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GPGPU IMPLEMENTATION OF PINES’ SPHERICAL HARMONIC
GRAVITY MODEL

J. R. Martin∗, and H. Schaub†

Efficient, analytic gravity algorithms are of the upmost importance for astrody-
namics research. Such algorithms underlie all satellite simulation software to
which researchers and missions have grown increasingly dependent. As these
software grow increasingly high-fidelity – accommodating more complex envi-
ronments, higher density constellations, and more realistic perturbations – there
grows a need to revisit their core gravity algorithm to ensure it does not become a
bottleneck. Namely as gravity field models continue to improve, simulations will
become increasingly burdened by traditional, serial algorithms – requiring astro-
dynamicists to trade computation speed for model accuracy. In efforts to bypass
this tradeoff, this paper investigates a general purpose graphics processing unit
(GPGPU) implementation of Pines’ spherical harmonic gravity algorithm using
Vulkan — an emergent, cross-platform graphics and compute API.

INTRODUCTION

As the age of large, highly-coordinated satellite constellations grows closer to reality, the need
for fast, analytic orbit propagation is paramount to efficient satellite simulation and planning. To
achieve efficient propagation, however, simulations are often burdened by the fidelity of the gravity
model used. With a coarse gravity model, the simulation may run efficiently, but trajectories are
only valid over short time scales. Alternatively, with a high-fidelity gravity model, trajectories will
become more accurate, but at the cost of slow runtimes – inhibiting larger sensitivity studies or
Monte Carlo analysis.

Explicitly, analytic calculation of the gravitational acceleration imparted by a heterogenous mass
is a computationally expensive task when using high-fidelity gravity field models. Traditionally this
calculation is done by first representing the gravitational potential as a spherical harmonic series
expanded to a finite degree l and order m, converting this expansion to non-singular representation,
and then taking the gradient to compute the gravitational acceleration. A popular implementation
of this process is Pines’ formulation.1

Despite its popularity within the astrodynamics community, Pines’ formulation has a high com-
putational cost – scaling asO(l2) where lmaximum degree of the gravity model (see Figure 2).2 For
low-fidelity gravity models, this computational inefficiency is negligible, and the ability to propagate
orbits for one or many spacecraft is unaffected. However, when scientists and engineers use high-
fidelity representations of the gravity field like Earth’s EGM2008 model (reaching degree and order
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Figure 1: GPGPU enhanced gravity algorithms for high-fidelity astrodynamics software enables
support for high accuracy orbit propagation with lower runtimes.

2160) or the Moon’s model produced by GRAIL (degree 900) – Pines’ formulation can demand
millions of computations per timestep to produce the corresponding acceleration.3, 4 Consequently,
high-fidelity gravity models impose a large computational bottleneck for astrodynamics simulation
– often requiring trajectory designers and researchers to choose either simulation speed or accuracy.

A traditional solution to this computational bottleneck is to use a truncated gravity model – one
that provides sufficiently many terms in the spherical harmonic expansion to capture the coarsest
gravitational perturbations but few enough to prevent exorbitant amounts of compute time. Such a
solution is often acceptable when generating trajectories over short time intervals or for missions
that do not require precise orbits. In the case of longer simulations, however, this solution is unten-
able as the effect of unaccounted gravitational perturbations will accumulate through the dynamics
and negatively impact the trajectory (Figure 2). This paper proposes that, in principle, given the
state of modern day computing, astrodynamicists need not compromise between simulation speed
and accuracy. Explicitly, the computational overhead of Pines’ formulation might be significantly
reduced if transitioned off of traditional CPUs and onto alternative hardware like Graphics Process-
ing Units (GPUs).

GPUs are designed to solve problems in parallel, unlike CPUs which demand serial execution.
As such, if a problem can be properly decomposed into parallelized pieces, GPU algorithms can
offer order-of-magnitude performance gains over their serial CPU counterpart.5 Performance gains
of this magnitude have opened up entirely new domains physical modeling within the scientific
community∗ – but their application for gravity modeling remains relatively unsaturated.6, 7

Kefan et. al. presented a CUDA implementation of a spherical harmonic gravity model claiming
positive speed up ratios on the GPU, but fail to provide repeatable or verifiable results.8 Moreover,
the algorithm presented requires vendor specific hardware and does not provide details into the
model used. Hupca et. al. demonstrated that inverse spherical harmonic transforms can be evaluated
rapidly on multi-core systems or GPUs by but only when evaluating the transform across a 2D grid
rather than a single point location.9 Atallah et. al. propose a GPGPU implementation of the

∗https://www.nvidia.com/content/gpu-applications/PDF/gpu-applications-catalog.pdf
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Figure 2: Compute time and final error associated with simulating a spacecraft at 600km altitude
orbiting for four hours real-time using Pines’ formulation as a function of spherical harmonic de-
gree.

Chebyshev Picard Method which is quick to evaluate, but is only an approximation of the field and
only valid over a finite domain.10 None of these paper provide an explicit, analytic computation of
the gravitational force experienced at a single point in a cross-platform, GPGPU compatible manner.
This paper attempts to fill this hole by providing an implementation of Pines’ formulation on a GPU
using Vulkan, a modern GPGPU compute and graphics API.

Vulkan is the only API that is simultaneously cross-platform, officially supported, and does not
have hardware specific stipulations †. Alternative GPU APIs like CUDA, OpenGL/CL, Metal, and
DirectX each fail in at least one of these three categories as of 2020. In addition to its broader appli-
cability, Vulkan is also considered a low-level GPU API providing developers with direct access and
control of the GPU, opening opportunities for powerful optimization. Developers are given near-
complete control of the graphics and compute pipelines allowing for careful design of command
buffers and their dispatch. Coupling these features with traditional tuning of dispatch calls, memory
transfer, and thread barriers allows developers to accumulate maximum speed gains. Discovering
the optimal permutations of these features and design choices require extensive testing and careful
formulations of the underlying algorithm at hand. This paper discusses various ways to decompose
Pines’ formulation and quantitatively explores how these optimization affect performance.

PINES’ FORMULATION

Exploiting GPU hardware to efficiently evaluate Pines’ formulation requires refactoring the equa-
tions from the original algorithm. As such, it is advantageous to provide the unperturbed algorithm
before investigating specific optimization strategies.

Gravitational Potential

Pines’ formulation provides an analytic formula that computes the acceleration imparted by a
non-homogenous, massive body. This is done by first expressing the potential as a series expansion
of spherical harmonics.
†https://www.khronos.org/vulkan/
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U(r) =
µ

r

∞∑
l=0

l∑
m=0

(
1

r

)l
Pl,m[sin(φ)]

[
C ′l,m cos(mλ) + S′l,m sin(mλ)

]
(1)

where r is the magnitude of the position vector with respect to the center of mass of the gravitational
body, µ is the gravitational parameter of the body, Pl,m are the associated legendre polynomials, φ
is the geodetic latitude, λ is the geodetic longitude, and C ′l,m and S′l,m are the Stokes’ coefficients.
While the potential can technically remain in this form, it is more commonly expressed with non-
dimensional coefficients

Cl,m =
C ′l,m

Rlrefm
(2)

Sl,m =
S′l,m

Rlrefm
(3)

where Rref is a chosen reference radius, typically defined as the radius of the sphere which encloses
all mass elements of the body (the Brillouin sphere).11 Simplifying the expression provides

U(r) =
µ

r

∞∑
l=0

l∑
m=0

(
Rref

r

)l
Pl,m[sin(φ)]

[
Cl,m cos(mλ) + Sl,m sin(mλ)

]
(4)

Again, the equation can remain in this form, however the terms in the series grow exponentially
with the degree l. To retain numerical stability, a normalization factor is introduced by Lundberg
and Schutz12

Nl,m =

√
(l −m)!(2− δm)(2l + 1)

(l +m)!
(5)

such that the coefficients and the associated legendre polynomials become

C̄l,m =
Cl,m
Nl,m

(6)

S̄l,m =
Sl,m
Nl,m

(7)

P̄l,m[x] = Pl,m[x]Nl,m (8)

altogether providing

U(r) =
µ

r

∞∑
l=0

l∑
m=0

(
Rref

r

)l
P̄l,m[sin(φ)]

[
C̄l,m cos(mλ) + S̄l,m sin(mλ)

]
(9)

Gravitational Acceleration

To compute the gravitational acceleration, the gradient of Equation (9) must be taken. However,
in the case of φ = −π

2 or π
2 , the gradient diverges. As such, Pines introduced an alternative formu-

lation which bypasses this numerical instability by changing to dimensionless coordinates within
the cartesian coordinate frame where

r = r

st
u

 ı̂ =

1
0
0

 ̂ =

0
1
0

 k̂ =

0
0
1

 (10)
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such that

r =
√
x2 + y2 + z2 (11)

s =
x

r
(12)

t =
y

r
(13)

u =
z

r
(14)

Using these alternative coordinates, the associate Legendre polynomials can be rewritten as

Pl,m[sin(φ)] = Pl,m[u] = (1− u2)
m
2 Al,m[u] (15)

where

Al,m[u] =
dm

dum
Pl[u] =

1

2ll!

dl+m

dul+m
(u2 − 1)l (16)

Moreover, if one defines ξ as

ξ = cos(φ) cos(λ) + j cos(φ) sin(λ) =
x

r
+ j

y

r
= s+ jt (17)

then
ξm = cosm(φ)ejmλ = (s+ jt)m (18)

such that

Rm[s, t] = Re{ξm} (19)

Im[s, t] = Im{ξm} (20)

then the potential can be rewritten as

U(r) =
µ

r

∞∑
l=0

l∑
m=0

(
Rref

r

)l
Āl,m[u]{C̄l,mRm[s, t] + S̄l,mIm[s, t]} (21)

Defining

Dl,m[s, t] = C̄l,mRm[s, t] + S̄l,mIm[s, t] (22)

ρl[r] =
µ

r

(
Rref

r

)l
(23)

the potential simplifies further to

U(r) =
∞∑
l=0

l∑
m=0

ρl[r]Āl,m[u]Dl,m[s, t] (24)

where the constituent terms abide by the following recursion relationships
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Rm[s, t] =sRm−1[s, t]− tIm−1[s, t] (25)

Im[s, t] =sIm−1[s, t] + tRm−1[s, t] (26)

Āl,l[u] =

√
(2l + 1)(2− δl)
(2l)(2− δl−1)

Āl−1,l−1[u] (27)

Āl,l−1[u] =u

√
(2l)(2− δl−1)

2− δl
Āl,l[u] (28)

Āl,m[u] =
Nl,m

l −m
((2l − 1)uAl−1,m[u]− (29)

(l +m− 1)Al−2,m[u]) (30)

with the following initial conditions

R0[s, t] = 1 (31)

I0[s, t] = 0 (32)

Ā0,0[u] = 1 (33)

Equation (30) can be further simplified by expanding Nl,m for cases where l ≥ (m+ 2), into N1l,m

and N2l,m such that
Āl,m[u] = N1l,muAl−1,m[u]−N2l,mAl−2,m[u] (34)

where

N1l,m =

√
(2l + 1)(2l − 1)

(l −m)(l +m)
(35)

N2l,m =

√
(l +m− 1)(2l + 1)(l −m− 1)

(l −m)(l +m)(2l − 3)
(36)

To compute the acceleration, the gradient of the potential must be taken with respect to the non-
dimensional coordinates u, t, s, and r.

