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THE PHYSICS-INFORMED NEURAL NETWORK GRAVITY MODEL
REVISITED: MODEL GENERATION III

J. R. Martin∗ and H. Schaub†

Scientific machine learning and the advent of the Physics-Informed Neural Net-
work (PINN) show tremendous potential in their capacity to identify solutions to
complex differential equations. Over the past two years, considerable work has
gone into the development of PINNs capable of solving the gravity field model-
ing problem — i.e. learning a differentiable form of the gravitational potential
from position and acceleration estimates. While the past PINN gravity model
(PINN-GM) instances have demonstrated advantages in model compactness, ro-
bust to noise, and sample efficiency; there remain numerous potential failure points
of these models which this paper aims to address. Specifically, this paper intro-
duces the third generation of the Physics-Informed Neural Network Gravity Model
(PINN-GM-III) which aims to solve problems of extrapolation error, numerical
instability, bias towards low altitude samples, and compliant boundary conditions
through numerous modifications to the model’s design. Performance of PINN-
GM-III is compared to its past two processors, looking specifically at test cases of
the Earth and the asteroid 433 Eros.

INTRODUCTION

Recent developments in the field of scientific machine learning offer novel ways for dynamicists
to learn high-fidelity solutions to complex differential equations using neural networks.1–3 Thus
far, much of the scientific machine learning literature focuses on the fields of fluid mechanics or
structures for which there exist notoriously complex partial differential equations which lack ana-
lytic solutions. Less attention has be paid to the astrodynamics community, despite it offering an
additional and fruitful use case for these tools.

In particular, there exist many physical processes within astrodynamics that abide by some known
underlying differential equations, but whose solution is analytically complex or intractable. One
ubiquitous problem facing the community is that of gravity field modeling. Given a collection of
estimates of the gravitational accelerations produced by some celestial body, how can dynamicists
regress a high-fidelity model of the body’s gravitational potential before exploiting it for mission
design?

Traditionally the reconstruction of these gravity fields is an effort left to popular analytic tools
and strategies like fitting a spherical harmonic model to the data or assuming a constant density
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polyhedral as a reasonable first order solution.4, 5 While these approaches provide compelling an-
alytics, they come with considerable overhead ranging from computational inefficiencies, limiting
operational conditions, or assumptions about the body in question.

Given the ever-increasing precision required for future missions, these challenges have become
problematic and dynamicists have reignited the search for novel gravity models capable of avoiding
these difficulties. Among the most promising efforts in this search is the use of machine learning
algorithms to learn new gravity models. These efforts include using extreme learning machines,6

Gaussian processes,7 neural networks,8 and neural density fields9 to learn mappings from position to
acceleration. These efforts have been shown to offer advantages in computational efficiency; how-
ever, they remain prone to their own idiosyncratic disadvantages. Many of these machine learning
models rely on the assumption that near infinite volumes of perfectly measured position and acceler-
ation data already exists from which the models can be trained. In addition, most of these solutions
make no guarantees that the learned models are satisfying relevant physics properties inherent to
gravitational potentials. Furthermore, no studies investigate how the models extrapolate beyond the
bounds of their training data, nor where within their training domain they preform sub-optimally.

In 2022, the physics-informed neural network gravity model (PINN-GM) was introduced, aiming
to address many of these pitfalls.10 Physics-informed neural networks are a class of machine learn-
ing algorithm which augment traditional cost functions with known differential constraints. For the
gravity field modeling problem, this means that a neural network must not only learn a mapping
from a position to an acceleration, but the network must also ensure that the acceleration produced
is a direct byproduct of a more fundamental gravitational potential through the differential equation
−∇U = a. Additional properties like ∇2U = 0 and ∇ × ∇U = 0 can also be added to provide
additional constraints which guide the network towards an accurate and physically compliant solu-
tion. By adding these dynamical constraints to the cost functions of neural networks, these models
maintain the computational efficiency of past machine learning models, but do so without compro-
mising on the physics. Not only are these physics-informed constraints analytically satisfying, they
also provide practical and quantitative improvements to the learned gravity field model in terms of
model compactness, robustness to noise, and generalization capabilities.10

The initial PINN gravity model was trained and tested on the Earth and Moon systems, and
despite its promising results, it was relatively difficult to train — requiring large training data sets
and long training times before converging to a high-fidelity solution. Reference 11 proposes a
variety of new design choices to improve network robustness, sample efficiency, and accuracy in the
second generation of the PINN gravity model (PINN-GM-II), and demonstrates how these models
can not only be useful for representing the fields of large planetary bodies, but also the more exotic
celestial bodies like asteroids and comets.

Despite these improvements, there remain open challenges facing the PINN-GM. Specifically,
both PINN-GM-I and II use a cost function which inadvertently leads models to prioritize low-
altitude field points, where the accelerations are largest. This bias in altitude causes the networks to
spend considerably less of their modeling capacity on the high-altitude regimes leading to poor per-
formance in these domains. In addition, even when trained on data from exclusively high-altitudes,
the PINN-GM can suffer numerical instabilities if the domain of the training data is sufficiently
large.

This paper introduces a variety of design changes to the PINN-GM to address these challenges,
and then revisits some of the original environments studied in the PINN-GM-I and PINN-GM-II
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papers to quantify how these changes affect performance.

The organizational outline for the paper is as follows: First, a high-level overview of the spherical
harmonic, polyhedral, and PINN gravity models is presented. Following this, a proposed set of mod-
ifications to the PINN-GM are introduced. A set of experiment are then performed to characterize
the effect of these changes as compared to past PINN gravity models using the Earth’s gravity field
as a test case. Similar experiments are repeated on the asteroid 433-Eros to highlight the versatility
of these changes to multiple astrodynamics settings. Finally a set of early-stage experimental modi-
fications are discussed and their preliminary results assessed before offering concluding remarks on
the current state of the PINN-GM-III model.

