ϑj)p̂0j ,1 − 2 cos(ϕj) sin(ϑj)p̂0j ,2

)
ϕ̇jϑ̇j −

(
sin(ϕj) cos(ϑj)p̂0j ,1

−cos(ϕj) cos(ϑj)p̂0j ,2

)
cϕj−

(
cos(ϕj) sin(ϑj)p̂0j ,1+sin(ϕj) sin(ϑj)p̂0j ,2+cos(ϑj)p̂0j ,3

)
cϑj

]
(55)

Multiply both sides by msc:

{
msc[I3×3]−

NP∑
j=1

mjlj

[(
sin(ϕj) cos(ϑj)p̂0j ,1−cos(ϕj) cos(ϑj)p̂0j ,2

)
aTϕj

+
(
cos(ϕj) sin(ϑj)p̂0j ,1

+sin(ϕj) sin(ϑj)p̂0j ,2+cos(ϑj)p̂0j ,3

)
aTϑj

]}
r̈B/N+

{
−msc[c̃]−

NP∑
j=1

mjlj

[(
sin(ϕj) cos(ϑj)p̂0j ,1

−cos(ϕj) cos(ϑj)p̂0j ,2

)
bTϕj

+
(
cos(ϕj) sin(ϑj)p̂0j ,1+sin(ϕj) sin(ϑj)p̂0j ,2+cos(ϑj)p̂0j ,3

)
bTϑj

]}
ω̇B/N

= mscr̈C/N − 2msc[ω̃B/N ]c
′ −msc[ω̃B/N ][ω̃B/N ]c−

NP∑
j=1

mjlj

[(
− cos(ϕj) cos(ϑj)p̂0j ,1

− sin(ϕj) cos(ϑj)p̂0j ,2

)
ϕ̇2
j +
(
− cos(ϕj) cos(ϑj)p̂0j ,1− sin(ϕj) cos(ϑj)p̂0j ,2+sin(ϑj)p̂0j ,3

)
ϑ̇2j

+
(
2 sin(ϕj) sin(ϑj)p̂0j ,1 − 2 cos(ϕj) sin(ϑj)p̂0j ,2

)
ϕ̇jϑ̇j −

(
sin(ϕj) cos(ϑj)p̂0j ,1

−cos(ϕj) cos(ϑj)p̂0j ,2

)
cϕj−

(
cos(ϕj) sin(ϑj)p̂0j ,1+sin(ϕj) sin(ϑj)p̂0j ,2+cos(ϑj)p̂0j ,3

)
cϑj

]
(56)

Rotational EOM Manipulation

Performing the same operations for the second EOM, Eq (26) becomes:

{
msc[c̃]−

NP∑
j=1

mjlj [r̃Pc,j/B]

[(
sin(ϕj) cos(ϑj)p̂0j ,1−cos(ϕj) cos(ϑj)p̂0j ,2

)
aTϕj

+
(
cos(ϕj) sin(ϑj)p̂0j ,1
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+sin(ϕj) sin(ϑj)p̂0j ,2+cos(ϑj)p̂0j ,3

)
aTϑj

]}
r̈B/N+

{
[Isc,B]−

NP∑
j=1

mjlj [r̃Pc,j/B]

[(
sin(ϕj) cos(ϑj)p̂0j ,1

−cos(ϕj) cos(ϑj)p̂0j ,2

)
bTϕj

+
(
cos(ϕj) sin(ϑj)p̂0j ,1+sin(ϕj) sin(ϑj)p̂0j ,2+cos(ϑj)p̂0j ,3

)
bTϑj

]}
ω̇B/N

= LB − [ω̃B/N ][Isc,B]ωB/N − [I ′sc,B]ωB/N −
NP∑
j=1

mj

{
[ω̃B/N ][r̃Pc,j/B]r

′
Pc,j/B

+ lj [r̃Pc,j/B]