∇U(r) =
∂U

∂r

∂r

∂r
+
∂U

∂s

∂s

∂r
+
∂U

∂t

∂t

∂r
+
∂U

∂u

∂u

∂r
(37)

∂r

∂r
=

1

r
r̂ (38)

∂s

∂r
=

1

r
ı̂− s

r
r̂ (39)

∂t

∂r
=

1

r
̂− t

r
r̂ (40)

∂u

∂r
=

1

r
k̂ − u

r
r̂ (41)

g =

(
∂U

∂r
− s

r

∂U

∂s
− t

r

∂U

∂t
− u

r

∂U

∂u

)
r̂ +

1

r

∂U

∂s
ı̂ +

1

r

∂U

∂t
̂ +

1

r

∂U

∂u
k̂ (42)
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The partials of the potential can be applied directly to their interior variables

∂U

∂r
=

∞∑
l=0

l∑
m=0

∂ρl[r]

∂r
Āl,m[u]Dl,m[s, t] (43)

∂U

∂u
=

∞∑
l=0

l∑
m=0

ρl[r]
∂Āl,m[u]

∂u
Dl,m[s, t] (44)

∂U

∂s
=

∞∑
l=0

l∑
m=0

ρl[r]Āl,m[u]
∂Dl,m[s, t]

∂s
(45)

∂U

∂t
=
∞∑
l=0

l∑
m=0

ρl[r]Āl,m[u]
∂Dl,m[s, t]

∂t
(46)

(47)

Evaluating the partials:

∂ρl[r]

∂r
= −(l + 1)

Rref
ρl+1[r] (48)

∂Āl,m[u]

∂u
=

Nl,m

Nl,m+1
Āl,m+1[u] (49)

∂Dl,m[s, t]

∂s
= m(C̄l,mRm−1[s, t] + S̄l,mIm−1[s, t]) (50)

∂Dl,m[s, t]

∂t
= m(S̄l,mRm−1[s, t]− C̄l,mIm−1[s, t]) (51)

Inserting Equations (48) - (51) into Equations (43) - (46)

∂U

∂r
=
∞∑
l=0

l∑
m=0

−(l + 1)

Rref
ρl+1[r]Āl,m[u]Dl,m[s, t]

∂U

∂u
=

∞∑
l=0

l∑
m=0

ρl[r]
Nl,m

Nl,m+1
Āl,m+1[u]Dl,m[s, t]

∂U

∂s
=

∞∑
l=0

l∑
m=0

ρl[r]Āl,m[u]m(C̄l,mRm−1[s, t] + S̄l,mIm−1[s, t])

∂U

∂t
=

∞∑
l=0

l∑
m=0

ρl[r]Āl,m[u]m(S̄l,mRm−1[s, t]− C̄l,mIm−1[s, t])

(52)

Setting a1 = 1
r
∂U
∂s , a2 = 1

r
∂U
∂t , a3 = 1

r
∂U
∂u , and a4 =

(
∂U
∂r −

s
r
∂U
∂s −

t
r
∂U
∂t −

u
r
∂U
∂u

)
, refactoring
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ρl[r], and simplifying yields

a1[r, s, t, u] =

∞∑
l=0

l∑
m=0

ρl+1[r]

Rref
mĀl,m[u](C̄l,mRm−1[s, t] + S̄l,mIm−1[s, t]) (53)

a2[r, s, t, u] =
∞∑
l=0

l∑
m=0

ρl+1[r]

Rref
mĀl,m[u](S̄l,mRm−1[s, t]− C̄l,mIm−1[s, t]) (54)

a3[r, s, t, u] =
∞∑
l=0

l∑
m=0

ρl+1[r]

Rref

Nl,m

Nl,m+1
Āl,m+1[u]Dl,m[s, t] (55)

a4[r, s, t, u] =
∞∑
l=0

l∑
m=0

ρl+1[r]

Rref

Nl,m

Nl+1,m+1
Āl+1,m+1[u]Dl,m[s, t] (56)

where

Nl,m

Nl,m+1
=

√
(l −m)(2− δm)(l +m+ 1)

2− δm+1
(57)

Nl,m

Nl+1,m+1
=

√
(l +m+ 2)(l +m+ 1)(2l + 1)(2− δm)

(2l + 3)(2− δm+1)
(58)

The final acceleration can then be expressed as:

g =(a1[r, s, t, u] + s · a4[r, s, t, u])̂ı+

(a2[r, s, t, u] + t · a4[r, s, t, u])̂+

(a3[r, s, t, u] + u · a4[r, s, t, u])k̂

(59)

GPU ALGORITHM

This paper aims to develop an algorithm that evaluates Equation (59) as efficiently as possible on
GPU hardware. This requires first understanding the underlying software and hardware of GPUs.

GPGPU Software

Foremost, GPU programs operate on the kernel scale. A kernel is the specific algorithm dis-
patched to the GPU to be computed asynchronously. Each kernel invocation is assigned a unique
thread, an ID, and local memory. These kernel invocations are typically dispatched in work-groups
of a fixed, user-defined size of (x, y, z) (WorkGroupSize) up to some limit specified by the
hardware. Each work-group has a unique shared memory space where kernel invocations within
that work-group can exchange data with one another at faster rate than typical global access mem-
ory.13 A GPU program begins execution when the CPU dispatches one or many work-groups –
also of user-specified dimensions (x, y, z) (NumWorkGroups). As such, if a user defines the
WorkGroupSize as (16, 8, 4) there will be 512 kernel invocations within that work-group, and
if NumWorkGroups is defined as (128, 256, 64) for a total of 2,097,152 work-groups, there will
ultimately be 1,073,741,824 total kernel invocations sent to the GPU for execution.
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GPGPU Hardware

GPU venders like NVIDIA and AMD use similar microarchitectures‡§¶ ‖. Every GPU will have
a collection of Streaming Multiprocessors (SM) or Compute Units (CU) (NVIDIA and AMD lan-
guage respectively) which each house hardware designed to schedule and execute a work-group.
The threads (kernel invocations) within a work-group are then divided into batches called warps
(NVIDIA) or wavefronts (AMD). A warp is defined as a batch of 32 threads, and a wavefront is
defined as a batch of 64 threads. The remainder of this paper will exclusively use AMD language
and sizes as the default. Continuing with the earlier example, if a work-group is of size (16, 8, 4),
or 512 threads and is sent to a CU, 8 wavefronts will be executed on that CU. By extension, if there
are (128, 256, 64) work-groups distributed across 32 CUs, a total of 16, 777, 216/32 = 524, 288
wavefronts must be executed per CU. This number is still large, however, each CU can also manage
multiple wavefronts simultaneously to hide memory latency. I.e. if a single wavefront is wait-
ing from a result in memory, a different wavefront within that work-group can simultaneously run
on the momentarily unutilized arithmetic hardware within the same CU. On modern AMD GPUs,
up to 40 wavefronts can be scheduled per CU. This ultimately brings the total “tasks” per CU to
524, 288/40 ≈ 13, 108 – a much more approachable number than the individual 1,073,741,824
invocations that needed to be completed.14

GPGPU General Optimization Strategies

GPU optimization is a nuanced endeavour which demands attention to both GPU hardware and
software. This subsection presents the optimizations considered in the development of this algo-
rithm thus far, but should not be considered extensive. Further discussion and additional opti-
mization strategies can be found in resources like the CUDA C++ Best Practices Guide, hardware
whitepapers, and other online forums.15, 16

The first consideration for GPU programming is that all threads within each wavefront are ex-
ecuted in lockstep, meaning all threads within the wavefront are expected to perform the same
instruction. If there is branching between different threads in the same wavefront, the GPU will halt
all threads that do not meet the branch condition and leave them idle until the branch is complete.
Consequently, branches impart a performance penalty that grows in proportion to the number of in-
active threads and cycles to complete the branch. As such it is strongly recommended to minimize
the number of branches in the kernel whenever possible. Common examples of branching include
if-else statements or conditional for loops.

In a similar vein, bank conflicts should be minimized. If multiple kernel invocations need to
access to the same shared memory bank, the store and load operations must be executed sequentially.
This synchronization imparts a performance penalty as GPU cycles are often much slower than their
CPU cycle counterpart. It is therefore recommended that serial work be left to the CPU whenever
possible. To avoid the synchronization caused by bank conflicts, the programmer is can ensure that
memory accesses per thread are separated by the width of the bank through proper striding and
padding.

‡https://www.nvidia.com/content/dam/en-zz/Solutions/design-visualization/technologies/turing-
architecture/NVIDIA-Turing-Architecture-Whitepaper.pdf
§https://www.amd.com/system/files/documents/rdna-whitepaper.pdf
¶https://www.techpowerup.com/gpu-specs/docs/amd-gcn1-architecture.pdf
‖https://www.nvidia.com/en-us/data-center/resources/pascal-architecture-whitepaper/
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Another optimization strategy is to use Single Instruction Multiple Data (SIMD) operations. Both
CPUs and GPUs have specialized instructions that allow for the same operation to be performed on
multiple data simultaneously. In the case of a 4D vector, SIMD operations allow all elements to be
simultaneously loaded, stored, or operated on. E.g. it costs the same amount of cycles to compute
a=4*6 as it does to compute a=(1,2,3,4)*(5,6,7,8). It is encouraged to maximize the
number of SIMD operations per kernel wherever possible.

It is also necessary to maximize occupancy on a GPU. This means ensuring that most, if not all,
threads remain active, and all compute units are adequately supplied with many wavefronts. If either
of these criteria are not met, the GPU will not be operating at full capacity, and can become slower
than if the task were executed on the CPU.

Finally, its important to consider if a kernel is compute bound (algorithm efficiency limited by
how many operations need to be performed) or memory bound (algorithm efficiency limited by bot-
tlenecks in memory transfer and overhead). To determine which regime a compute kernel operates
within one must first compute the arithmetic intensity of the algorithm, which equates to the num-
ber of operations per byte of data transferred to the GPU. If the arithmetic intensity is sufficiently
large, the kernel will always be compute bound and the programmer should prioritize minimizing
the number of computation cycles. Alternatively, if the arithmetic intensity is low, the programmer
should prioritize throughput – optimizing efficient memory load and store requests.17

Pines’ Formulation Core Routines

To optimize Pines’ formulation for a GPU, the algorithm must be broken down into its constituent
parts. This paper decomposes the algorithm into two primary routines. Working backwards, the first
routine is the computing the double summation for a1-a4.

Core Routine 1: Data Reduction Assuming the addends of the series are computed a priori,
Equations (53) - (56) simply represent the summation of all terms within a lower-triangle 2D matrix
(this assumes the gravity model used is of equal degree and order such that N = lmax = m). If that
matrix is then flattened into a single 1D array, there exist GPU data reduction techniques that sub-
stantially decrease the total number of cycles needed to compute the sum. Explicitly, summing all
terms within a lower triangular matrix with a total ofN(N+1)/2 entries requiresO(n2) cycles on a
CPU. The same reduction algorithm takes as few as O(log2n) cycles on a GPU by using sequential
memory access patterns and shared memory across all threads in a work-group. For brevity, the core
routine is expressed in Algorithm 1 and visualized in Figure 3. Additional optimization techniques
exist beyond those expressed in Algorithm 1 like loop unrolling and removing instruction overhead,
though a deeper discussion of such techniques is left to the many resources available online∗∗.

Core Routine 2: Legendre Matrix The more challenging routine to put on a GPU is computing
the series addends prior to data reduction. Redefining the addends from Equations (53) - (56) as

∗∗http://developer.download.nvidia.com/assets/cuda/files/reduction.pdf

10



5 6 1 3 0 3 2 8

5 9 3 11

8 20

28

Figure 3: Data Reduction Technique

Algorithm 1 Data Reduction Loop
1: localIdx = LocalInvocationIndex
2: finalValue[localIdx] = ail,m
3: barrier()
4: for s = WorkGroupSize.x/2; s > 0; s >>= 1) do
5: if (localIdx < s) then
6: finalValue[localIdx] += finalValue[localIdx + s]
7: end if
8: barrier()
9: end for

ail,m and expanding yields:

a1l,m [r, s, t, u] =
ρl+1[r]

Rref
mĀl,m[u](C̄l,mRm−1[s, t] + S̄l,mIm−1[s, t]) (60)

a2l,m [r, s, t, u] =
ρl+1[r]

Rref
mĀl,m[u](S̄l,mRm−1[s, t]− C̄l,mIm−1[s, t]) (61)

a3l,m [r, s, t, u] =
ρl+1[r]

Rref

Nl,m

Nl,m+1
Āl,m+1[u](C̄l,mRm[s, t] + S̄l,mIm[s, t]) (62)

a4l,m [r, s, t, u] =
ρl+1[r]

Rref

Nl,m

Nl+1,m+1
Āl+1,m+1[u](C̄l,mRm[s, t] + S̄l,mIm[s, t]) (63)

These expressions are not immediately amenable for GPU optimization as they are idiosyncratic,
each with different variables and indices. The expressions can be homogenized however by defining

11



the following constants:

Q =
ρl+1[r]

Rref
(64)

c1 =
Nl,m

Nl,m+1
(65)

c2 =
Nl,m

Nl+1,m+1
(66)

d1 = sC̄l,m + tS̄l,m (67)

d2 = sS̄l,m − tC̄l,m (68)

(69)

and expanding Rm and Im in terms of Rm−1 and Im−1. Simplifying, the expressions for all ail,m
become significantly more consistent:

a1l,m
a2l,m
a3l,m
a4l,m

 =


Q
Q
Q
Q



m
m
c1
c2




Al,m[u]
Al,m[u]
Al,m+1[u]
Al+1,m+1[u]




C̄l,m
S̄l,m
d1
d1



Rm−1
Rm−1
Rm−1
Rm−1

+


S̄l,m
−C̄l,m
d2
d2



Im−1
Im−1
Im−1
Im−1


 (70)

Equation 70 is advantageous for GPU computing for two reason. The first is SIMD compatibility.
The expressions for a1l,m − a4l,m share many common terms which can be loaded into memory
simultaneously via SIMD operations. Moreover, each addend uses the same the same six multi-
plications and one addition – common instructions that can be shared across all expressions. By
converting the equations into vectorized form, the shared multiply and addition instructions alone
reduce the number of cycles needed to compute all addends by an additional factor of four.