METHODS

There exists a plethora of gravity models, each with their own advantages and disadvantages.
This section details some of the most common.

Spherical Harmonics Model

Early in the 1900s, it was proposed that spherical harmonic basis functions could be superimposed
together to produce high-fidelity estimates of the Earth’s gravitational potential.12
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Equation 1 is referred to as the spherical harmonic gravity model where r is the radius to the field
point, µ is the gravitational parameter of the body, R is the circumscribing radius of the body, l
is the degree of the model, m is the order of the model, Cl,m and Sl,m are the spherical harmonic
coefficients, λ is the longitude, φ is the latitude, and Pl,m are the associated Legendre polynomials.4

One of the most compelling advantages of this spherical harmonic gravity model is how it can
compactly capture one of the largest gravitational perturbations produced by large celestial bodies:
planetary oblateness or J2. Specifically, Equation 1 need only be expanded to a mere degree l = 2
and order m = 0 for the majority of Earth’s oblateness to be represented within the model.

Despite its success in modeling planetary oblateness, spherical harmonics suffer when tasked to
model the remaining and more discrete gravitational perturbations like mountain ranges, tectonic
plate boundaries, and hotspots. These discontinuous features can require hundreds-of-thousands of
harmonics superimposed together to be accurately captured with this basis set.10 Not only does
this result in memory inefficient models, but it also comes with a computational expense. Specif-
ically, spherical harmonics require evaluating high-degree associated Legendre polynomials which
can only be computed recursively. There exists no trivial way to parallelize these computations,
leading to an unavoidable O(n2) computational complexity which can quickly grow limiting for
both ground-based simulation as well as processors flown on-board.13

Beyond the computational inefficiencies, spherical harmonics also has operational limits, diverg-
ing inside of the bounding (Brillouin) sphere of any celestial body.5 While such effects are neg-
ligible for near-spherical planets or moons, they become problematic in the small-body settings.
For asteroids or comets that exhibit highly non-spherical geometries, these effects can lead to large
errors in the predicted accelerations and potentially risk the safety of a spacecraft.
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Polyhedral Gravity Model

To combat spherical harmonics’ divergence inside the Brillouin sphere, a polyhedral gravity
model can be used instead.5 If a shape model (a collection of triangular facets and vertices) of
the body is available, then it can be used to analytically compute the potential of that body under
the assumption of constant density through:

∇U = −Gσ
∑

e∈ edges

Ee · re · Le +Gσ
∑

f∈ facets

Ff · rf · ωf (2)

where G is the gravitational constant, σ is the density of the body, Ee is an edge dyad, re is the
position vector between the center of the edge and the field point, Le is an analog to the potential
contribution by the edge, Ff is the face normal dyad, rf is the distance between the face normal
and the field point, and ωf is analog to the potential contribution by the face.

While the polyhedral gravity model circumvents the numerical divergence within the Brillouin
sphere, it comes with three distinct disadvantages. First, this gravity model is also computationally
expensive. Many shape models have hundreds-of-thousands of facets and vertices which must be
individually looped over to compute the acceleration at a single field point. While this model can be
computed on parallelized hardware, such computational capabilities are not yet available on-board
spacecraft — preventing this model from being effectively flown.

Second, the polyhedral gravity model must assume a density profile for the body in question.
Often the density is taken to be constant, but literature shows that such assumption is not necessarily
valid.14, 15 Third and finally, the polyhedral gravity model requires that dynamicists have a pre-
computed shape model of the body which is non-trivial to acquire in practice.16–18

Traditional Machine Learning Models

Given these challenges and the increased rise in small-body exploration, there has been renewed
interest in formulating novel solutions to the gravity field modeling problem. Given the success
of deep learning to solve complex problems in multiple academic communities,19 many gravity
modeling researchers have begun turning to machine learning as a potentially fruitful avenue of
exploration. The majority of machine learning gravity model efforts center on using tools like
Gaussian processes,7 extreme learning machines,6 and neural networks8 to learn a mapping from
position to gravitational acceleration in a data-driven manner.

At a high level, many of these machine learning models seek minimize the following loss func-
tion:

L(θ) =
1

N

N∑

i=0

|âi(xi|θ)− ai|2 (3)

where âi(xi|θ) is the machine learning model prediction of the acceleration at field point xi with
trainable model parameters θ. These parameters can be iteratively updated using a form of stochastic
gradient descent through

θm+1 = θm − η∇θmL(θm) (4)

where η is a user-specified learning rate and m is the training iteration.

Once trained, these machine learning models demonstrate considerable promise in their ability to
reduce the computational loads required to compute gravitational accelerations about small bodies.
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Despite this, there remain multiple weaknesses of these approaches. Foremost, these models require
prohibitively large sets of training data. For celestial systems in which a high-fidelity gravity model
already exists, this challenge can be surmounted by generating artificial training data from said
model. Unfortunately, the only systems for which this is true are that of the Earth and Moon.
In most other astrodynamic settings, there does not exist a preexisting model, and these systems
must be trained on far sparser and noisier estimates of the position and acceleration. Second, most
machine learning models do not extrapolate well outside of the bounds of their training data –
intrinsically limiting their operational domain. Third, these model offer no guarantees that they
satisfy important physics properties like Laplace’s Equation ∇2U = 0 from which the spherical
harmonic model and polyhedral models are derived.

Physics Informed Neural Network Gravity Model

Physics-Informed Neural Network (PINN) are a relatively new class of neural networks capable
of addressing some of these challenges. PINNs are neural networks which explicitly incorporate
known differential constraints into their cost function.1 By penalizing violations of these constraints
during training, the networks are forced to learn solutions which are naturally compliant with the
underlying physics of the system.