[(
− cos(ϕj) cos(ϑj)p̂0j ,1 − sin(ϕj) cos(ϑj)p̂0j ,2

)
ϕ̇2
j +

(
− cos(ϕj) cos(ϑj)p̂0j ,1

− sin(ϕj) cos(ϑj)p̂0j ,2 + sin(ϑj)p̂0j ,3

)
ϑ̇2j +

(
2 sin(ϕj) sin(ϑj)p̂0j ,1

− 2 cos(ϕj) sin(ϑj)p̂0j ,2

)
ϕ̇jϑ̇j −

(
sin(ϕj) cos(ϑj)p̂0j ,1 − cos(ϕj) cos(ϑj)p̂0j ,2

)
cϕj

−
(
cos(ϕj) sin(ϑj)p̂0j ,1 + sin(ϕj) sin(ϑj)p̂0j ,2 + cos(ϑj)p̂0j ,3

)
cϑj

]}
(57)

These equations provide the required back-substitution contributions. As is evident above, perform-
ing the back-substitution instead of a numerical inverse of the system mass matrix is challenging
and complex to formulate. However, once this solution is found, it can be readily applied to a range
of complex spacecraft dynamics without having to re-derive the associated equations of motion.

Remaining Back-substitution Steps

In this section, the final steps to complete the back-substitution method procedure are presented.
Here, the equation are manipulated again to obtain a final form of the system which is easy to read
and implement in the software, providing also a short computing time.
The required back-substitution contributions of the spherical pendulum model are summarized as:

[A] =
{
msc[I3×3]−

NP∑
j=1

mjlj

[(
sin(ϕj) cos(ϑj)p̂0j ,1 − cos(ϕj) cos(ϑj)p̂0j ,2

)
aTϕj

+
(
cos(ϕj) sin(ϑj)p̂0j ,1 + sin(ϕj) sin(ϑj)p̂0j ,2 + cos(ϑj)p̂0j ,3

)
aTϑj

]} (58)

[B] =
{
−msc[c̃]−

NP∑
j=1

mjlj

[(
sin(ϕj) cos(ϑj)p̂0j ,1 − cos(ϕj) cos(ϑj)p̂0j ,2

)
bTϕj

+
(
cos(ϕj) sin(ϑj)p̂0j ,1 + sin(ϕj) sin(ϑj)p̂0j ,2 + cos(ϑj)p̂0j ,3

)
bTϑj

]} (59)

[C] =
{
msc[c̃]−

NP∑
j=1

mjlj [r̃Pc,j/B]

[(
sin(ϕj) cos(ϑj)p̂0j ,1 − cos(ϕj) cos(ϑj)p̂0j ,2

)
aTϕj

+
(
cos(ϕj) sin(ϑj)p̂0j ,1 + sin(ϕj) sin(ϑj)p̂0j ,2 + cos(ϑj)p̂0j ,3

)
aTϑj

]} (60)
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[D] =
{
[Isc,B]−

NP∑
j=1

mjlj [r̃Pc,j/B]

[(
sin(ϕj) cos(ϑj)p̂0j ,1 − cos(ϕj) cos(ϑj)p̂0j ,2

)
bTϕj

+
(
cos(ϕj) sin(ϑj)p̂0j ,1 + sin(ϕj) sin(ϑj)p̂0j ,2 + cos(ϑj)p̂0j ,3

)
bTϑj

]} (61)

vtrans = mscr̈C/N − 2msc[ω̃B/N ]c
′ −msc[ω̃B/N ][ω̃B/N ]c

−
NP∑
j=1

mjlj

[(
− cos(ϕj) cos(ϑj)p̂0j ,1 − sin(ϕj) cos(ϑj)p̂0j ,2

)
ϕ̇2
j +

(
− cos(ϕj) cos(ϑj)p̂0j ,1

− sin(ϕj) cos(ϑj)p̂0j ,2 + sin(ϑj)p̂0j ,3

)
ϑ̇2j +

(
2 sin(ϕj) sin(ϑj)p̂0j ,1

−2 cos(ϕj) sin(ϑj)p̂0j ,2

)
ϕ̇jϑ̇j −

(
sin(ϕj) cos(ϑj)p̂0j ,1 − cos(ϕj) cos(ϑj)p̂0j ,2

)
cϕj

−
(
cos(ϕj) sin(ϑj)p̂0j ,1 + sin(ϕj) sin(ϑj)p̂0j ,2 + cos(ϑj)p̂0j ,3

)
cϑj

]
(62)