The second advantage of Equation (70) is that Q, c1, c2, d1, d2, C̄l,m, S̄l,m are all independent
variables that can be computed without any knowledge of prior operations within the algorithm.
This means there is no recursion or unique branch criteria to calculate their values, and thereby no
synchronization is imposed on the GPU for these variables.

Beyond these terms, there is the challenge of computing the remaining variables Al,m, Al,m+1,
Al+1,m+1, Rm−1, Im−1 which do require knowledge of prior terms due to their recursion formu-
las. Two possible solutions exist for evaluating these terms. The first is a memory-centric approach
where these terms are only computed once, stored in memory, and then loaded back into regis-
ters as needed. The alternative is a compute-centric approach where the values are computed as
needed. The former demands more memory operations and fewer arithmetic operations while the
later requires less memory but at the cost of redundant calculations.

Memory Bound In the memory bound case, it is assumed that all terms within Equation (70) are
computed individually and saved to local memory on the GPU. This requires careful sequencing to
satisfy the recursion relationships of Al,m, Rm, and Im. There is little advantage to solving Rm
and Im on the GPU as their formula have no elements of parallelization. As such those terms are
solved on the CPU and transferred upon dispatch to the GPU. The Al,m terms, however, have a
mix of strict, serial recursion but also opportunities for parallelization. Specifically Eqs. (27) is
explicitly recursive as seen in Figure 4a, however Equations (28) and (30) (seen in Figures 4b and
4c) can be evaluated asynchronously across the columns. Each kernel invocation can be assigned
to a different column to be computed independently. Despite this asynchronous opportunity, such
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<latexit sha1_base64="TV4ioY2jToEqRiR2OSgrTJJ1TbM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmmJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+7rquVWvWavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDzWuM2g==</latexit><latexit sha1_base64="TV4ioY2jToEqRiR2OSgrTJJ1TbM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmmJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+7rquVWvWavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDzWuM2g==</latexit><latexit sha1_base64="TV4ioY2jToEqRiR2OSgrTJJ1TbM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmmJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+7rquVWvWavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDzWuM2g==</latexit><latexit sha1_base64="TV4ioY2jToEqRiR2OSgrTJJ1TbM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmmJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+7rquVWvWavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDzWuM2g==</latexit>

m<latexit sha1_base64="OFNAViO0R2YL9dO6WH69KLxytHk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY8BLx4TMA9IljA76U3GzMwuM7NCCPkCLx4U8eonefNvnCR70MSChqKqm+6uKBXcWN//9tbWNza3tgs7xd29/YPD0tFx0ySZZthgiUh0O6IGBVfYsNwKbKcaqYwEtqLR3cxvPaE2PFEPdpxiKOlA8Zgzap1Ul71S2a/4c5BVEuSkDDlqvdJXt5+wTKKyTFBjOoGf2nBCteVM4LTYzQymlI3oADuOKirRhJP5oVNy7pQ+iRPtSlkyV39PTKg0Ziwj1ympHZplbyb+53UyG9+GE67SzKJii0VxJohNyOxr0ucamRVjRyjT3N1K2JBqyqzLpuhCCJZfXiXNq0rgV4L6dbl6mcdRgFM4gwsI4AaqcA81aAADhGd4hTfv0Xvx3r2PReual8+cwB94nz/O74zb</latexit><latexit sha1_base64="OFNAViO0R2YL9dO6WH69KLxytHk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY8BLx4TMA9IljA76U3GzMwuM7NCCPkCLx4U8eonefNvnCR70MSChqKqm+6uKBXcWN//9tbWNza3tgs7xd29/YPD0tFx0ySZZthgiUh0O6IGBVfYsNwKbKcaqYwEtqLR3cxvPaE2PFEPdpxiKOlA8Zgzap1Ul71S2a/4c5BVEuSkDDlqvdJXt5+wTKKyTFBjOoGf2nBCteVM4LTYzQymlI3oADuOKirRhJP5oVNy7pQ+iRPtSlkyV39PTKg0Ziwj1ympHZplbyb+53UyG9+GE67SzKJii0VxJohNyOxr0ucamRVjRyjT3N1K2JBqyqzLpuhCCJZfXiXNq0rgV4L6dbl6mcdRgFM4gwsI4AaqcA81aAADhGd4hTfv0Xvx3r2PReual8+cwB94nz/O74zb</latexit><latexit sha1_base64="OFNAViO0R2YL9dO6WH69KLxytHk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY8BLx4TMA9IljA76U3GzMwuM7NCCPkCLx4U8eonefNvnCR70MSChqKqm+6uKBXcWN//9tbWNza3tgs7xd29/YPD0tFx0ySZZthgiUh0O6IGBVfYsNwKbKcaqYwEtqLR3cxvPaE2PFEPdpxiKOlA8Zgzap1Ul71S2a/4c5BVEuSkDDlqvdJXt5+wTKKyTFBjOoGf2nBCteVM4LTYzQymlI3oADuOKirRhJP5oVNy7pQ+iRPtSlkyV39PTKg0Ziwj1ympHZplbyb+53UyG9+GE67SzKJii0VxJohNyOxr0ucamRVjRyjT3N1K2JBqyqzLpuhCCJZfXiXNq0rgV4L6dbl6mcdRgFM4gwsI4AaqcA81aAADhGd4hTfv0Xvx3r2PReual8+cwB94nz/O74zb</latexit><latexit sha1_base64="OFNAViO0R2YL9dO6WH69KLxytHk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY8BLx4TMA9IljA76U3GzMwuM7NCCPkCLx4U8eonefNvnCR70MSChqKqm+6uKBXcWN//9tbWNza3tgs7xd29/YPD0tFx0ySZZthgiUh0O6IGBVfYsNwKbKcaqYwEtqLR3cxvPaE2PFEPdpxiKOlA8Zgzap1Ul71S2a/4c5BVEuSkDDlqvdJXt5+wTKKyTFBjOoGf2nBCteVM4LTYzQymlI3oADuOKirRhJP5oVNy7pQ+iRPtSlkyV39PTKg0Ziwj1ympHZplbyb+53UyG9+GE67SzKJii0VxJohNyOxr0ucamRVjRyjT3N1K2JBqyqzLpuhCCJZfXiXNq0rgV4L6dbl6mcdRgFM4gwsI4AaqcA81aAADhGd4hTfv0Xvx3r2PReual8+cwB94nz/O74zb</latexit>

Al,l
<latexit sha1_base64="0Ajz/OYJAdfTq+Bd+Wt8RjTgU9Q=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBQymJFPRY8eKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt1LkdZLIqZ4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8W587IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbzxM6GSFLliy0VhKgnGZP47GQrNGcqpJZRpYW8lbEw1ZWgTKtkQvNWX10n7qua5Ne+hXmlU8ziKcAbncAkeXEMD7qEJLWAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wcDQY9G</latexit><latexit sha1_base64="0Ajz/OYJAdfTq+Bd+Wt8RjTgU9Q=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBQymJFPRY8eKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt1LkdZLIqZ4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8W587IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbzxM6GSFLliy0VhKgnGZP47GQrNGcqpJZRpYW8lbEw1ZWgTKtkQvNWX10n7qua5Ne+hXmlU8ziKcAbncAkeXEMD7qEJLWAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wcDQY9G</latexit><latexit sha1_base64="0Ajz/OYJAdfTq+Bd+Wt8RjTgU9Q=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBQymJFPRY8eKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt1LkdZLIqZ4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8W587IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbzxM6GSFLliy0VhKgnGZP47GQrNGcqpJZRpYW8lbEw1ZWgTKtkQvNWX10n7qua5Ne+hXmlU8ziKcAbncAkeXEMD7qEJLWAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wcDQY9G</latexit><latexit sha1_base64="0Ajz/OYJAdfTq+Bd+Wt8RjTgU9Q=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBQymJFPRY8eKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt1LkdZLIqZ4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8W587IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbzxM6GSFLliy0VhKgnGZP47GQrNGcqpJZRpYW8lbEw1ZWgTKtkQvNWX10n7qua5Ne+hXmlU8ziKcAbncAkeXEMD7qEJLWAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wcDQY9G</latexit>

Al�1,l�1
<latexit sha1_base64="ibLFqrb+tSY3zkytSHHJw45/u90=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBQy2JCHqsePFYwX5AGspmu22XbjZhdyKU0J/hxYMiXv013vw3btsctPXBwOO9GWbmhYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnZAaLoXiTRQoeSfRnEah5O1wfDfz209cGxGrR5wkPIjoUImBYBSt5N/2MnnhVW1Ne+WKW3PnIKvEy0kFcjR65a9uP2ZpxBUySY3xPTfBIKMaBZN8WuqmhieUjemQ+5YqGnETZPOTp+TMKn0yiLUthWSu/p7IaGTMJAptZ0RxZJa9mfif56c4uAkyoZIUuWKLRYNUEozJ7H/SF5ozlBNLKNPC3krYiGrK0KZUsiF4yy+vktZlzXNr3sNVpV7N4yjCCZzCOXhwDXW4hwY0gUEMz/AKbw46L86787FoLTj5zDH8gfP5A73mkCo=</latexit><latexit sha1_base64="ibLFqrb+tSY3zkytSHHJw45/u90=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBQy2JCHqsePFYwX5AGspmu22XbjZhdyKU0J/hxYMiXv013vw3btsctPXBwOO9GWbmhYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnZAaLoXiTRQoeSfRnEah5O1wfDfz209cGxGrR5wkPIjoUImBYBSt5N/2MnnhVW1Ne+WKW3PnIKvEy0kFcjR65a9uP2ZpxBUySY3xPTfBIKMaBZN8WuqmhieUjemQ+5YqGnETZPOTp+TMKn0yiLUthWSu/p7IaGTMJAptZ0RxZJa9mfif56c4uAkyoZIUuWKLRYNUEozJ7H/SF5ozlBNLKNPC3krYiGrK0KZUsiF4yy+vktZlzXNr3sNVpV7N4yjCCZzCOXhwDXW4hwY0gUEMz/AKbw46L86787FoLTj5zDH8gfP5A73mkCo=</latexit><latexit sha1_base64="ibLFqrb+tSY3zkytSHHJw45/u90=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBQy2JCHqsePFYwX5AGspmu22XbjZhdyKU0J/hxYMiXv013vw3btsctPXBwOO9GWbmhYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnZAaLoXiTRQoeSfRnEah5O1wfDfz209cGxGrR5wkPIjoUImBYBSt5N/2MnnhVW1Ne+WKW3PnIKvEy0kFcjR65a9uP2ZpxBUySY3xPTfBIKMaBZN8WuqmhieUjemQ+5YqGnETZPOTp+TMKn0yiLUthWSu/p7IaGTMJAptZ0RxZJa9mfif56c4uAkyoZIUuWKLRYNUEozJ7H/SF5ozlBNLKNPC3krYiGrK0KZUsiF4yy+vktZlzXNr3sNVpV7N4yjCCZzCOXhwDXW4hwY0gUEMz/AKbw46L86787FoLTj5zDH8gfP5A73mkCo=</latexit><latexit sha1_base64="ibLFqrb+tSY3zkytSHHJw45/u90=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBQy2JCHqsePFYwX5AGspmu22XbjZhdyKU0J/hxYMiXv013vw3btsctPXBwOO9GWbmhYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnZAaLoXiTRQoeSfRnEah5O1wfDfz209cGxGrR5wkPIjoUImBYBSt5N/2MnnhVW1Ne+WKW3PnIKvEy0kFcjR65a9uP2ZpxBUySY3xPTfBIKMaBZN8WuqmhieUjemQ+5YqGnETZPOTp+TMKn0yiLUthWSu/p7IaGTMJAptZ0RxZJa9mfif56c4uAkyoZIUuWKLRYNUEozJ7H/SF5ozlBNLKNPC3krYiGrK0KZUsiF4yy+vktZlzXNr3sNVpV7N4yjCCZzCOXhwDXW4hwY0gUEMz/AKbw46L86787FoLTj5zDH8gfP5A73mkCo=</latexit>