The Physics-Informed Neural Network Gravity Model (PINN-GM) explores the application of
this new class of neural network for the gravity modeling problem.10 Rather than training traditional
neural networks with a cost function like what is shown in Equation 3, the PINN-GM used a cost
function of which leverages the known differential equation −∇U = a through

L(θ) =
1

N

N∑

i=0

| − ∇Û(xi|θ)− ai|2 (5)

where∇U is taken via automatic differentiation of the neural network.20
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Figure 1: PINN-GM Generation II11

The first generation PINN-GM was trained on Earth and Moon systems at low altitude, and it was
demonstrated that the PINN-GM is capable of learning more parametrically compact representations
and computationally efficient gravity models than their spherical harmonic counterpart.10 Reference
11 extends this work by investigating the effects of adding the additional dynamical constraints of
∇2U = 0 and∇×∇U = 0 into the cost function and suggests a collection of design modifications
to the network architecture (see Figure 1) for improved performance around small-bodies.

While the PINN-GM-II offers welcomed improvements to its first generation predecessor, there
remains opportunity for increased performance and robustness. Specifically, the past PINN-GMs
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struggle to prioritize high altitude samples, suffer from numerical instabilities, and offer no solution
to enforce gravity field boundary conditions. This paper attempts to solve these problems, among
others, with the introduction of the next generation of the PINN-GM.

PINN-GM-III

The third generation PINN gravity model (PINN-GM-III) introduces a collection of new design
choices aimed at addressing various failure points of past generations, all the while increasing model
accuracy and robustness. A high-level architectural glance of these changes are shown in gray boxes
in Figure 2, and can be juxtaposed with the previous PINN-GM-II in Figure 1. The details of each
modification are detailed in the subsections below.

PINN Gravity Model Generation III
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<latexit sha1_base64="bXDpyMdwEFcRLDmV5FmJ0wK8B04=">AAAB7nicbVDJSgNBEK1xjXGLevTSGAQPEmaSMYungBePEcwCyRB6Op2kSc9Cd48ShnyEFw+KePV7vPk39kwGcXtQ8Hiviqp6bsiZVKb5Yaysrq1vbOa28ts7u3v7hYPDjgwiQWibBDwQPRdLyplP24opTnuhoNhzOe26s6vE795RIVng36p5SB0PT3w2ZgQrLXXvh7F1bi2GhaJZMlOgv8TKSBEytIaF98EoIJFHfUU4lrJvmaFyYiwUI5wu8oNI0hCTGZ7QvqY+9qh04vTcBTrVygiNA6HLVyhVv0/E2JNy7rm608NqKn97ifif14/UuO7EzA8jRX2yXDSOOFIBSn5HIyYoUXyuCSaC6VsRmWKBidIJ5dMQKg27Ua7r3yv1WtVMiF22L6q1rxA65ZJVLdk3drF5mcWRg2M4gTOwoAZNuIYWtIHADB7gCZ6N0Hg0XozXZeuKkc0cwQ8Yb5/RJ495</latexit>w1,1

<latexit sha1_base64="djmt0oGLh75midv++Izo9JDpqbs="></latexit>

AD

�rU �a

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

y
<latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit>

z
<latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit>

<latexit sha1_base64="8I/B4zZJb6/8mQRDyT+cJDbQygY=">AAAB6HicbVDLSsNAFL3xWeur6tJNsAiuStLGPnZFNy5bsA9oQ5lMJ+3YySTMTIQS+gVuXCji1k9y5984TYP4OnDhcM693HuPFzEqlWV9GGvrG5tb27md/O7e/sFh4ei4K8NYYNLBIQtF30OSMMpJR1HFSD8SBAUeIz1vdr30e/dESBryWzWPiBugCac+xUhpqS1HhaJVslKYf4mdkSJkaI0K78NxiOOAcIUZknJgW5FyEyQUxYws8sNYkgjhGZqQgaYcBUS6SXrowjzXytj0Q6GLKzNVv08kKJByHni6M0BqKn97S/E/bxArv+4mlEexIhyvFvkxM1VoLr82x1QQrNhcE4QF1beaeIoEwkpnk09DqDScRrmqf6/Ua1W7rolTdi5r9lcI3XLJrpactlNsXmVx5OAUzuACbKhBE26gBR3AQOABnuDZuDMejRfjddW6ZmQzJ/ADxtsnBraNVg==</latexit>s

<latexit sha1_base64="1DucPsrWhsHuilIq78K1hFojZQk=">AAAB6HicbVDLSsNAFL3xWeur6tJNsAiuStLGPnZFNy5bsA9oQ5lMJ+3YySTMTIQS+gVuXCji1k9y5984TYP4OnDhcM693HuPFzEqlWV9GGvrG5tb27md/O7e/sFh4ei4K8NYYNLBIQtF30OSMMpJR1HFSD8SBAUeIz1vdr30e/dESBryWzWPiBugCac+xUhpqa1GhaJVslKYf4mdkSJkaI0K78NxiOOAcIUZknJgW5FyEyQUxYws8sNYkgjhGZqQgaYcBUS6SXrowjzXytj0Q6GLKzNVv08kKJByHni6M0BqKn97S/E/bxArv+4mlEexIhyvFvkxM1VoLr82x1QQrNhcE4QF1beaeIoEwkpnk09DqDScRrmqf6/Ua1W7rolTdi5r9lcI3XLJrpactlNsXmVx5OAUzuACbKhBE26gBR3AQOABnuDZuDMejRfjddW6ZmQzJ/ADxtsnCDqNVw==</latexit>

t

<latexit sha1_base64="e88BOWj68KoT6+1NUn+0jOsNxuA=">AAAB6HicbVDLSsNAFJ34rPVVdekmWARXJWljH7uiG5ct2Ae0oUymN+3YySTMTIQS+gVuXCji1k9y5984TYP4OnDhcM693HuPFzEqlWV9GGvrG5tb27md/O7e/sFh4ei4K8NYEOiQkIWi72EJjHLoKKoY9CMBOPAY9LzZ9dLv3YOQNOS3ah6BG+AJpz4lWGmpHY8KRatkpTD/EjsjRZShNSq8D8chiQPgijAs5cC2IuUmWChKGCzyw1hChMkMT2CgKccBSDdJD12Y51oZm34odHFlpur3iQQHUs4DT3cGWE3lb28p/ucNYuXX3YTyKFbAyWqRHzNThebya3NMBRDF5ppgIqi+1SRTLDBROpt8GkKl4TTKVf17pV6r2nVNnLJzWbO/QuiWS3a15LSdYvMqiyOHTtEZukA2qqEmukEt1EEEAXpAT+jZuDMejRfjddW6ZmQzJ+gHjLdPCb6NWA==</latexit>u

