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A STUDY OF DYNAMICS AND STABILITY OF TWO-CRAFT
COULOMB TETHER FORMATIONS

Arun Natarajan

Abstract

In this dissertation the linearized dynamics and stability of a two-craft Coulomb tether
formation are investigated. With a Coulomb tether the relative distance between two satel-
lites is controlled using electrostatic Coulomb forces. A charge feedback law is introduced
to stabilize the relative distance between the satellites to a constant value. Compared to
previous Coulomb thrusting research, this is the first feedback control law that stabilizes a
particular formation shape. The two craft are connected by an electrostatic virtual tether
that essentially acts as a long, slender near-rigid body. Inter-spacecraft Coulomb forces
cannot influence the inertial angular momentum of this formation. However, the differ-
ential gravitational attraction can be exploited to stabilize the attitude of this Coulomb
tether formation about an orbit nadir direction. Stabilizing the separation distance will
also stabilize the in-plane rotation angle, while the out-of-plane rotational motion remains
unaffected. The other two relative equilibriums of the charged 2-craft problem are along
the orbit-normal and the along-track direction. Unlike the charged 2-craft formation sce-
nario aligned along the orbit radial direction, a feedback control law using inter-spacecraft
electrostatic Coulomb forces and the differential gravitational accelerations is not sufficient
to stabilize the Coulomb tether length and the formation attitude. Therefore, hybrid feed-
back control laws are presented which combine conventional thrusters and Coulomb forces.
The Coulomb force feedback requires measurements of separation distance error and error
rate, while the thruster feedback is in terms of Euler angles and their rates. This hybrid
feedback control is designed to asymptotically stabilize the satellite formation shape and

attitude while avoiding plume impingement issues. The relative distance between the two



satellites can be increased or decreased using electrostatic Coulomb forces. The linear dy-
namics and stability analysis of such reconfiguration are studied for all the three equilibrium.
The Coulomb tether expansion and contraction rates affect the stability of the structure
and limits on these rates are discussed using the linearized time-varying dynamical mod-
els. These limits allow the reference length time histories to be designed while ensuring
linear stability of the virtual structure. Throughout this dissertation the Coulomb tether
is modeled as a massless, elastic component and, a point charge model is used to describe

the charged craft.

iii



To my parents



Acknowledgements

I would like to thank Dr. Hanspeter Schaub for introducing me to this wonderful field of
Astrodynamics. This dissertation would not have been possible without his guidance and
support. I would also like to acknowledge and thank him for the financial support during the
past two years of my doctoral program. Dr. Christopher D. Hall, Dr. Craig A. Woolsey and
Dr. Scott L. Hendricks were the other professors in the research committee and I am grateful
for their valuable suggestions. The Aerospace and Ocean Engineering Department offered
me financial assistantship during my first year. I thank them for this support. I am indebted
to all the past and present members of Dr. Schaub’s research team for their constructive
comments and suggestions during the research meetings and general discussions.

There are a lot of people who made my stay in Blacksburg very memorable and enjoyable.
A special thanks to Scott and Emily Kowalchuk for all their nice parties and impromptu
dinner invitations. Some of the nicest times I spent in Blacksburg were in their company. 1
would like to also thank my gang of Indian friends - Rajesh, Parthiban, Vidya, Pradeep, Siva,
Ashvin, Ajit and Anu. They made me feel at home and our weekend get-togethers helped
me to unwind and relax. Finally, I would like to thank my parents Rajam and Natarajan,

and my twin brother Diwakar for their lifelong love, encouragement and support.