(a) First CPU Command
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l
<latexit sha1_base64="TV4ioY2jToEqRiR2OSgrTJJ1TbM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmmJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+7rquVWvWavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDzWuM2g==</latexit><latexit sha1_base64="TV4ioY2jToEqRiR2OSgrTJJ1TbM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmmJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+7rquVWvWavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDzWuM2g==</latexit><latexit sha1_base64="TV4ioY2jToEqRiR2OSgrTJJ1TbM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmmJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+7rquVWvWavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDzWuM2g==</latexit><latexit sha1_base64="TV4ioY2jToEqRiR2OSgrTJJ1TbM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmmJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+7rquVWvWavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDzWuM2g==</latexit>

m<latexit sha1_base64="OFNAViO0R2YL9dO6WH69KLxytHk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY8BLx4TMA9IljA76U3GzMwuM7NCCPkCLx4U8eonefNvnCR70MSChqKqm+6uKBXcWN//9tbWNza3tgs7xd29/YPD0tFx0ySZZthgiUh0O6IGBVfYsNwKbKcaqYwEtqLR3cxvPaE2PFEPdpxiKOlA8Zgzap1Ul71S2a/4c5BVEuSkDDlqvdJXt5+wTKKyTFBjOoGf2nBCteVM4LTYzQymlI3oADuOKirRhJP5oVNy7pQ+iRPtSlkyV39PTKg0Ziwj1ympHZplbyb+53UyG9+GE67SzKJii0VxJohNyOxr0ucamRVjRyjT3N1K2JBqyqzLpuhCCJZfXiXNq0rgV4L6dbl6mcdRgFM4gwsI4AaqcA81aAADhGd4hTfv0Xvx3r2PReual8+cwB94nz/O74zb</latexit><latexit sha1_base64="OFNAViO0R2YL9dO6WH69KLxytHk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY8BLx4TMA9IljA76U3GzMwuM7NCCPkCLx4U8eonefNvnCR70MSChqKqm+6uKBXcWN//9tbWNza3tgs7xd29/YPD0tFx0ySZZthgiUh0O6IGBVfYsNwKbKcaqYwEtqLR3cxvPaE2PFEPdpxiKOlA8Zgzap1Ul71S2a/4c5BVEuSkDDlqvdJXt5+wTKKyTFBjOoGf2nBCteVM4LTYzQymlI3oADuOKirRhJP5oVNy7pQ+iRPtSlkyV39PTKg0Ziwj1ympHZplbyb+53UyG9+GE67SzKJii0VxJohNyOxr0ucamRVjRyjT3N1K2JBqyqzLpuhCCJZfXiXNq0rgV4L6dbl6mcdRgFM4gwsI4AaqcA81aAADhGd4hTfv0Xvx3r2PReual8+cwB94nz/O74zb</latexit><latexit sha1_base64="OFNAViO0R2YL9dO6WH69KLxytHk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY8BLx4TMA9IljA76U3GzMwuM7NCCPkCLx4U8eonefNvnCR70MSChqKqm+6uKBXcWN//9tbWNza3tgs7xd29/YPD0tFx0ySZZthgiUh0O6IGBVfYsNwKbKcaqYwEtqLR3cxvPaE2PFEPdpxiKOlA8Zgzap1Ul71S2a/4c5BVEuSkDDlqvdJXt5+wTKKyTFBjOoGf2nBCteVM4LTYzQymlI3oADuOKirRhJP5oVNy7pQ+iRPtSlkyV39PTKg0Ziwj1ympHZplbyb+53UyG9+GE67SzKJii0VxJohNyOxr0ucamRVjRyjT3N1K2JBqyqzLpuhCCJZfXiXNq0rgV4L6dbl6mcdRgFM4gwsI4AaqcA81aAADhGd4hTfv0Xvx3r2PReual8+cwB94nz/O74zb</latexit><latexit sha1_base64="OFNAViO0R2YL9dO6WH69KLxytHk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY8BLx4TMA9IljA76U3GzMwuM7NCCPkCLx4U8eonefNvnCR70MSChqKqm+6uKBXcWN//9tbWNza3tgs7xd29/YPD0tFx0ySZZthgiUh0O6IGBVfYsNwKbKcaqYwEtqLR3cxvPaE2PFEPdpxiKOlA8Zgzap1Ul71S2a/4c5BVEuSkDDlqvdJXt5+wTKKyTFBjOoGf2nBCteVM4LTYzQymlI3oADuOKirRhJP5oVNy7pQ+iRPtSlkyV39PTKg0Ziwj1ympHZplbyb+53UyG9+GE67SzKJii0VxJohNyOxr0ucamRVjRyjT3N1K2JBqyqzLpuhCCJZfXiXNq0rgV4L6dbl6mcdRgFM4gwsI4AaqcA81aAADhGd4hTfv0Xvx3r2PReual8+cwB94nz/O74zb</latexit>

Al,l
<latexit sha1_base64="0Ajz/OYJAdfTq+Bd+Wt8RjTgU9Q=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBQymJFPRY8eKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt1LkdZLIqZ4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8W587IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbzxM6GSFLliy0VhKgnGZP47GQrNGcqpJZRpYW8lbEw1ZWgTKtkQvNWX10n7qua5Ne+hXmlU8ziKcAbncAkeXEMD7qEJLWAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wcDQY9G</latexit><latexit sha1_base64="0Ajz/OYJAdfTq+Bd+Wt8RjTgU9Q=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBQymJFPRY8eKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt1LkdZLIqZ4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8W587IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbzxM6GSFLliy0VhKgnGZP47GQrNGcqpJZRpYW8lbEw1ZWgTKtkQvNWX10n7qua5Ne+hXmlU8ziKcAbncAkeXEMD7qEJLWAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wcDQY9G</latexit><latexit sha1_base64="0Ajz/OYJAdfTq+Bd+Wt8RjTgU9Q=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBQymJFPRY8eKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt1LkdZLIqZ4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8W587IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbzxM6GSFLliy0VhKgnGZP47GQrNGcqpJZRpYW8lbEw1ZWgTKtkQvNWX10n7qua5Ne+hXmlU8ziKcAbncAkeXEMD7qEJLWAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wcDQY9G</latexit><latexit sha1_base64="0Ajz/OYJAdfTq+Bd+Wt8RjTgU9Q=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBQymJFPRY8eKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt1LkdZLIqZ4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8W587IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbzxM6GSFLliy0VhKgnGZP47GQrNGcqpJZRpYW8lbEw1ZWgTKtkQvNWX10n7qua5Ne+hXmlU8ziKcAbncAkeXEMD7qEJLWAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wcDQY9G</latexit>

Al,l�1
<latexit sha1_base64="GJklH1SKlqcvBatIBhDMmTPp3kE=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBE81LIrgh4rXjxWsB/SLiWbZtvQJLskWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZemAhurOd9o5XVtfWNzcJWcXtnd2+/dHDYNHGqKWvQWMS6HRLDBFesYbkVrJ1oRmQoWCsc3U791hPThsfqwY4TFkgyUDzilFgnPd70MlER5/6kVyp7VW8GvEz8nJQhR71X+ur2Y5pKpiwVxJiO7yU2yIi2nAo2KXZTwxJCR2TAOo4qIpkJstnBE3zqlD6OYu1KWTxTf09kRBozlqHrlMQOzaI3Ff/zOqmNroOMqyS1TNH5oigV2MZ4+j3uc82oFWNHCNXc3YrpkGhCrcuo6ELwF19eJs2Lqu9V/fvLcq2Sx1GAYziBM/DhCmpwB3VoAAUJz/AKb0ijF/SOPuatKyifOYI/QJ8/4GSPuA==</latexit><latexit sha1_base64="GJklH1SKlqcvBatIBhDMmTPp3kE=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBE81LIrgh4rXjxWsB/SLiWbZtvQJLskWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZemAhurOd9o5XVtfWNzcJWcXtnd2+/dHDYNHGqKWvQWMS6HRLDBFesYbkVrJ1oRmQoWCsc3U791hPThsfqwY4TFkgyUDzilFgnPd70MlER5/6kVyp7VW8GvEz8nJQhR71X+ur2Y5pKpiwVxJiO7yU2yIi2nAo2KXZTwxJCR2TAOo4qIpkJstnBE3zqlD6OYu1KWTxTf09kRBozlqHrlMQOzaI3Ff/zOqmNroOMqyS1TNH5oigV2MZ4+j3uc82oFWNHCNXc3YrpkGhCrcuo6ELwF19eJs2Lqu9V/fvLcq2Sx1GAYziBM/DhCmpwB3VoAAUJz/AKb0ijF/SOPuatKyifOYI/QJ8/4GSPuA==</latexit><latexit sha1_base64="GJklH1SKlqcvBatIBhDMmTPp3kE=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBE81LIrgh4rXjxWsB/SLiWbZtvQJLskWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZemAhurOd9o5XVtfWNzcJWcXtnd2+/dHDYNHGqKWvQWMS6HRLDBFesYbkVrJ1oRmQoWCsc3U791hPThsfqwY4TFkgyUDzilFgnPd70MlER5/6kVyp7VW8GvEz8nJQhR71X+ur2Y5pKpiwVxJiO7yU2yIi2nAo2KXZTwxJCR2TAOo4qIpkJstnBE3zqlD6OYu1KWTxTf09kRBozlqHrlMQOzaI3Ff/zOqmNroOMqyS1TNH5oigV2MZ4+j3uc82oFWNHCNXc3YrpkGhCrcuo6ELwF19eJs2Lqu9V/fvLcq2Sx1GAYziBM/DhCmpwB3VoAAUJz/AKb0ijF/SOPuatKyifOYI/QJ8/4GSPuA==</latexit><latexit sha1_base64="GJklH1SKlqcvBatIBhDMmTPp3kE=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBE81LIrgh4rXjxWsB/SLiWbZtvQJLskWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZemAhurOd9o5XVtfWNzcJWcXtnd2+/dHDYNHGqKWvQWMS6HRLDBFesYbkVrJ1oRmQoWCsc3U791hPThsfqwY4TFkgyUDzilFgnPd70MlER5/6kVyp7VW8GvEz8nJQhR71X+ur2Y5pKpiwVxJiO7yU2yIi2nAo2KXZTwxJCR2TAOo4qIpkJstnBE3zqlD6OYu1KWTxTf09kRBozlqHrlMQOzaI3Ff/zOqmNroOMqyS1TNH5oigV2MZ4+j3uc82oFWNHCNXc3YrpkGhCrcuo6ELwF19eJs2Lqu9V/fvLcq2Sx1GAYziBM/DhCmpwB3VoAAUJz/AKb0ijF/SOPuatKyifOYI/QJ8/4GSPuA==</latexit>