Loss

<latexit sha1_base64="vdVM4jLX3vkGGdF5MlDBPa24SI4=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkWom5K2sY9dwY24qtAXJKFMppN26OTBzEQsIb/ixoUibv0Rd/6NkzSIrwMDh3Pu5Z45TkgJF7r+oRQ2Nre2d4q7pb39g8Mj9bg84kHEEB6igAZs4kCOKfHxUBBB8SRkGHoOxWNneZX64zvMOAn8gViF2Pbg3CcuQVBIaaqWb6qWB8XCcWNrsMACJhdTtaLX9AzaX1LPSQXk6E/Vd2sWoMjDvkAUcm7W9VDYMWSCIIqTkhVxHEK0hHNsSupDD3M7zrIn2rlUZpobMPl8oWXq940YepyvPEdOpjn5by8V//PMSLgdOyZ+GAnso/UhN6KaCLS0CG1GGEaCriSBiBGZVUMLyCASsq5SVkKza3QbHfn3Zqfd0lNiNIzLVvurhFGjVm/VjFuj0jPzOorgFJyBKqiDNuiBa9AHQ4DAPXgAT+BZSZRH5UV5XY8WlHznBPyA8vYJriiUkA==</latexit>

J(⇥)

% Error

<latexit sha1_base64="vx86Xvoq3R2NOMbzNSKtElHwwTs=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyyCq5KksY+FUOzGZQXbCm0aJtNpO2TyYGYilDTgr7hxoYhbv8Odf+M0LeLrwIXDOfdy7z1uRAkXuv6h5FZW19Y38puFre2d3T11/6DDw5gh3EYhDdmtCzmmJMBtQQTFtxHD0Hcp7rpec+537zDjJAxuxDTCtg/HARkRBIWUHPWoz2PfSbwLPR0k5XTWdLzZwHTUol7SM2h/ibEkRbBEy1Hf+8MQxT4OBKKQ856hR8JOIBMEUZwW+jHHEUQeHOOepAH0MbeT7PxUO5XKUBuFTFYgtEz9PpFAn/Op78pOH4oJ/+3Nxf+8XixGNTshQRQLHKDFolFMNRFq8yy0IWEYCTqVBCJG5K0amkAGkZCJFbIQynWrblbk7+VatWLUJLFM67xqfIXQMUtGpWRdW8XG5TKOPDgGJ+AMGKAKGuAKtEAbIJCAB/AEnpV75VF5UV4XrTllOXMIfkB5+wQkMZXa</latexit>

3X

k=0

|Ck|2

<latexit sha1_base64="ixt949I8MTmuR2YSWH84KZkzSZ4="></latexit>

|a + rÛ |
|a|

<latexit sha1_base64="Ni3ax53RLxAYTb/74QOIs2O9vvU=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSxC3ZSkjX3gpiiIywr2AU0pk+m0HTqThJmJWELd+CtuXCji1r9w5984aYv4OnDhcM693HuPFzIqlWV9GAuLS8srq6m19PrG5ta2ubPbkEEkMKnjgAWi5SFJGPVJXVHFSCsUBHGPkaY3Ok/85g0Rkgb+tRqHpMPRwKd9ipHSUtfcdzlSQ4xYfDHJ3p5CV9IBR137uGtmrJw1BfxL7DnJgDlqXfPd7QU44sRXmCEp27YVqk6MhKKYkUnajSQJER6hAWlr6iNOZCeefjCBR1rpwX4gdPkKTtXvEzHiUo65pzuTe+VvLxH/89qR6pc7MfXDSBEfzxb1IwZVAJM4YI8KghUba4KwoPpWiIdIIKx0aOlpCIWKU8kX9e+FcqlolzVx8s5Jyf4KoZHP2cWcc+VkqmfzOFLgAByCLLBBCVTBJaiBOsDgDjyAJ/Bs3BuPxovxOmtdMOYze+AHjLdPjxKWjw==</latexit>F(x;�1)

<latexit sha1_base64="6ESbZ5zVLtjJ7G3kUh/Yu1xYmaE=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSxC3ZSkjX3gpiiIywr2AU0pk+m0HTqThJmJWELd+CtuXCji1r9w5984aYv4OnDhcM693HuPFzIqlWV9GAuLS8srq6m19PrG5ta2ubPbkEEkMKnjgAWi5SFJGPVJXVHFSCsUBHGPkaY3Ok/85g0Rkgb+tRqHpMPRwKd9ipHSUtfcdzlSQ4xYfDHJ3p5CV9IBR93CcdfMWDlrCviX2HOSAXPUuua72wtwxImvMENStm0rVJ0YCUUxI5O0G0kSIjxCA9LW1EecyE48/WACj7TSg/1A6PIVnKrfJ2LEpRxzT3cm98rfXiL+57Uj1S93YuqHkSI+ni3qRwyqACZxwB4VBCs21gRhQfWtEA+RQFjp0NLTEAoVp5Iv6t8L5VLRLmvi5J2Tkv0VQiOfs4s558rJVM/mcaTAATgEWWCDEqiCS1ADdYDBHXgAT+DZuDcejRfjdda6YMxn9sAPGG+fkhyWkQ==</latexit>F(x;�3)
<latexit sha1_base64="VGO5q8kWzTluv4Qjh39BWm9zgb4=">AAAB/3icbVDJSgNBEO1xjXGLCl68NAYhgoSZZMyCl6AXjxGcJJCE0NPpJE16FrprxDDm4K948aCIV3/Dm39jZ0HcHhQ83quiqp4bCq7AND+MhcWl5ZXVxFpyfWNzazu1s1tTQSQpc2ggAtlwiWKC+8wBDoI1QsmI5wpWd4cXE79+w6TigX8No5C1PdL3eY9TAlrqpPadzO0Zbine90gnf4JbMGBAjjuptJk1p8B/iTUnaTRHtZN6b3UDGnnMByqIUk3LDKEdEwmcCjZOtiLFQkKHpM+amvrEY6odT+8f4yOtdHEvkLp8wFP1+0RMPKVGnqs7PQID9dubiP95zQh6pXbM/TAC5tPZol4kMAR4EgbucskoiJEmhEqub8V0QCShoCNLTkPIl+1yrqB/z5eKBaukiZ2zT4vWVwi1XNYqZO0rO105n8eRQAfoEGWQhYqogi5RFTmIojv0gJ7Qs3FvPBovxuusdcGYz+yhHzDePgESQ5Uc</latexit>
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Û