Contents

[Acknowledgements| v
||:|st of Flguresl X
List of Tables xvi
(1__Introductionl 1
[1.1  Coulomb Formation Flying| . . ... ... ... ... ... ... ....... 1
[.2 Related Workl . . . . .. ... 6
[[.3 _Dissertation Overviewl . . . . . . . . . . . . .. . . 8
2 Discretized Model for Coulomb Forces Under Plasma Screening] 10
RI Tntroductionl. . . . . . . . . . .. 10
2.2 Choice of Discretization Meshl . . . . . ... ... ... .. 00 12
2.3 Discretized Model in Plasma Fnvironment! . . . . .. .. ..o 17
2.4 Summary] . . . .. .. 20
[3 Reconfiguration of a Two-Craft System in Free-Space Using Coulomb Forces| 21

BI Tntroductionl. . . . . . . . o o 21
[3.2  Free-Space Reconfiguration Dynamics| . . . . . ... ... ... ... .... 22
3.3  Bang-Bang Charging| . . . . . . .. ... ... ... ... .. .. .. ..., 25

vi



Contents

8.4 Simulation Resultsl . . . .. .. ... o 29
3.5 Summary] . ... . L 35

[4  Two-Craft Coulomb Tether Formation Along Orbit-Radial Direction| 36
4.1 Introductionl. . . . . . . . . . 36
4.2 Static (Rigid) Formation Dynamics| . . . . . . . ... ... ... ... .... 38
4.3 Linearized Orbital Perturbationf. . . . . . .. ... ... ... ... .. ... 43
4.4 Stability Analysis Using the Gravity Gradient Torquel . . . . . . . ... .. 47
M5 Numerical Stmulation] . . . ... ... ... oL oo 55
4.6 Summary|] . . . . ... e e e e 59

[5 Orbit Normal and Along-Track Two-Craft Coulomb Tethers| 60
b1 Introductionl. . . . . . . .. Lo 60
5.2 Charged Relative Equations of Motion| . . . . . . .. .. ... ... ..... 63
[5.2.1  Along-Track Configuration| . . .. ... ... ... ... ....... 63

[5.2.2  Orbit Normal Configuration|. . . . . . .. . ... ... ... ..... 65

5.3 Hybrid Feedback Control Development|. . . . . . ... ... ... ... ... 67
[5.3.1 Along-Track Configuration| . . .. ... ... ... ... ....... 67

[5.3.2  Orbit Normal Configuration|. . . . . . . . . ... ... ... ..... 71

0.4 Numerical Simulationl . . . . . ..o oo 75
[5.4.1 Along-Track Configuration| . . .. ... ... ... ... ....... 76

[5.4.2  Orbit Normal Configuration| . . . . . . .. .. ... ... ....... 77

b.4.3  Differential Solar Perturbationl . . . ... ... ... ... ... ... 79

[5.5  Summary| . . . ..o 85

[6 Reconfiguration of a Nadir-Pointing 2-Craft Coulomb Tether] 86
6.1 TIntroductionl. . . . . . . . . . L 86

vii



Contents

6.2 Satellite Reconfiguration Dynamics| . . . . . . ... ... ... ... ..... 87
6.3 Stability Analysis|. . . . . . .. o 93
6.4 Numerical Simulationl . . . ... ... ... .. o oL 100
6.5 Summary] . . ... .. e 108
Analytical Solution for Out-of-Plane Motion Using Bessel Functions| 110
[f.1 Introduction|. . . . . . . . . . . 110
7.2 Analytical Solution Derivation| . . . . .. .. ... ... ... ... 111
(.3 Initial Conditions . . . . . . . . . . .. oo 115
[7.4  Bounds on Initial Out-Of-Plane Angle|. . . . . . .. ... ... ... .... 118
(.o Numerical Simulationsf . . . . . . . .. .o 119
7.6 Summary| . . . . . . . . . e e e 123
Smooth Transition of Discontinuity in Reference Length Rate| 125
81 Introduction|. . . . . . . . . . . 125
8.2 Smooth Transition Function| . . . . .. ... ... o o000 126
8.3 Reference Length Rate Transition Function| . . . . . .. .. ... ... ... 128
B4 Numerical Stmulation] . . . . ... ... ... . o o 131
8.5 Summary] ... 135
Reconfiguration Along Orbit-Normal and Along-Track Equilibrium| 136
9.1 Introductionl. . . . . . . . . Lo 136
9.2 Reconfiguration Dynamics| . . . . . . . .. ... ... ... 137