(b) Second CPU Command
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<latexit sha1_base64="TV4ioY2jToEqRiR2OSgrTJJ1TbM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmmJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+7rquVWvWavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDzWuM2g==</latexit><latexit sha1_base64="TV4ioY2jToEqRiR2OSgrTJJ1TbM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmmJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+7rquVWvWavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDzWuM2g==</latexit><latexit sha1_base64="TV4ioY2jToEqRiR2OSgrTJJ1TbM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmmJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+7rquVWvWavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDzWuM2g==</latexit><latexit sha1_base64="TV4ioY2jToEqRiR2OSgrTJJ1TbM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmmJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+7rquVWvWavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDzWuM2g==</latexit>

m<latexit sha1_base64="OFNAViO0R2YL9dO6WH69KLxytHk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY8BLx4TMA9IljA76U3GzMwuM7NCCPkCLx4U8eonefNvnCR70MSChqKqm+6uKBXcWN//9tbWNza3tgs7xd29/YPD0tFx0ySZZthgiUh0O6IGBVfYsNwKbKcaqYwEtqLR3cxvPaE2PFEPdpxiKOlA8Zgzap1Ul71S2a/4c5BVEuSkDDlqvdJXt5+wTKKyTFBjOoGf2nBCteVM4LTYzQymlI3oADuOKirRhJP5oVNy7pQ+iRPtSlkyV39PTKg0Ziwj1ympHZplbyb+53UyG9+GE67SzKJii0VxJohNyOxr0ucamRVjRyjT3N1K2JBqyqzLpuhCCJZfXiXNq0rgV4L6dbl6mcdRgFM4gwsI4AaqcA81aAADhGd4hTfv0Xvx3r2PReual8+cwB94nz/O74zb</latexit><latexit sha1_base64="OFNAViO0R2YL9dO6WH69KLxytHk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY8BLx4TMA9IljA76U3GzMwuM7NCCPkCLx4U8eonefNvnCR70MSChqKqm+6uKBXcWN//9tbWNza3tgs7xd29/YPD0tFx0ySZZthgiUh0O6IGBVfYsNwKbKcaqYwEtqLR3cxvPaE2PFEPdpxiKOlA8Zgzap1Ul71S2a/4c5BVEuSkDDlqvdJXt5+wTKKyTFBjOoGf2nBCteVM4LTYzQymlI3oADuOKirRhJP5oVNy7pQ+iRPtSlkyV39PTKg0Ziwj1ympHZplbyb+53UyG9+GE67SzKJii0VxJohNyOxr0ucamRVjRyjT3N1K2JBqyqzLpuhCCJZfXiXNq0rgV4L6dbl6mcdRgFM4gwsI4AaqcA81aAADhGd4hTfv0Xvx3r2PReual8+cwB94nz/O74zb</latexit><latexit sha1_base64="OFNAViO0R2YL9dO6WH69KLxytHk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY8BLx4TMA9IljA76U3GzMwuM7NCCPkCLx4U8eonefNvnCR70MSChqKqm+6uKBXcWN//9tbWNza3tgs7xd29/YPD0tFx0ySZZthgiUh0O6IGBVfYsNwKbKcaqYwEtqLR3cxvPaE2PFEPdpxiKOlA8Zgzap1Ul71S2a/4c5BVEuSkDDlqvdJXt5+wTKKyTFBjOoGf2nBCteVM4LTYzQymlI3oADuOKirRhJP5oVNy7pQ+iRPtSlkyV39PTKg0Ziwj1ympHZplbyb+53UyG9+GE67SzKJii0VxJohNyOxr0ucamRVjRyjT3N1K2JBqyqzLpuhCCJZfXiXNq0rgV4L6dbl6mcdRgFM4gwsI4AaqcA81aAADhGd4hTfv0Xvx3r2PReual8+cwB94nz/O74zb</latexit><latexit sha1_base64="OFNAViO0R2YL9dO6WH69KLxytHk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY8BLx4TMA9IljA76U3GzMwuM7NCCPkCLx4U8eonefNvnCR70MSChqKqm+6uKBXcWN//9tbWNza3tgs7xd29/YPD0tFx0ySZZthgiUh0O6IGBVfYsNwKbKcaqYwEtqLR3cxvPaE2PFEPdpxiKOlA8Zgzap1Ul71S2a/4c5BVEuSkDDlqvdJXt5+wTKKyTFBjOoGf2nBCteVM4LTYzQymlI3oADuOKirRhJP5oVNy7pQ+iRPtSlkyV39PTKg0Ziwj1ympHZplbyb+53UyG9+GE67SzKJii0VxJohNyOxr0ucamRVjRyjT3N1K2JBqyqzLpuhCCJZfXiXNq0rgV4L6dbl6mcdRgFM4gwsI4AaqcA81aAADhGd4hTfv0Xvx3r2PReual8+cwB94nz/O74zb</latexit>

Al,m
<latexit sha1_base64="sk7EItRhuUqMXWv0hQwLRADzar8=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hLArgh4jXjxGMA9IljA7mSRDZmaXmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJHCou9/e2vrG5tb24Wd4u7e/sFh6ei4aePUMN5gsYxNO6KWS6F5AwVK3k4MpyqSvBWN72Z+64kbK2L9iJOEh4oOtRgIRtFJrdteJitq2iuV/ao/B1klQU7KkKPeK311+zFLFdfIJLW2E/gJhhk1KJjk02I3tTyhbEyHvOOoporbMJufOyXnTumTQWxcaSRz9fdERpW1ExW5TkVxZJe9mfif10lxcBNmQicpcs0WiwapJBiT2e+kLwxnKCeOUGaEu5WwETWUoUuo6EIIll9eJc3LauBXg4ercq2Sx1GAUziDCwjgGmpwD3VoAIMxPMMrvHmJ9+K9ex+L1jUvnzmBP/A+fwAExo9H</latexit><latexit sha1_base64="sk7EItRhuUqMXWv0hQwLRADzar8=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hLArgh4jXjxGMA9IljA7mSRDZmaXmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJHCou9/e2vrG5tb24Wd4u7e/sFh6ei4aePUMN5gsYxNO6KWS6F5AwVK3k4MpyqSvBWN72Z+64kbK2L9iJOEh4oOtRgIRtFJrdteJitq2iuV/ao/B1klQU7KkKPeK311+zFLFdfIJLW2E/gJhhk1KJjk02I3tTyhbEyHvOOoporbMJufOyXnTumTQWxcaSRz9fdERpW1ExW5TkVxZJe9mfif10lxcBNmQicpcs0WiwapJBiT2e+kLwxnKCeOUGaEu5WwETWUoUuo6EIIll9eJc3LauBXg4ercq2Sx1GAUziDCwjgGmpwD3VoAIMxPMMrvHmJ9+K9ex+L1jUvnzmBP/A+fwAExo9H</latexit><latexit sha1_base64="sk7EItRhuUqMXWv0hQwLRADzar8=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hLArgh4jXjxGMA9IljA7mSRDZmaXmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJHCou9/e2vrG5tb24Wd4u7e/sFh6ei4aePUMN5gsYxNO6KWS6F5AwVK3k4MpyqSvBWN72Z+64kbK2L9iJOEh4oOtRgIRtFJrdteJitq2iuV/ao/B1klQU7KkKPeK311+zFLFdfIJLW2E/gJhhk1KJjk02I3tTyhbEyHvOOoporbMJufOyXnTumTQWxcaSRz9fdERpW1ExW5TkVxZJe9mfif10lxcBNmQicpcs0WiwapJBiT2e+kLwxnKCeOUGaEu5WwETWUoUuo6EIIll9eJc3LauBXg4ercq2Sx1GAUziDCwjgGmpwD3VoAIMxPMMrvHmJ9+K9ex+L1jUvnzmBP/A+fwAExo9H</latexit><latexit sha1_base64="sk7EItRhuUqMXWv0hQwLRADzar8=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hLArgh4jXjxGMA9IljA7mSRDZmaXmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJHCou9/e2vrG5tb24Wd4u7e/sFh6ei4aePUMN5gsYxNO6KWS6F5AwVK3k4MpyqSvBWN72Z+64kbK2L9iJOEh4oOtRgIRtFJrdteJitq2iuV/ao/B1klQU7KkKPeK311+zFLFdfIJLW2E/gJhhk1KJjk02I3tTyhbEyHvOOoporbMJufOyXnTumTQWxcaSRz9fdERpW1ExW5TkVxZJe9mfif10lxcBNmQicpcs0WiwapJBiT2e+kLwxnKCeOUGaEu5WwETWUoUuo6EIIll9eJc3LauBXg4ercq2Sx1GAUziDCwjgGmpwD3VoAIMxPMMrvHmJ9+K9ex+L1jUvnzmBP/A+fwAExo9H</latexit>

Al�1,m
<latexit sha1_base64="3EHB0pnyg3FFVjp9pIcZOI7h7XI=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBE81LIrgh4rXjxWsB/SLiWbZtvQJLskWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZemAhurOd9o5XVtfWNzcJWcXtnd2+/dHDYNHGqKWvQWMS6HRLDBFesYbkVrJ1oRmQoWCsc3U791hPThsfqwY4TFkgyUDzilFgnPd70MnHuV+SkVyp7VW8GvEz8nJQhR71X+ur2Y5pKpiwVxJiO7yU2yIi2nAo2KXZTwxJCR2TAOo4qIpkJstnBE3zqlD6OYu1KWTxTf09kRBozlqHrlMQOzaI3Ff/zOqmNroOMqyS1TNH5oigV2MZ4+j3uc82oFWNHCNXc3YrpkGhCrcuo6ELwF19eJs2Lqu9V/fvLcq2Sx1GAYziBM/DhCmpwB3VoAAUJz/AKb0ijF/SOPuatKyifOYI/QJ8/4XWPuQ==</latexit><latexit sha1_base64="3EHB0pnyg3FFVjp9pIcZOI7h7XI=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBE81LIrgh4rXjxWsB/SLiWbZtvQJLskWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZemAhurOd9o5XVtfWNzcJWcXtnd2+/dHDYNHGqKWvQWMS6HRLDBFesYbkVrJ1oRmQoWCsc3U791hPThsfqwY4TFkgyUDzilFgnPd70MnHuV+SkVyp7VW8GvEz8nJQhR71X+ur2Y5pKpiwVxJiO7yU2yIi2nAo2KXZTwxJCR2TAOo4qIpkJstnBE3zqlD6OYu1KWTxTf09kRBozlqHrlMQOzaI3Ff/zOqmNroOMqyS1TNH5oigV2MZ4+j3uc82oFWNHCNXc3YrpkGhCrcuo6ELwF19eJs2Lqu9V/fvLcq2Sx1GAYziBM/DhCmpwB3VoAAUJz/AKb0ijF/SOPuatKyifOYI/QJ8/4XWPuQ==</latexit><latexit sha1_base64="3EHB0pnyg3FFVjp9pIcZOI7h7XI=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBE81LIrgh4rXjxWsB/SLiWbZtvQJLskWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZemAhurOd9o5XVtfWNzcJWcXtnd2+/dHDYNHGqKWvQWMS6HRLDBFesYbkVrJ1oRmQoWCsc3U791hPThsfqwY4TFkgyUDzilFgnPd70MnHuV+SkVyp7VW8GvEz8nJQhR71X+ur2Y5pKpiwVxJiO7yU2yIi2nAo2KXZTwxJCR2TAOo4qIpkJstnBE3zqlD6OYu1KWTxTf09kRBozlqHrlMQOzaI3Ff/zOqmNroOMqyS1TNH5oigV2MZ4+j3uc82oFWNHCNXc3YrpkGhCrcuo6ELwF19eJs2Lqu9V/fvLcq2Sx1GAYziBM/DhCmpwB3VoAAUJz/AKb0ijF/SOPuatKyifOYI/QJ8/4XWPuQ==</latexit><latexit sha1_base64="3EHB0pnyg3FFVjp9pIcZOI7h7XI=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBE81LIrgh4rXjxWsB/SLiWbZtvQJLskWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZemAhurOd9o5XVtfWNzcJWcXtnd2+/dHDYNHGqKWvQWMS6HRLDBFesYbkVrJ1oRmQoWCsc3U791hPThsfqwY4TFkgyUDzilFgnPd70MnHuV+SkVyp7VW8GvEz8nJQhR71X+ur2Y5pKpiwVxJiO7yU2yIi2nAo2KXZTwxJCR2TAOo4qIpkJstnBE3zqlD6OYu1KWTxTf09kRBozlqHrlMQOzaI3Ff/zOqmNroOMqyS1TNH5oigV2MZ4+j3uc82oFWNHCNXc3YrpkGhCrcuo6ELwF19eJs2Lqu9V/fvLcq2Sx1GAYziBM/DhCmpwB3VoAAUJz/AKb0ijF/SOPuatKyifOYI/QJ8/4XWPuQ==</latexit>

(c) Third CPU Command

Figure 4: CPU Data Flow

approach suffers from loop divergence. With every cycle another thread / column will have been
completed and the thread within the wavefront will go idle. Nevertheless the order of computation
to the kernel invocation scales asO(n) rather than the entireO(n2) algorithm necessary to compute
the same terms on a CPU.

Beyond the asynchronous challenges of this strategy, there are also hardware limits to consider
– namely available VRAM on the GPU. Assuming NS/C total spacecraft are being simulated on
the GPU, additional memory will need to be allocated. Table 1 show the total number of buffers
that must be stored on the GPU as well as their size. Constraining these parameters to the available
memory limits of the hardware, Figure 5 shows the maximum number of spacecraft that can be
simultaneously simulated on a GPU given a chosen spherical harmonic model fidelity.