Figure 2: PINN-GM Generation III with new modifications contained in dark gray boxes
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Modified Loss Function to Account for High Altitude Samples

The loss function for the original PINN-GM is the root mean squared (RMS) metric:

LRMS(θ) =

√√√√ 1

N

N∑

i=0

∣∣∣−∇Û(xi|θ)− ai

∣∣∣
2

(6)

This loss function is among the most common in machine learning and attempts to minimize the
most flagrant residuals between the true and predicted values. Unfortunately, this metric comes with
a unique disadvantage in the gravity field modeling problem. Gravitational accelerations produced
near the surface of the body have considerably larger magnitudes than the accelerations produced at
high altitudes. As a consequence, a small relative error in the low-altitude prediction can obfuscate
a large relative error in high-altitude prediction. This artificially encourages the network to dedicate
the majority of its modeling capacity towards low-altitude regimes which comes at the expense of
accurately modeling the gravity field at higher altitudes.

To combat this flaw, PINN-GM-III adopts a new loss function, mean percent error:

L%(θ) =
1

N

N∑

i=0

| − ∇Û(xi|θ)− ai|
|ai|

(7)

By using percent error as the loss function rather than the RMS, PINN-GM-III ensures that all
regions of the gravity field, regardless of altitude, are prioritized by the network. If a user has
applications which are especially sensitive to low-altitude accelerations, Equation 7 can optionally
be augmented with Equation 6 as suggested in Figure 2.

To demonstrate the effect of these changes on network performance, a simple test is proposed
which trains two PINN-GMs on 1,000 position / acceleration training data pairs distributed from 0
- 15 Earth radii above the Earth’s surface. One PINN-GM is trained using the original RMS loss
function (Equation 6) and the other is trained on with the percent error loss function (Equation 7).
Once trained, each network is evaluated on a set of 10,000 randomly distributed test points within
the 0-15R domain, and their resulting RMS and percent error values are reported as a function of
altitude in Figure 3.

Figure 3a confirms that the networks trained with the RMS loss function disproportionally favor
low-altitude field points (0-2R) at the expense high altitude field points (5-15R). In contrast, the
PINN-GM model trained with the percent error loss function prioritizes accurate modeling at all
altitudes, and conveniently also produces lower RMS values for high altitude samples as shown in
Figure 3d.

Enforcing Boundary Conditions through Model Design

While PINNs are most commonly designed to satisfy physics through their cost function, there
are also other ways to enforce compliance through the design of the machine learning model itself.
Reference 21 notes how machine learning models can be designed to seamlessly transition into
known boundary conditions through the use of heaviside-like functions. For PINN-GM-III, the
following design change is proposed:

Û(r) = (1−H(r))UNN (r) +H(r)UBC(r) (8)
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(a) Percent Error With LRMS Function
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(b) RMS Error With LRMS Function
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(c) Percent Error With L% Function
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(d) RMS Error With L% Function

Figure 3: Different loss function change network performance at high- and low-altitudes. Blue
points are the individual errors of the test data, the blue histogram is the distribution of training
data, and the red line is the maximum error within a sliding window of 50 points.

where UNN is the output of the neural network, UBC is the potential at the boundary condition, and
H(r) is a heaviside-like function defined as

H(r) =
1 + tanh(k(r − rref))

2
(9)

where r is the radius of the field point, rref is a learned (via gradient descent) or user-prescribed
radius, and k is a learned or user-prescribed smoothing parameter to control for a more continuous
or discrete transition.

Equation 9 enforces that the PINN-GM must smoothly transition into a known boundary condi-
tion past a given altitude. In this way, the machine learning model can leverage the neural network
solution in regions in which the boundary condition is irrelevant, but smoothly decrease the net-
work’s role as it approaches the boundary.

For the gravity modeling problem, there exists multiple ways in which this design choice can
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manifest. In the limit of r → ∞, it is clear that the potential decays to zero. However, setting
UBC = 0 and rref =∞ in Equation 8 is not particularly practical as it demands the neural network
must learn a model of the potential for the entire domain r ∈ [0,∞). An more useful choice is
to leverage insights from the spherical harmonic gravity model and recognize that high frequency
components of the gravity model decay to zero more quickly than the point mass contribution at
high altitudes. I.e.

UBC(r) = ULF =
µ

r
+
��

���
���

���:
0n∑

l=0

l∑

m=0

µ

r

(
R

r

)l
(. . .) (10)

(11)

as r →∞.

This observation implies that UBC(r) can be set to µ
r assuming r � R. As such, the PINN-GM-

III sets UBC = µ
r + f(r) in Equation 8, where f(r) are any higher order terms in the spherical

gravity model that the user knows a-priori and wishes to leave as part of the boundary condition.