9.2.1  Along-Track Configuration| . . ... .. ... ... ... ....... 137

[9.2.2  Orbit Normal Configuration|. . . . . . .. ... ... ... ...... 139
9.3 Stability Analysis|. . . . . . . ..o 141

9.3.1 Along-Track Formation| . . . . .. ... ... .. ... .. ...... 142

viii



Contents

9.3.2  Orbit-Normal Formationl. . . . . . . . . . . . .. . ... ... ... 145

9.4 Numerical Stimulationsl . . . . . . . . . .. 147
9.4.1  Along-Track Configuration| . . . ... ... ... ... ........ 148

9.4.2 Orbit-Normal Formationl. . . . . . . . . . . . . . . ... ... ... 152

9.5 Summary] . . . ... L 152
10 Conclusion| 156
grap 159

ix



List of Figures

|[1.1  The Coulomb force interaction between two charged craft.| . . . . . . . . .. 2
[1.2  The cluster Coulomb formation flying concept.| . . . .. . .. .. ... ... 3
[1.3  The gluon Coulomb formation flying concept. . . . . . . . .. ... ... .. 4
1.4 The release of a camera - a potential application ot Coulomb formation flying.| 5
2.1 The Debye shielding.| . . . . . .. ... .. ... . ... . ... ... 11
2.2 The induced charge in a neutral sphere in the vicinity of a charged sphere|. 13
[2.3 A simple spherical surface with the illustration of an elemental surtace.|. . . 14
[2.4  The percentage error in the Coulomb force calculated using the point charge |
model and the discretized surface model tor two spheres for different dis- |

[ cretization mesh sizel . . . . . ..o oL 15
[2.5  T'wo spheres with discretized surfaces resulting in discretized surface charges |
and their interaction. . . . . . . . ... L Lo 16

2.6  Contour plots showing the percentage error in the Coulomb force calcu- |
lated using the point charge model and the discretized surtace model for |

two spheres under plasma screening.| . . . . . . ... ... 19

3.1  The two-crait arrangement in free-space.|. . . . . . . . . .. ... ... ... 23
13.2  Schematic representation of the bang-bang charging.| . . . . . . .. ... .. 25



List of Figures

B3

Simulation results for increasing the separation between two satellites of equal

masses from 2m to 3m in different maneuver time using bang-bang charging

PIOCESS.| . v v v v v e e e e e e e e e e e e e e e

26

B4

Schematic representation of the homotopies used in generating the contour

........................................

28

[3.5

The switch time and voltage as functions of increase in separation distance

in a constant maneuver time. These voltages and switch times correspond

to the gluon-deputy arrangement with a constant maneuver time of 1.0 hour

and initial separation distance of 15m. | . . . . . . . . ... ... L.

B6

The contour plot of the voltage (log) needed to increase the separation dis-

tance of two craft of equal mass, from 2 m to several meters in different

maneuver times, using bang-bang charging.| . . . .. .. .. ... ... ...

B.7

The contour plot of the voltage (log) needed for a gluon-deputy satellite

arrangement to increase the separation distance from 15 m to several meters

in different maneuver times, using bang-bang charging.|. . . . . . . . .. ..

B3

The contour plot of the voltage (log) needed for a gluon-deputy satellite

arrangement to increase the separation distance by 10 m for various initial

separation distances in different maneuver times, using bang-bang charging.|

33

A1

Rotating Hill coordinate system used to describe the relative position of the

satellites| . . . . . . ...

38

2

Coulomb tethered two satellite formation with the satellites aligned along

the orbit nadir directionl . . . . . . . . . . ...

40

4.3

Fuler angles representing the attitude of Coulomb tether with respect to the

orbit framel . . . . . . L.