Table 1: The buffers transferred to the GPU across algorithm lifetime
Struct Name Variables Type Structs per Buffer Buffers Per Sim
NParams N1, N2, Nq1, Nq2 float (l + 1)(l + 2)/2 1

A al,m float (l + 1)(l + 2)/2 NS/C

Coef Cl,m, Sl,m float (l + 1)(l + 2)/2 1
Misc µ,R0 float 1 1

lmax int 1 1
Location r, u float 1 NS/C

Acceleration a1, a2, a3, a4 float (l + 1)(l + 2)/2 NS/C

Euler Rm, Im float (l + 1) NS/C

Algorithm 2 Legendre-Matrix Memory Bound Algorithm

1: Define l as unique thread ID
2: Compute lower diagonal, Al,l−1
3: Thread barrier
4: for m = l, 1 . . .N + 2 do
5: Recursively solve for Al,m
6: end for

Compute Bound The alternative formulation to the memory bound approach centers on comput-
ing all variables on the GPU directly on an as needed basis. This prevents shaders from needing to
interface with global memory for which write and read operations are particularly slow. This com-
pute bound method leans on the fact that even in the memory bound case, there is still divergence
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Figure 5: Video memory consumed as a function of lmax and number of spacecraft, NS/C

at the column level such that the algorithm complexity will always be O(n). This is also true of
the compute bound case exhibited in Figure 6 which uses m + 2 computations for traversing the
diagonal, 2 computations to reach the off-diagonal terms, and 2(l−m− 1) computations to acquire
the necessary values in the Al,m matrix – yielding the same O(n) algorithm without the need for
global memory access.

The added benefit of the compute bound approach is that there is not any functional limit to the
total number of spacecraft that can be simulated at once. The only data that needs to be transferred
to the GPU are the Stokes’ coefficients (4 ∗ l(l + 1) bytes sent once), the normalization parameters
(16 ∗ l2 bytes sent once) and the location of each spacecraft (16 ∗NS/C bytes sent at each timestep).
The disadvantage of using the compute bound approach is the redundant computation of interme-
diate terms. Each shader invocation will always need to traverse the diagonal of the matrix, and
compute intermediate Ai,j on their way to the Al,m. Despite this disadvantage, the cumulative ad-
vantages outweigh the cost of redundancy, so the compute bound approach is ultimately prioritized
in subsequent discussion and benchmarking.

Scalability to Constellations

In both the compute and memory bound approaches, there is no clear way to circumvent thread
divergence when computing the Legendre matrix in the single spacecraft case. Some indices within
the matrix will inevitably require more cycles to compute than their adjacent terms due to the recur-
sion. This ultimately compromises the lockstep nature of the wavefronts and incurs a performance
penalty. Despite this challenge for the single spacecraft case, there is a workaround when simulat-
ing multiple spacecraft with the same kernel. Namely, if the Legendre matrix of each spacecraft
is stacked along the z work-group dimension, and the local size of the z dimension in each work-
group is sufficiently large, each wavefront can be assigned a specific index, l,m, such that all threads
within that wavefront execute the exact same instructions with no divergence. Such approach re-
quires sufficiently many satellite in the simulation to maximize occupancy on the GPU, but should
avoid the divergence penalty.
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<latexit sha1_base64="TV4ioY2jToEqRiR2OSgrTJJ1TbM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmmJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+7rquVWvWavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDzWuM2g==</latexit><latexit sha1_base64="TV4ioY2jToEqRiR2OSgrTJJ1TbM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmmJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+7rquVWvWavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDzWuM2g==</latexit><latexit sha1_base64="TV4ioY2jToEqRiR2OSgrTJJ1TbM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmmJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+7rquVWvWavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDzWuM2g==</latexit><latexit sha1_base64="TV4ioY2jToEqRiR2OSgrTJJ1TbM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmmJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+7rquVWvWavUr/I4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDzWuM2g==</latexit>

m
<latexit sha1_base64="OFNAViO0R2YL9dO6WH69KLxytHk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY8BLx4TMA9IljA76U3GzMwuM7NCCPkCLx4U8eonefNvnCR70MSChqKqm+6uKBXcWN//9tbWNza3tgs7xd29/YPD0tFx0ySZZthgiUh0O6IGBVfYsNwKbKcaqYwEtqLR3cxvPaE2PFEPdpxiKOlA8Zgzap1Ul71S2a/4c5BVEuSkDDlqvdJXt5+wTKKyTFBjOoGf2nBCteVM4LTYzQymlI3oADuOKirRhJP5oVNy7pQ+iRPtSlkyV39PTKg0Ziwj1ympHZplbyb+53UyG9+GE67SzKJii0VxJohNyOxr0ucamRVjRyjT3N1K2JBqyqzLpuhCCJZfXiXNq0rgV4L6dbl6mcdRgFM4gwsI4AaqcA81aAADhGd4hTfv0Xvx3r2PReual8+cwB94nz/O74zb</latexit><latexit sha1_base64="OFNAViO0R2YL9dO6WH69KLxytHk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY8BLx4TMA9IljA76U3GzMwuM7NCCPkCLx4U8eonefNvnCR70MSChqKqm+6uKBXcWN//9tbWNza3tgs7xd29/YPD0tFx0ySZZthgiUh0O6IGBVfYsNwKbKcaqYwEtqLR3cxvPaE2PFEPdpxiKOlA8Zgzap1Ul71S2a/4c5BVEuSkDDlqvdJXt5+wTKKyTFBjOoGf2nBCteVM4LTYzQymlI3oADuOKirRhJP5oVNy7pQ+iRPtSlkyV39PTKg0Ziwj1ympHZplbyb+53UyG9+GE67SzKJii0VxJohNyOxr0ucamRVjRyjT3N1K2JBqyqzLpuhCCJZfXiXNq0rgV4L6dbl6mcdRgFM4gwsI4AaqcA81aAADhGd4hTfv0Xvx3r2PReual8+cwB94nz/O74zb</latexit><latexit sha1_base64="OFNAViO0R2YL9dO6WH69KLxytHk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY8BLx4TMA9IljA76U3GzMwuM7NCCPkCLx4U8eonefNvnCR70MSChqKqm+6uKBXcWN//9tbWNza3tgs7xd29/YPD0tFx0ySZZthgiUh0O6IGBVfYsNwKbKcaqYwEtqLR3cxvPaE2PFEPdpxiKOlA8Zgzap1Ul71S2a/4c5BVEuSkDDlqvdJXt5+wTKKyTFBjOoGf2nBCteVM4LTYzQymlI3oADuOKirRhJP5oVNy7pQ+iRPtSlkyV39PTKg0Ziwj1ympHZplbyb+53UyG9+GE67SzKJii0VxJohNyOxr0ucamRVjRyjT3N1K2JBqyqzLpuhCCJZfXiXNq0rgV4L6dbl6mcdRgFM4gwsI4AaqcA81aAADhGd4hTfv0Xvx3r2PReual8+cwB94nz/O74zb</latexit><latexit sha1_base64="OFNAViO0R2YL9dO6WH69KLxytHk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8SNgVQY8BLx4TMA9IljA76U3GzMwuM7NCCPkCLx4U8eonefNvnCR70MSChqKqm+6uKBXcWN//9tbWNza3tgs7xd29/YPD0tFx0ySZZthgiUh0O6IGBVfYsNwKbKcaqYwEtqLR3cxvPaE2PFEPdpxiKOlA8Zgzap1Ul71S2a/4c5BVEuSkDDlqvdJXt5+wTKKyTFBjOoGf2nBCteVM4LTYzQymlI3oADuOKirRhJP5oVNy7pQ+iRPtSlkyV39PTKg0Ziwj1ympHZplbyb+53UyG9+GE67SzKJii0VxJohNyOxr0ucamRVjRyjT3N1K2JBqyqzLpuhCCJZfXiXNq0rgV4L6dbl6mcdRgFM4gwsI4AaqcA81aAADhGd4hTfv0Xvx3r2PReual8+cwB94nz/O74zb</latexit>

Al+1,m+1
<latexit sha1_base64="tzB6YFasgkFBOzoXancXrdIvBk8=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoMgJIRdEfQY8eIxgomBTQizk9lkyDyWmVkhLPkMLx4U8erXePNvnCR70MSChqKqm+6uKOHMWN//9gpr6xubW8Xt0s7u3v5B+fCobVSqCW0RxZXuRNhQziRtWWY57SSaYhFx+hiNb2f+4xPVhin5YCcJ7Qk8lCxmBFsnhTf9jFeDmqgG03654tf9OdAqCXJSgRzNfvmrO1AkFVRawrExYeAntpdhbRnhdFrqpoYmmIzxkIaOSiyo6WXzk6fozCkDFCvtSlo0V39PZFgYMxGR6xTYjsyyNxP/88LUxte9jMkktVSSxaI45cgqNPsfDZimxPKJI5ho5m5FZIQ1JtalVHIhBMsvr5L2RT3w68H9ZaVRy+MowgmcwjkEcAUNuIMmtICAgmd4hTfPei/eu/exaC14+cwx/IH3+QO5TZAn</latexit><latexit sha1_base64="tzB6YFasgkFBOzoXancXrdIvBk8=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoMgJIRdEfQY8eIxgomBTQizk9lkyDyWmVkhLPkMLx4U8erXePNvnCR70MSChqKqm+6uKOHMWN//9gpr6xubW8Xt0s7u3v5B+fCobVSqCW0RxZXuRNhQziRtWWY57SSaYhFx+hiNb2f+4xPVhin5YCcJ7Qk8lCxmBFsnhTf9jFeDmqgG03654tf9OdAqCXJSgRzNfvmrO1AkFVRawrExYeAntpdhbRnhdFrqpoYmmIzxkIaOSiyo6WXzk6fozCkDFCvtSlo0V39PZFgYMxGR6xTYjsyyNxP/88LUxte9jMkktVSSxaI45cgqNPsfDZimxPKJI5ho5m5FZIQ1JtalVHIhBMsvr5L2RT3w68H9ZaVRy+MowgmcwjkEcAUNuIMmtICAgmd4hTfPei/eu/exaC14+cwx/IH3+QO5TZAn</latexit><latexit sha1_base64="tzB6YFasgkFBOzoXancXrdIvBk8=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoMgJIRdEfQY8eIxgomBTQizk9lkyDyWmVkhLPkMLx4U8erXePNvnCR70MSChqKqm+6uKOHMWN//9gpr6xubW8Xt0s7u3v5B+fCobVSqCW0RxZXuRNhQziRtWWY57SSaYhFx+hiNb2f+4xPVhin5YCcJ7Qk8lCxmBFsnhTf9jFeDmqgG03654tf9OdAqCXJSgRzNfvmrO1AkFVRawrExYeAntpdhbRnhdFrqpoYmmIzxkIaOSiyo6WXzk6fozCkDFCvtSlo0V39PZFgYMxGR6xTYjsyyNxP/88LUxte9jMkktVSSxaI45cgqNPsfDZimxPKJI5ho5m5FZIQ1JtalVHIhBMsvr5L2RT3w68H9ZaVRy+MowgmcwjkEcAUNuIMmtICAgmd4hTfPei/eu/exaC14+cwx/IH3+QO5TZAn</latexit><latexit sha1_base64="tzB6YFasgkFBOzoXancXrdIvBk8=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoMgJIRdEfQY8eIxgomBTQizk9lkyDyWmVkhLPkMLx4U8erXePNvnCR70MSChqKqm+6uKOHMWN//9gpr6xubW8Xt0s7u3v5B+fCobVSqCW0RxZXuRNhQziRtWWY57SSaYhFx+hiNb2f+4xPVhin5YCcJ7Qk8lCxmBFsnhTf9jFeDmqgG03654tf9OdAqCXJSgRzNfvmrO1AkFVRawrExYeAntpdhbRnhdFrqpoYmmIzxkIaOSiyo6WXzk6fozCkDFCvtSlo0V39PZFgYMxGR6xTYjsyyNxP/88LUxte9jMkktVSSxaI45cgqNPsfDZimxPKJI5ho5m5FZIQ1JtalVHIhBMsvr5L2RT3w68H9ZaVRy+MowgmcwjkEcAUNuIMmtICAgmd4hTfPei/eu/exaC14+cwx/IH3+QO5TZAn</latexit>