Leveraging Preexisting Gravity Information into PINN-GM Solution

In addition to enforcing the boundary condition through the model design, another design choice
enabled by the PINN-GM-III is the ability to fuse an a-priori gravity model with the neural network
solution. For example, most large celestial bodies exhibit planetary oblateness which is succinctly
captured with the C2,0 spherical harmonic coefficient as discussed in the methods section. Rather
than requiring the network to relearn this prominent and easily observable perturbation, this infor-
mation can be directly embedded into the network model. In this way, the PINN-GM-III can predict
accelerations by leveraging a low-fidelity, first-order analytic model with a network responsible for
capturing high-order perturbations through:

Û(r) = (1−H(r)) (ULF (r) + UNN (r)) +H(r) (ULF (r)) (12)

where ULF refers to the known, low-fidelity analytic model such as ULF = µ
r +UJ2 . Note that this

choice must be carefully applied in the context of small bodies where harmonics models can break
down inside the Brillouin sphere and produce instability in the model if the geometry is sufficiently
non-spherical.

Preprocessing Efforts

It is generally considered good practice for the inputs and outputs of any neural network to be
normalized.22 This is because a) most neural network activation functions exhibit their greatest
non-linearity between the bounds of -1 and 1 and b) this choice often leads to greater numerical
stability during training. In traditional deep learning, the inputs and outputs of the network are
typically normalized in a manner agnostic of one another; however, in physics-informed neural
networks, where the inputs and outputs may share units, this decoupled normalization can produce
non-compliant physics.

For the gravity field modeling problem, it is known that the positions share the distance coordi-
nate (unit [m]) with the gravitational potential (unit [m2/s2]). Thus, by non-dimensionalizing or
normalizing the position, one must simultaneously non-dimensionalized the potential accordingly.
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To ensure that both the position inputs and potential outputs of the network exist within the numer-
ically desireable domain of [-1,1], the following non-dimensionalization is proposed:

x? = R (13)

U? = max(U − ULF) (14)

t? =

√
x?2

U?
(15)

a? =
x?

t?2
(16)

(17)

whereR is the maximum radius of the celestial body. Therefore to non-dimensionalize the position,
potential, and accelerations (x̄, Ū , ā) the trivial equations can be used:

x =
x̄

x?
(18)

U =
Ū

U?
(19)

a =
ā

a?
(20)

(21)

Before the positions pass through the network, they undergo one additional preprocessing step.
Like with PINN-GM-II, the cartesian coordinates are first converted to a 4D spherical coordinate
description of (r, s, t, u) where r is the radius, and s, t, and u are the sin() of the angle between the
field point and each cartesian axes.23 This conversion ensures s, t, and u remain in the numerically
desirable range of [−1, 1]. The radial coordinate, however, is not guaranteed these same conve-
niences. For field points that exist at infinite radii from the body, the r coordinate can scale from
[0,∞] which can pose numerical challenges to the network. To circumvent these difficulties, the
radial coordinate is inverted as 1

r to ensure that the bounds never exceed the domain of [0, 1] and
remain numerically stable for learning.

Rescaling the Output of the Neural Network

All gravitational potentials decay at high altitudes. As discussed, this decay can make it chal-
lenging to leverage RMS loss functions, but it also can pose other numerical difficulties for neu-
ral networks. For example, if one assumes that the largest potential of a gravity field is non-
dimensionalized to magnitude 1, then field points at extremely high altitudes may have values that
extend all the way down to machine precision i.e. U =1E-14. These stark differences in magni-
tude can lead to poor conditioning and learning for the neural network in its attempts to produce
high-fidelity acceleration predictions in both high and low altitude regimes. To combat this, a new
approach is taken for which the network learns a scale invariant form of the potential, UNN which is
later rescaled within the model to the proper order-of-magnitude through

ÛNN =
UNN

r̄p
(22)
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where ÛNN is the potential produced by the entire PINN-GM-III model, UNN is the scale invariant
output of the neural network, r̄ is the radius of the field point input into the network and normalized
by the radius of the celestial body in question. Finally p is defined through

p =





lr + 0 lr = −1

lr + 1 lr = 0 ∨ 1

lr + 2 lr ≥ 2

(23)

where lr is the maximum spherical harmonic degree included within the optional analytic part of
the model, ULF.

To visualize this natural decay and proposed scaling, Figure 4 shows the high-order potential
perturbations (δU = U − ULF where ULF is a degree l = 2 spherical harmonic model) of 10,000
test points within 0 - 5 radii from the Earth. The perturbations can be seen decaying at a rate of 1

r4
.

With Equation 22 applied to these potentials, they transition into a distribution that exists in a more
numerically favorable domain of [−1, 1] as seen in Figure 4b.

The utility of this scaling is shown with a simple test where two PINN-GM are trained. Both
models are trained with 100 samples randomly distributed from 0 - 15R where R is the radius
of the Earth. One network is trained without the scaling proposed in Equation 22 (Figure 5a)
whereas the other is rescaled (Figure 5b). The RMS error is evaluated on 10,000 test points that
span from 0-150R. Figure 5a clearly shows that the PINN-GM without scaling hits a numerical
barrier at approximately r = 15R where the magnitude of the predicted acceleration remains fixed
and causes a constant error to be present in the gravity model. In contrast, the PINN-GM trained
with the numerical scaling does not hit this barrier.
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(a) Potential without Radial Scaling
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Figure 4: Rescaling the potential to exist within numerically well conditioned domain of [−1, 1]
assists with network convergence.

Future Optimization Efforts

Additional modifications and design improvements for PINN-GM-III are currently under devel-
opment but are not yet considered stable. Later sections will explore the current status of these
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(b) Potential with Radial Scaling

Figure 5: Effect of rescaling the network output on the extrapolation of the network.

changes, but results should be taken as preliminary and further work must be performed before the
conclusions can be taken at face value.