vrot = LB − [ω̃B/N ][Isc,B]ωB/N − [I ′sc,B]ωB/N

−
NP∑
j=1

mj

{
[ω̃B/N ][r̃Pc,j/B]r

′
Pc,j/B

+ lj [r̃Pc,j/B]

[(
− cos(ϕj) cos(ϑj)p̂0j ,1 − sin(ϕj) cos(ϑj)p̂0j ,2

)
ϕ̇2
j

+
(
− cos(ϕj) cos(ϑj)p̂0j ,1 − sin(ϕj) cos(ϑj)p̂0j ,2 + sin(ϑj)p̂0j ,3

)
ϑ̇2j +

(
2 sin(ϕj) sin(ϑj)p̂0j ,1

−2 cos(ϕj) sin(ϑj)p̂0j ,2

)
ϕ̇jϑ̇j −

(
sin(ϕj) cos(ϑj)p̂0j ,1 − cos(ϕj) cos(ϑj)p̂0j ,2

)
cϕj

−
(
cos(ϕj) sin(ϑj)p̂0j ,1 + sin(ϕj) sin(ϑj)p̂0j ,2 + cos(ϑj)p̂0j ,3

)
cϑj

]}
(63)

Therefore, the translation and rotation EOMs can be simplified and written using the above defini-
tions: [

[A] [B]
[C] [D]

] [
r̈B/N

ω̇B/N

]
=

[
vtrans
vrot

]
(64)

Solving the system-of-equations by:

ω̇B/N =
(
[D]− [C]][A]−1[B]

)−1
(vrot − [C][A]−1vtrans) (65)

r̈B/N = [A]−1(vtrans − [B]ω̇B/N ) (66)

This demonstrates that to solve the problem with the new formulation only the is necessary to
invert only A−1 and (D−CA−1B)−1. Now, the other state variables can be solved using Eqs. (45)
and (51):

ϕ̈j = a
T
ϕj
r̈B/N + bTϕj

ω̇B/N + cϕj (67)

ϑ̈j = a
T
ϑj
r̈B/N + bTϑj

ω̇B/N + cϑj
(68)
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ENERGY AND MOMENTUM DEFINITIONS

The total rotational kinetic energy (i.e. kinetic energy about the center of mass) of the spacecraft
is:

Trot =
1

2
ωT
B/N [Ibus,Bc ]ωB/N +

1

2
mbusṙBc,C · ṙBc,C +

NP∑
j=1

1

2
mj ṙPc,j/C · ṙPc,j/C (69)

Expanding these terms and performing some simplification, Eq. (69) yields:

Trot =
1

2
ωT
B/N [Ibus,Bc ]ωB/N +

1

2
mbusṙBc,B · ṙBc,B+

NP∑
j=1

1

2
mj ṙPc,j/B · ṙPc,j/B−

1

2
mSC ċ · ċ (70)

The total rotational angular momentum of the spacecraft about point C is:

Hrot,C = [Ibus,Bc ]ωB/N +mbusrBc,C × ṙBc,C +

NP∑
j=1

mjrPc,j/C × ṙPc,j/C (71)

Expanding Eq. (71) and rearranging the terms, the total rotation angular momentum is in the form:

Hrot,C = [Ibus,Bc ]ωB/N +mbusrBc,B × ṙBc,B +

NP∑
j=1

mjrPc,j/B × ṙPc,j/B −mSCc× ċ (72)

REFERENCE SYSTEM CHANGE

Seen in Eqs. (46), (47) and (48), the problem is singular for ϑ = π/2 + kπ, (k = 0, 1, 2...).
In order to solve this issue, a rotation of the pendulum frame, P0,j , is necessary. This rotation is
performed when ϑj reaches a value multiple of π/4, to remain always far enough from the singu-
larity. The new pendulum frame Pnew

0,j is obtained with a rotation of the actual value of ϕ around the
p̂3,j axis, and of ϑ around p̂′2,j axis. This would lead to a new pendulum reference frame with p̂new

1,j

aligned along the pendulum direction. The Fig. 4 shows the Pnew
0,j respect to P0,j .