Al,m+1
<latexit sha1_base64="HgmPOlMsGhi5KG0oc2XTjVQL2Rk=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBAEQ9gVQY8RLx4jmIckS5idzCZD5rHMzAphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7K6tr6xWdgqbu/s7u2XDg6bRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0O/VbT1QbpuSDHSc0FHggWcwItk56vOllvCLOg0mvVPar/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2cETdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MbXYcZkkloqyXxRnHJkFZp+j/pMU2L52BFMNHO3IjLEGhPrMiq6EILFl5dJ86Ia+NXg/rJcq+RxFOAYTuAMAriCGtxBHRpAQMAzvMKbp70X7937mLeuePnMEfyB9/kD3t+Ptw==</latexit><latexit sha1_base64="HgmPOlMsGhi5KG0oc2XTjVQL2Rk=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBAEQ9gVQY8RLx4jmIckS5idzCZD5rHMzAphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7K6tr6xWdgqbu/s7u2XDg6bRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0O/VbT1QbpuSDHSc0FHggWcwItk56vOllvCLOg0mvVPar/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2cETdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MbXYcZkkloqyXxRnHJkFZp+j/pMU2L52BFMNHO3IjLEGhPrMiq6EILFl5dJ86Ia+NXg/rJcq+RxFOAYTuAMAriCGtxBHRpAQMAzvMKbp70X7937mLeuePnMEfyB9/kD3t+Ptw==</latexit><latexit sha1_base64="HgmPOlMsGhi5KG0oc2XTjVQL2Rk=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBAEQ9gVQY8RLx4jmIckS5idzCZD5rHMzAphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7K6tr6xWdgqbu/s7u2XDg6bRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0O/VbT1QbpuSDHSc0FHggWcwItk56vOllvCLOg0mvVPar/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2cETdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MbXYcZkkloqyXxRnHJkFZp+j/pMU2L52BFMNHO3IjLEGhPrMiq6EILFl5dJ86Ia+NXg/rJcq+RxFOAYTuAMAriCGtxBHRpAQMAzvMKbp70X7937mLeuePnMEfyB9/kD3t+Ptw==</latexit><latexit sha1_base64="HgmPOlMsGhi5KG0oc2XTjVQL2Rk=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBAEQ9gVQY8RLx4jmIckS5idzCZD5rHMzAphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7K6tr6xWdgqbu/s7u2XDg6bRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0O/VbT1QbpuSDHSc0FHggWcwItk56vOllvCLOg0mvVPar/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2cETdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MbXYcZkkloqyXxRnHJkFZp+j/pMU2L52BFMNHO3IjLEGhPrMiq6EILFl5dJ86Ia+NXg/rJcq+RxFOAYTuAMAriCGtxBHRpAQMAzvMKbp70X7937mLeuePnMEfyB9/kD3t+Ptw==</latexit>Al,m

<latexit sha1_base64="sk7EItRhuUqMXWv0hQwLRADzar8=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hLArgh4jXjxGMA9IljA7mSRDZmaXmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJHCou9/e2vrG5tb24Wd4u7e/sFh6ei4aePUMN5gsYxNO6KWS6F5AwVK3k4MpyqSvBWN72Z+64kbK2L9iJOEh4oOtRgIRtFJrdteJitq2iuV/ao/B1klQU7KkKPeK311+zFLFdfIJLW2E/gJhhk1KJjk02I3tTyhbEyHvOOoporbMJufOyXnTumTQWxcaSRz9fdERpW1ExW5TkVxZJe9mfif10lxcBNmQicpcs0WiwapJBiT2e+kLwxnKCeOUGaEu5WwETWUoUuo6EIIll9eJc3LauBXg4ercq2Sx1GAUziDCwjgGmpwD3VoAIMxPMMrvHmJ9+K9ex+L1jUvnzmBP/A+fwAExo9H</latexit><latexit sha1_base64="sk7EItRhuUqMXWv0hQwLRADzar8=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hLArgh4jXjxGMA9IljA7mSRDZmaXmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJHCou9/e2vrG5tb24Wd4u7e/sFh6ei4aePUMN5gsYxNO6KWS6F5AwVK3k4MpyqSvBWN72Z+64kbK2L9iJOEh4oOtRgIRtFJrdteJitq2iuV/ao/B1klQU7KkKPeK311+zFLFdfIJLW2E/gJhhk1KJjk02I3tTyhbEyHvOOoporbMJufOyXnTumTQWxcaSRz9fdERpW1ExW5TkVxZJe9mfif10lxcBNmQicpcs0WiwapJBiT2e+kLwxnKCeOUGaEu5WwETWUoUuo6EIIll9eJc3LauBXg4ercq2Sx1GAUziDCwjgGmpwD3VoAIMxPMMrvHmJ9+K9ex+L1jUvnzmBP/A+fwAExo9H</latexit><latexit sha1_base64="sk7EItRhuUqMXWv0hQwLRADzar8=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hLArgh4jXjxGMA9IljA7mSRDZmaXmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJHCou9/e2vrG5tb24Wd4u7e/sFh6ei4aePUMN5gsYxNO6KWS6F5AwVK3k4MpyqSvBWN72Z+64kbK2L9iJOEh4oOtRgIRtFJrdteJitq2iuV/ao/B1klQU7KkKPeK311+zFLFdfIJLW2E/gJhhk1KJjk02I3tTyhbEyHvOOoporbMJufOyXnTumTQWxcaSRz9fdERpW1ExW5TkVxZJe9mfif10lxcBNmQicpcs0WiwapJBiT2e+kLwxnKCeOUGaEu5WwETWUoUuo6EIIll9eJc3LauBXg4ercq2Sx1GAUziDCwjgGmpwD3VoAIMxPMMrvHmJ9+K9ex+L1jUvnzmBP/A+fwAExo9H</latexit><latexit sha1_base64="sk7EItRhuUqMXWv0hQwLRADzar8=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hLArgh4jXjxGMA9IljA7mSRDZmaXmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJHCou9/e2vrG5tb24Wd4u7e/sFh6ei4aePUMN5gsYxNO6KWS6F5AwVK3k4MpyqSvBWN72Z+64kbK2L9iJOEh4oOtRgIRtFJrdteJitq2iuV/ao/B1klQU7KkKPeK311+zFLFdfIJLW2E/gJhhk1KJjk02I3tTyhbEyHvOOoporbMJufOyXnTumTQWxcaSRz9fdERpW1ExW5TkVxZJe9mfif10lxcBNmQicpcs0WiwapJBiT2e+kLwxnKCeOUGaEu5WwETWUoUuo6EIIll9eJc3LauBXg4ercq2Sx1GAUziDCwjgGmpwD3VoAIMxPMMrvHmJ9+K9ex+L1jUvnzmBP/A+fwAExo9H</latexit>

bI<latexit sha1_base64="94OtCXw+29JPQSj/dZL2RaB9R4U=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvOitgmkLbSib7aRdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4etXSSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2Ob2d++wmV5ol8NJMUg5gOJY84o8ZKftjP76f9as2tu3OQVeIVpAYFmv3qV2+QsCxGaZigWnc9NzVBTpXhTOC00ss0ppSN6RC7lkoaow7y+bFTcmaVAYkSZUsaMld/T+Q01noSh7Yzpmakl72Z+J/XzUx0E+RcpplByRaLokwQk5DZ52TAFTIjJpZQpri9lbARVZQZm0/FhuAtv7xKWpd1z617D1e1xkURRxlO4BTOwYNraMAdNMEHBhye4RXeHOm8OO/Ox6K15BQzx/AHzucPzHCOmA==</latexit><latexit sha1_base64="94OtCXw+29JPQSj/dZL2RaB9R4U=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvOitgmkLbSib7aRdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4etXSSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2Ob2d++wmV5ol8NJMUg5gOJY84o8ZKftjP76f9as2tu3OQVeIVpAYFmv3qV2+QsCxGaZigWnc9NzVBTpXhTOC00ss0ppSN6RC7lkoaow7y+bFTcmaVAYkSZUsaMld/T+Q01noSh7Yzpmakl72Z+J/XzUx0E+RcpplByRaLokwQk5DZ52TAFTIjJpZQpri9lbARVZQZm0/FhuAtv7xKWpd1z617D1e1xkURRxlO4BTOwYNraMAdNMEHBhye4RXeHOm8OO/Ox6K15BQzx/AHzucPzHCOmA==</latexit><latexit sha1_base64="94OtCXw+29JPQSj/dZL2RaB9R4U=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvOitgmkLbSib7aRdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4etXSSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2Ob2d++wmV5ol8NJMUg5gOJY84o8ZKftjP76f9as2tu3OQVeIVpAYFmv3qV2+QsCxGaZigWnc9NzVBTpXhTOC00ss0ppSN6RC7lkoaow7y+bFTcmaVAYkSZUsaMld/T+Q01noSh7Yzpmakl72Z+J/XzUx0E+RcpplByRaLokwQk5DZ52TAFTIjJpZQpri9lbARVZQZm0/FhuAtv7xKWpd1z617D1e1xkURRxlO4BTOwYNraMAdNMEHBhye4RXeHOm8OO/Ox6K15BQzx/AHzucPzHCOmA==</latexit><latexit sha1_base64="94OtCXw+29JPQSj/dZL2RaB9R4U=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBD0WvOitgmkLbSib7aRdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4etXSSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2Ob2d++wmV5ol8NJMUg5gOJY84o8ZKftjP76f9as2tu3OQVeIVpAYFmv3qV2+QsCxGaZigWnc9NzVBTpXhTOC00ss0ppSN6RC7lkoaow7y+bFTcmaVAYkSZUsaMld/T+Q01noSh7Yzpmakl72Z+J/XzUx0E+RcpplByRaLokwQk5DZ52TAFTIjJpZQpri9lbARVZQZm0/FhuAtv7xKWpd1z617D1e1xkURRxlO4BTOwYNraMAdNMEHBhye4RXeHOm8OO/Ox6K15BQzx/AHzucPzHCOmA==</latexit>

bII<latexit sha1_base64="wGBGwKIha4b+C0EmeJWBzUboGuU=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgQcquCHoseLG3CvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLaNSTVmTKqF0JySGCS5Z03IrWCfRjMShYO1wfDvz209MG67kg50kLIjJUPKIU2Kd1Ar7Wb0+7ZcrXtWbA68SPycVyNHol796A0XTmElLBTGm63uJDTKiLaeCTUu91LCE0DEZsq6jksTMBNn82ik+c8oAR0q7khbP1d8TGYmNmcSh64yJHZllbyb+53VTG90EGZdJapmki0VRKrBVePY6HnDNqBUTRwjV3N2K6YhoQq0LqORC8JdfXiWty6rvVf37q0rtIo+jCCdwCufgwzXU4A4a0AQKj/AMr/CGFHpB7+hj0VpA+cwx/AH6/AFh3Y7r</latexit><latexit sha1_base64="wGBGwKIha4b+C0EmeJWBzUboGuU=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgQcquCHoseLG3CvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLaNSTVmTKqF0JySGCS5Z03IrWCfRjMShYO1wfDvz209MG67kg50kLIjJUPKIU2Kd1Ar7Wb0+7ZcrXtWbA68SPycVyNHol796A0XTmElLBTGm63uJDTKiLaeCTUu91LCE0DEZsq6jksTMBNn82ik+c8oAR0q7khbP1d8TGYmNmcSh64yJHZllbyb+53VTG90EGZdJapmki0VRKrBVePY6HnDNqBUTRwjV3N2K6YhoQq0LqORC8JdfXiWty6rvVf37q0rtIo+jCCdwCufgwzXU4A4a0AQKj/AMr/CGFHpB7+hj0VpA+cwx/AH6/AFh3Y7r</latexit><latexit sha1_base64="wGBGwKIha4b+C0EmeJWBzUboGuU=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgQcquCHoseLG3CvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLaNSTVmTKqF0JySGCS5Z03IrWCfRjMShYO1wfDvz209MG67kg50kLIjJUPKIU2Kd1Ar7Wb0+7ZcrXtWbA68SPycVyNHol796A0XTmElLBTGm63uJDTKiLaeCTUu91LCE0DEZsq6jksTMBNn82ik+c8oAR0q7khbP1d8TGYmNmcSh64yJHZllbyb+53VTG90EGZdJapmki0VRKrBVePY6HnDNqBUTRwjV3N2K6YhoQq0LqORC8JdfXiWty6rvVf37q0rtIo+jCCdwCufgwzXU4A4a0AQKj/AMr/CGFHpB7+hj0VpA+cwx/AH6/AFh3Y7r</latexit><latexit sha1_base64="wGBGwKIha4b+C0EmeJWBzUboGuU=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgQcquCHoseLG3CvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLaNSTVmTKqF0JySGCS5Z03IrWCfRjMShYO1wfDvz209MG67kg50kLIjJUPKIU2Kd1Ar7Wb0+7ZcrXtWbA68SPycVyNHol796A0XTmElLBTGm63uJDTKiLaeCTUu91LCE0DEZsq6jksTMBNn82ik+c8oAR0q7khbP1d8TGYmNmcSh64yJHZllbyb+53VTG90EGZdJapmki0VRKrBVePY6HnDNqBUTRwjV3N2K6YhoQq0LqORC8JdfXiWty6rvVf37q0rtIo+jCCdwCufgwzXU4A4a0AQKj/AMr/CGFHpB7+hj0VpA+cwx/AH6/AFh3Y7r</latexit>