PINN-GM-III ON EARTH

The performance of the PINN-GM-III is tested using the Earth’s static gravity field. The Earth’s
gravity field is typically represented with spherical harmonics, and the highest fidelity spherical
harmonic model available is the Earth Gravity Model 2008 (EGM2008) which extends to degree
and order 2160 (>4 million parameters).24 Beyond the point mass and planetary oblateness terms,
the largest remaining gravitational perturbations on Earth are features like mountain ranges and
tectonic plate boundaries as can be seen in Figure 6. These discontinuous, small scale / high-
frequency perturbations are one of the foundational motivations behind the PINN-GM. Spherical
harmonics are ill-suited to capture these perturbations, requiring the superposition of thousands
of harmonics before converging over these features due to effects like Gibbs phenomenon.25 In
contrast, neural networks are not bound by the prescribed, analytic scales of known harmonics and
thus can learn more efficient basis function and ultimately require fewer parameters in their model.

Nominal Performance

The first generation PINN-GM has already been shown to offer advantages in modeling the
Earth’s gravity field over spherical harmonics in terms model compactness. The following tests
investigate how much better the PINN-GM-III performs as compared to the original PINN-GM-I
under different amounts of training data, training epochs, and model size.

Explicitly, for both model generation I and III, a set of 100 PINN-GMs are trained. The 100
networks are divided into four groups of 25. Each group of 25 is distinguished by number of nodes
per hidden layer, N , drawn from the set {10, 20, 40, 80}. While each network maintains the same
number of nodes, each of the 25 networks use a different combination of epochs drawn from the set
{210, 211, 212, 213, 214} and total training data from {212, 213, 214, 215, 216}. This experiment aims
to highlight how much data is needed to converge on a solution and how long the networks must be
trained to reach convergence for different model capacities.
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Figure 6: Remaining gravitational perturbations of Earth once point mass and planetary oblateness
contributions are removed.

The training data for each network are distributed by selecting a random unit vector and multiply-
ing it by a radius varied uniformly from an altitude of zero (the Earth’s radius) to an approximately
LEO altitude of 420 km. Once the field points are selected, their accelerations are computed using
EGM2008 expanded to degree and order 1000 (approximately 1 million parameters). The default
hyperparameters for the PINN-GM-III network are included in Table 1 and the default hyperparam-
eters for PINN-GM-I can be found in Reference 10.

To evaluate the performance of each network, a mean percent error is computed on a separate
test set of 50,000 randomly selected field points within the original training domain. Because the
Earth’s point mass and planetary oblateness contributions obscure the modeling accuracy of the
higher-order perturbations, their contributions are removed before computing the percent error met-
ric through

P =

N∑

i=0

âi − ai
ai − ai,2

(24)

where â are the network accelerations produced via −∇U and ai,2 are the accelerations produced
by the point mass and planetary oblateness terms of the spherical harmonic model.

Table 1: Default Hyperparameters for PINN-GM-III

Hyperparameter Value

Batch Size 220

Learning Rate 0.001
Optimizer Adam

LR Scheduler On Plateau
Patience 2500 Epochs

Loss Function Percent

Hyperparameter Value

Activation GeLU
Network Architecture Transformer Inspired

Data Non-Dimensionalization [Planet Radius, maximum U ]
Preprocessing Layers Pines→ 1

r

Hidden Layer Weight Initializer Glorot Normal
Final Layer Weight Initializer Zeros

Figure 7 shows that there is a considerable jump in performance between the PINN-GM-I and the
PINN-GM-III when modeling the Earth’s gravity field. Foremost, PINN-GM-III models are capable
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Figure 7: Average Percent Error of PINN-GM-I (top) and PINN-GM-III (bottom) trained on Earth.

of converging to a reliable, high accuracy solution with extremely small sets of data and relatively
little training time – conditions for which PINN-GM-I is entirely unsuited to handle as seen in the
N = 10 nodes per hidden layer case. Even once the PINN-GM-I has enough modeling capacity to
converge on a solution (N = 80), the PINN-GM-III is able to produce a stronger model across all
conditions.

One interesting result from Figure 7 is that for the high capacity models (N = {40, 80}), when
there is insufficient data, the PINN-GM-III has an increased propensity for overfitting as can be seen
by the increase in error given an increase in training epochs. While the overfitting of PINN-GM-III
remains considerably less problematic than what is seen with the PINN-GM-I, this can be trivially
remedied by adding a small amount of dropout to each layer, or incorporating the laplacian and curl
physics constraints into the cost function.

PINN-GM-III ON EROS

A second test is performed to investigate the improvements offered by the PINN-GM-III over its
more recent predecessor PINN-GM-II. Specifically, this section investigates if the PINN-GM-III’s
benefits translate to modeling gravity fields produced by small-bodies, looking specifically at the
performance when modeling the gravity field of the asteroid 433-Eros.

Nominal Performance

To investigate this, the same analysis performed on the Earth is repeated for Eros using PINN-
GM-II in place of PINN-GM-I. Also, instead of using a spherical harmonic model, the truth accel-
erations are computed using a polyhedral model comprised of approximately 11,000 total facets and
vertices, and the training data are distributed uniformly between the surface of the asteroid and a
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maximum radius equal to 3 radii from the center of mass. The results of the trained PINN-GM-II
and PINN-GM-III models are shown in Figure 8.
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Figure 8: Average Percent Error of PINN-GM-II (top) and PINN-GM-III (bottom) trained on Eros.

Again, the PINN-GM-III demonstrates consistent modeling superiority over its second generation
predecessor. PINN-GM-II had considerably less stable and less accurate models in the low capacity
regimes of N = {10, 20} than PINN-GM-III. Even when training stabilized in the higher capacity
PINN-GM-II instances, PINN-GM-III consistently achieved greater accuracy.