At this point is easy to see that the new value of ϕj and ϑj are equal to 0. To compute the new
value of ϕ̇j and ϑ̇j , remembering the relation expressed in Eq. (32), Eq. (7) is reversed and it yields:

ϕ̇ =
l′j [2]

lj
(73)

ϑ̇ = −
l′j [3]

lj
(74)

The integration can continue using these new values and the new reference systems. This would
lead to discontinuities on ϕj , θj , ϕj and ϑj but not on the vectors lj and l′j .
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Figure 4: Pnew
0,j frame definition

Table 1: GPS satellite data used in the simulated scenario

Launch mass Dry mass Size

3900 kg 2270 kg 3.4x2.5x1.8 m

SIMULATION AND VERIFICATION

To validate and test the code a simulation of the propellant slosh model has been run in the
Basilisk software package. To reproduce a realistic situation, the case of a classical GPS satellite is
considered here. The main parameters of the spacecraft and of the orbit are summarized in Table 1.

The orbit of the GPS satellite has been considered with an inclination of 55◦, a semi-major axis of
26560.6 km, eccentricity of 0.02 an argument of perigee of 90◦, and a right ascension of ascending
node of 10◦. At the beginning the propellant is considered at rest in the tank while the spacecraft
suddenly the spacecraft rotates with an angular velocity of 0.01 rad/s around the x-axis. The motion
of the hub induces a motion of the propellant in the tanks which starts to oscillate. This situation is
simulated imposing the following design parameters:

l1 = 0.3 m, m1 = 500 kg, ϕ̇1,0 = 0 rad/s, ϑ̇1,0 = 0 rad/s

d1 =

0.10.1
0.1

m p̂01,1 =

√2/20√
2/2

 p̂01,2 =

01
0

 p̂01,3 =

−√2/20√
2/2

 (75)

The following figures show how without a damping term the rotational and orbital angular mo-
mentum and energy are conserved. This is an important results that gives confidence in the correct
derivation and implementation of the model. It has also been shown, without providing graphs here,
that with reducing the time step the conservation quantities result in a higher accuracy. This gives
further confidence that the model is correct because it confirms integration error is the only source
of error.
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Figure 5: Relative Orbital Angular Momentum
Variation

Figure 6: Relative Rotational Angular Momen-
tum Variation

Figure 7: Relative Orbital Energy Variation Figure 8: Relative Rotational Energy Variation

CONCLUSION

The fully-coupled equations of motion of a spacecraft with spherical pendulum based propellant
slosh are derived. This formulation constitutes a mechanical approximation of a complex phe-
nomenon. The advantage of this formulation is the possibility of fast and real time predictions of
the sloshing phenomenon. The only way to predict the propellant motion with high accuracy is a
CFD simulation but in most cases this is not applicable to long duration simulations of spacecraft.

Fuel slosh is of crucial importance for the design of the spacecraft control system. For this reason
this mechanical model has been implemented in the Basilisk astrodynamics software package. This
permits readily simulating a complex dynamics taking into account the propellant slosh effect on
the dynamic of the spacecraft. The model has been verified by using the energy and momentum
conservation applied to a GPS satellite.

Future developments of this work could involve an analysis of the limits of this model together
with the analysis of a more complex mechanical model, considering both spherical pendulum and
lumped spring mass model. Another feature could be considered for the Basilisk software package
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is to provide an automatic method to set the design parameters starting from the tank and propel-
lant properties. The final step to verify the robustness of this method is to compare it with CFD
simulation of the same simulation setup.
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