bf
<latexit sha1_base64="iYUlQsNYYgKb71TgDsFU9VZxWX4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePFYwbSFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1Pa2Nza3invVvb2Dw6PqscnbZNkmnGfJTLR3ZAaLoXiPgqUvJtqTuNQ8k44uZv7nSeujUjUI05THsR0pEQkGEUr+eEgj2aDas2tuwuQdeIVpAYFWoPqV3+YsCzmCpmkxvQ8N8UgpxoFk3xW6WeGp5RN6Ij3LFU05ibIF8fOyIVVhiRKtC2FZKH+nshpbMw0Dm1nTHFsVr25+J/XyzC6DXKh0gy5YstFUSYJJmT+ORkKzRnKqSWUaWFvJWxMNWVo86nYELzVl9dJ+7ruuXXvoVFrXhVxlOEMzuESPLiBJtxDC3xgIOAZXuHNUc6L8+58LFtLTjFzCn/gfP4A+IGOtQ==</latexit><latexit sha1_base64="iYUlQsNYYgKb71TgDsFU9VZxWX4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePFYwbSFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1Pa2Nza3invVvb2Dw6PqscnbZNkmnGfJTLR3ZAaLoXiPgqUvJtqTuNQ8k44uZv7nSeujUjUI05THsR0pEQkGEUr+eEgj2aDas2tuwuQdeIVpAYFWoPqV3+YsCzmCpmkxvQ8N8UgpxoFk3xW6WeGp5RN6Ij3LFU05ibIF8fOyIVVhiRKtC2FZKH+nshpbMw0Dm1nTHFsVr25+J/XyzC6DXKh0gy5YstFUSYJJmT+ORkKzRnKqSWUaWFvJWxMNWVo86nYELzVl9dJ+7ruuXXvoVFrXhVxlOEMzuESPLiBJtxDC3xgIOAZXuHNUc6L8+58LFtLTjFzCn/gfP4A+IGOtQ==</latexit><latexit sha1_base64="iYUlQsNYYgKb71TgDsFU9VZxWX4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePFYwbSFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1Pa2Nza3invVvb2Dw6PqscnbZNkmnGfJTLR3ZAaLoXiPgqUvJtqTuNQ8k44uZv7nSeujUjUI05THsR0pEQkGEUr+eEgj2aDas2tuwuQdeIVpAYFWoPqV3+YsCzmCpmkxvQ8N8UgpxoFk3xW6WeGp5RN6Ij3LFU05ibIF8fOyIVVhiRKtC2FZKH+nshpbMw0Dm1nTHFsVr25+J/XyzC6DXKh0gy5YstFUSYJJmT+ORkKzRnKqSWUaWFvJWxMNWVo86nYELzVl9dJ+7ruuXXvoVFrXhVxlOEMzuESPLiBJtxDC3xgIOAZXuHNUc6L8+58LFtLTjFzCn/gfP4A+IGOtQ==</latexit><latexit sha1_base64="iYUlQsNYYgKb71TgDsFU9VZxWX4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECnosePFYwbSFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1Pa2Nza3invVvb2Dw6PqscnbZNkmnGfJTLR3ZAaLoXiPgqUvJtqTuNQ8k44uZv7nSeujUjUI05THsR0pEQkGEUr+eEgj2aDas2tuwuQdeIVpAYFWoPqV3+YsCzmCpmkxvQ8N8UgpxoFk3xW6WeGp5RN6Ij3LFU05ibIF8fOyIVVhiRKtC2FZKH+nshpbMw0Dm1nTHFsVr25+J/XyzC6DXKh0gy5YstFUSYJJmT+ORkKzRnKqSWUaWFvJWxMNWVo86nYELzVl9dJ+7ruuXXvoVFrXhVxlOEMzuESPLiBJtxDC3xgIOAZXuHNUc6L8+58LFtLTjFzCn/gfP4A+IGOtQ==</latexit>

df
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Figure 6: Data Flow of GPU Kernel Invocation

BENCHMARKS

Optimization of this algorithm is ongoing; however preliminary results and benchmarking method-
ology are presented to demonstrate how this work is being verified. Foremost this algorithm is tested
on two different GPUs. The first is the Intel HD Graphics 630 with 1536 MB of VRAM, the second
is a AMD Radeon Pro 560 with 4096 MB of VRAM. The former is a consumer grade integrated
GPU available on modern CPU processors, while the latter is a more performant discrete graphics
card at the high-end of the consumer spectrum. Both GPUs are run on a 15” 2017 Macbook Pro
with a 3.1 GHz Quad-Core Intel Core i7 CPU with 16 Gb of 2133 MHz LPDDR3 RAM. The per-
formance of the GPGPU implementation is tested by varying the number of spacecraft simulated
simultaneously as well as changing the dimensions of the work-group size by factors of 2. The
maximum number of kernel invocations that can be spawned on the Intel integrated graphics card is
256 whereas the AMD card allows for as many as 1024. As such the dimensions of the work-group
must always multiply such that they remain less than or equal to 256 or 1024 respectively.

Such benchmarks are important to coarsely characterize GPU occupancy and thread divergence.
As discussed, the Legendre matrix computation has unavoidable thread divergence along the columns,
but otherwise has coalesced memory access and shares many of the same instructions for interme-
diate computations. Therefore, when decreasing the work-group size x-dimension (which corre-
sponds to how many elements ofAl,m are evaluated in the work-group) thread divergence is reduced
as fewer columns are seen (performance gain), but the number of shared intermediate instructions

15



21 24 27 210

Local Size X

20

22

24

26

28

L
o
ca

l
S

iz
e

Z

0.15

0.30

0.45

0.60

0.75

0.90

1.05

1.20

1.35

S
p

ee
d

u
p

(a) 1024 Spacecraft; l = 32

21 24 27 210

Local Size X

20

22

24

26

28

L
o
ca

l
S

iz
e

Z

0.00

0.15

0.30

0.45

0.60

0.75

0.90

1.05

1.20

1.35

S
p

ee
d

u
p

(b) 1024 Spacecraft; l = 128

21 24 27 210

Local Size X

20

22

24

26

28

L
o
ca

l
S

iz
e

Z

0.08

0.16

0.24

0.32

0.40

0.48

0.56

0.64

0.72

0.80
S

p
ee

d
u

p

(c) 256 Spacecraft; l = 32

21 24 27 210

Local Size X

20

22

24

26

28

L
o
ca

l
S

iz
e

Z

0.00

0.15

0.30

0.45

0.60

0.75

0.90

1.05

1.20

1.35

S
p

ee
d

u
p

(d) 256 Spacecraft; l = 128

21 24 27 210

Local Size X

20

22

24

26

28

L
o
ca

l
S

iz
e

Z

0.0128

0.0132

0.0136

0.0140

0.0144

0.0148

0.0152

0.0156

0.0160

S
p

ee
d

u
p

(e) 1 Spacecraft; l = 32

21 24 27 210

Local Size X

20

22

24

26

28

L
o
ca

l
S

iz
e

Z

0.012

0.016

0.020

0.024

0.028

0.032

0.036

0.040

0.044

S
p

ee
d

u
p

(f) 1 Spacecraft; l = 128

Figure 7: Current speed up ratios for the Legendre matrix computation on AMD Radeon Pro 560 GPU using
the compute bound method.
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Figure 8: Current speed up ratios for the Legendre matrix computation on Intel HD Graphics 630 GPU
using the compute bound method.
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among the work-group decrease (performance penalty). By extension, when varying the local group
size in z-dimension (corresponding to the number of simultaneously computed Legendre matrices),
these tradeoffs grow more exaggerated though the general wavefront efficiency should increase for
reasons mentioned in the prior section. By searching across local work-group size permutations,
empirically optimal work-group dimensions can be found which maximize shared instructions and
occupancy while minimizing thread divergence.

The current results for the Legendre matrix calculation are presented as speed-up ratios. These
ratios are measured by averaging the time taken to submit and complete the Legendre matrix cal-
culation on the GPU during a Basilisk scenario. The Basilisk scenario simulated thirty minutes of
real-time orbit propagation, stepping with 10 second intervals, and using an RK4 integrator. The
same simulation was performed on a CPU and the time to compute the Legendre matrix was aver-
aged. The corresponding speed-up ratio is defined as the ratio between these two time average:

τ =
tCPU

tGPU
(71)

The speed-up ratios for the AMD GPU are found in Figure 7 and for the Intel GPU in Figure 8.

Currently the GPU Legendre matrix algorithm demonstrates consistent > 1 speed-up ratios on
the AMD card when there are sufficiently many spacecraft (> 256) operating in a sufficiently a
high-fidelity gravity field (l = 128). While speed-up ratios were occasionally realized in the lower-
fidelity case (l = 32), the ratios were consistently less performant than their high-fidelity counter-
part. It is assumed that this is due to the relatively small dimension of the Legendre matrix in the low
fidelity case. The computational overhead to transition the initial memory onto the GPU, dispatch
threads, and return a result is sufficiently high on discrete GPUs such that there exists a minimum
degree model that must be used before measurable speed-up ratios can be achieved.

The narrative differs when looking at the performance on the Intel GPU in Figure 8. Here there
are no GPU performance gains when using the high-fidelity models, but there appreciable speed-
ups (as high as 40%) when using the lower-fidelity models. This appears to be an artifact of the
shared DRAM of the integrated graphics card with the CPU. Discrete GPUs like the AMD card
require that data be transferred from the CPU to the GPU explicitly. This is often an expensive
process and best performed in a single, large data transfer. Integrated graphics processors do not
have this limitation and can share memory share memory directly with the CPU resulting in much
faster transfers. Consequently, the overhead for dispatching work to the Intel card is lower than
the overhead associated with the discrete card, ultimately allowing observable speed-up ratios in
the low-fidelity gravity field. Despite this, the integrated graphics card does suffer when evaluating
high-fidelity models due to its lower clock-rate. This is seen through the narrowness of the speed-up
window in Figures 8a and 8c. Given that the highest performance is observed when the work-group
x-dimension is particularly small, the thread divergence of solving multiple columns in the Legendre
matrix is significantly more costly to the integrated card than the discrete card.

Together, the two GPUs offer unique advantages that span most operational conditions. The
discrete graphics card is able to model high-fidelity gravity fields with measurable speed-ups, and
the integrated card is able to model low-fidelity gravity fields with measurable speed-ups. The one
condition for which neither GPU succeeds is in the case of too few spacecraft. When modeling a
single spacecraft in either a low- or high-fidelity gravity field, it is always faster to model on a CPU.
Heuristically this is intuitive – despite the integrated card having a lower overhead cost than the
discrete card, an overhead still exists. The dimensions of the single satellite problem are sufficiently
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small that the overhead is always too large, regardless of GPU type.

CONCLUSION

This paper provides a discussion of general GPGPU best practices and attempts implementation
of such practices to construct an alternative form of Pines algorithm to compute the accelerations
generated by high-fidelity gravity fields. Such implementation decreases the algorithmic complex-
ity from O(n2) on a CPU into O(n) for the Legendre matrix computation and to O(log2n) for
the data reduction computation on the GPU. Moreover the GPGPU implementation that has no
functional limitations on GPU memory making it advantageous for modeling large satellite constel-
lations. While implementation efforts are still ongoing, the intermediate results do match heuristic
expectation and fully-realized speed-up ratios are expected in the near future.
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