Beyond the accuracy within the training distribution, another second experiment showcases the
difference in extrapolation error of the two different models. In this test, two networks are trained, a
PINN-GM-II and PINN-GM-III each with 10 nodes per hidden layer and eight hidden layers. Each
network is trained on 1,000 data points spanning 0-3R about the asteroid Eros. The average errors
of both models are reported as a function of altitude from 0-10R in Figure 9a, and the XY cartesian
plane cross sections are show in Figures 9b and 9c.

Note how only the PINN-GM-III is able to maintain low errors at high altitudes; whereas the
PINN-GM-II quickly diverges beyond the bounds of the training data. This showcases the advan-
tages of enforcing boundary conditions and scaling the network potential to ensure numerical accu-
racy, and offers the first demonstration that machine learning gravity models can be used globally
and beyond the bounds of their training data.

EXPERIMENTAL MODIFICATIONS FOR PINN-GM-III

The experiments shown thus far quantify the performance of the stable version of the PINN-
GM-III. Ongoing work explores additional modifications to the PINN-GM motivated by recent
developments in the scientific machine literature. Experiments for these additional modifications
are still ongoing, but their current status and motivation are detailed below.
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Avoiding Spectral Bias with Fourier Feature Mapping

A well-documented challenge faced by many neural networks is an effect called spectral bias.26

The gradient flow dynamics of traditional and physics-informed neural networks are known to pref-
erentially learn low-frequencies before high-frequencies during training. This bias towards lower
frequencies can lead to excessively slow convergence rates when attempting to model signals with
high-frequencies like those found in many gravity fields. One need only consider the discontinuous
perturbations on the Earth or the many craters on the surface of the Moon to recognize such bias
can be detrimental to training PINN-GMs efficiently.

Multiple research efforts aim to address this bias. One effort proposes the introduction of a
fourier feature mapping layer to aid in making the neural tangent kernel stationary.27 By randomly
projecting the inputs of a neural network into fourier space, it is shown that the spectral bias can be
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eliminated if the inputs are projected into the correct range of frequencies. Another effort extends
these findings to demonstrate how multi-scale problems in scientific machine learning may require
multiple projections into fourier space to efficiently learn both high and low frequency functions.28

Separately, the Sinusoidal Representation Networks (SIRENs) was introduced which exclusively
leverage sine functions for the network activations along with a principled initialization scheme
to construct more compelling implicit neural representations of complex signals.29 SIRENs are
shown to produce continuously differentiable and higher accuracy representations of complex envi-
ronments using less data than networks with other non-linear activation functions.

Tests for each of these modifications on the PINN-GM-III are still ongoing and are excluded for
brevity. Of the analyses conducted thus far, the SIREN approach appears to offer the most benefit
for the gravity problem but the magnitude is only marginal.

To demonstrate this, an experiment is proposed which seeks to produce a PINN-GM for the
Moon’s gravity field. The Moon’s gravity field is of considerably higher complexity than that of the
Earth,10 and exhibits a wide range of both high and low frequency signals (see Figure 10a) making
it an appropriate testbed to investigate the utility of the SIRENs approach.

This experiment trains two networks: first a stable PINN-GM-III model and second a PINN-GM-
III with the proposed SIRENs activation / initialization scheme. Each network is trained on 100,000
data points distributed between the surface of the Moon and an altitude of 50 kilometers. Each
PINN has 8 hidden layers and 20 nodes per hidden layer and was trained for 5,500 epochs. The
resulting models are presented in Figure 10.

Both the vanilla PINN-GM-III and the PINN-GM-III with SIREN appear to produce models of
comparable accuracy. The average percent error of the PINN-GM-III SIREN is 1% more accurate at
the surface, and 7% more accurate across the entire training domain. Future work must investigate
if these values are representative of optimal performance and if the SIRENS solution should be
included in the final PINN-GM-III design.

Learning Rate Annealing Algorithm

Another potential modification for the PINN-GM investigates how to better leverage a multi
objective loss function. For PINN-GM-II, the physics informed loss function, Equation 5, was
augmented with additional physics constraints as:

L(θ) =
1

N

N∑

i=0

∣∣∣−∇Û(xi|θ)− a
∣∣∣
2

+
∣∣∣∇2Û(xi|θ)

∣∣∣
2

+
∣∣∣∇×∇Û(xi|θ)

∣∣∣
2

(25)

These additional physics constraints assist the networks in finding performant gravity models in the
presence of noisy training data.11 However, despite this additional robustness, these constraints also
act as a form of regularization and can degrade performance of PINN-GMs slightly when trained on
perfect position and acceleration measurements. Moreover, these constraints increase the amount
of training time necessary for the PINN-GM to converge given the computational complexity of
computing the second order derivatives of the potential. As such, for the tests conducted in this
paper, these additional constraints are omitted from the cost function.

Despite this, there likely exists a way in which these additional constraints can return to the cost
function and assist network performance even in the presence of perfectly measured training data.
Specifically, a recent paper highlights that PINNs with multiple physics objectives in their loss
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Figure 10: The resulting PINN-GM-III and III-SIREN networks trained on Moon’s gravity field
expanded to degree l = 1, 000

function can have competing gradient flow dynamics – i.e. the different objectives have different
learning behaviors which may prevent some objectives from being leveraged during training.30 To
combat this, a learning rate annealing algorithm is proposed which adaptively reweights the different
components in the loss function to circumvent these difficulties. Future work for the PINN-GM
will investigate the effect of this learning rate annealing algorithm on network performance and
determine if its incorporation should be included in the final PINN-GM-III model.
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CONCLUSIONS

Scientific machine learning and physics informed neural networks offer a compelling set of tools
to address the gravity field modeling problem. While past generations of the PINN-GM have of-
fered early glimpses into the potential advantages of this machine learning approach, considerable
work remained to address the pitfalls prone to these machine learning systems. This paper demon-
strates that with additional design considerations, many of these aforementioned challenges can be
addressed and offer global improvements in performance in a broad range of training and network
conditions. Future work will investigate the performance in the limit of large quantities of train-
ing data, data with uncertainty, and the effects of additional physics constraints include in the loss
function.
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