43

xi



List of Figures

4.4 Root-locus plot of the linearized spherical coordinate differential equations |
for different gain o values.| . . . . . . ... oo Lo 55
4.5 Simulation results of mtegrating either the linearized spherical coordinates |
differential equations (solid lines) or the nonlinear inertial coordinate differ- |
ential equations (dashed lines).| . . . . . . ... ... oo Lo 57
[5.1 Static coulomb tether formation aligned with along-track direction. . . . . . 61
[5.2  (3-1) Euler angles describing the Coulomb tether orientation for the along- |
track relative equilibria] . . . . ... 0o oo oo 62
[5.3 (2-1) Euler angles describing the Coulomb tether orientation for the orbit |
normal relative equilibria) . . . .. ..o o000 oo 65
5.4 Root Locus Plot for Along-Track Configuration with no =6 and oy =2.3.|. 71
|5.5 Figure Illustrating the Thrusters Along by and b3 Axes for Along-Track Con- |
figuration. | . . . . . .. 72
[5.6 Root Locus Plot for Orbit Normal Configuration with Ko = 50% and oo = 2.5 75
[5.7 Simulation results for two craft aligned along the along-track direction with |
a separation distance of 25m. |. . . . . . . ..o o oo 78
5.8 Simulation results for two craft aligned along the orbit normal direction with |
a separation distance of 2bm. |. . . . . . . ... Lo 80
5.9  The Orientation of the Cylindrical Craft and the Sun’s Position|. . . . . . . 81
[5.10 Simulation results for two craft aligned along the along-track direction with |
constant differential solar perturbation.| . . . . ... . ... ... ... ... 82
[5.11 Simulation results for two cratt aligned along the orbit normal direction with |
constant differential solar perturbation.| . . . .. ... ... ... ... ... 83
6.1 A simple Coulomb tracking illustration.| . . . . . ... ... .. ... .... 88

xii



List of Figures

6.2 Coulomb Tethered T'wo Satellite Formation with the Satellites Aligned Along |
the Orbit Nadir Directionl . . . . . . . . . . .. ... ... ... ... .... 89
6.3 Plots showing the regions that satisty the Routh Hurwitz stability criterion.| 96
6.4 Plots showing the regions that satisty the Routh Hurwitz stability criterion |
and Rosenbrock bounds. . . . . . . ... ... o oo L 99
6.5 Simulation results for expanding the spacecratt separation distance from 25m |
to 35m in 1.8 days. The feedback gains are C; =12 and o = 1.4). . . . . . 102
6.6 Simulation results for expanding the spacecraft separation distance from 25m |
to 35 m in 1.8 days. The feedback gains are C; =12 and e = 1.4. . . . . . 103
6.7 Simulation results for contracting the spacecraft separation distance from |
25 m to 15 m in 1.8 days. The feedback gains are C; = 12 and o = 1.4.| . . 104
6.8 Simulation results for expanding the spacecratt separation distance from 25m |
to 35m in 1.8 days. The feedback gains are C; = 14 and « = 0.9. . . . . . 106
6.9  Simulation results for contracting the spacecrait separation distance from |
25 m to 15m in 1.8 days. The feedback gains are C; = 14 and o = 0.9.| . . 107
[7.1 The time histories of the out-of-plane angular motion (f) using analytical |
solution with the amplitude as bounds.|. . . . . . .. . ... ... ... ... 120
[7.2  The time histories of the out-of-plane angular motion (#) using the analytical |
solution and by simulating the full nonlinear equation.| . . . . . . . . . . .. 121
[7.3  The time histories of the out-of-plane angular motion () using the analytical |
solution and by simulating the full nonlinear equation. The initial 6 value is |
0.06 radians, resulting in the final out-of-plane angular oscillation amplitude |
of .l radians. | . . . . . . . . . 122

xiii



List of Figures

[7.4  The final out-of-plane amplitude for different rate of contraction. In all the |
| cases, the formation with initial separation distance ot 25 m 1s contracted by |
| 10 m and the initial out-of-plane angle error is 0.1 radians.| . . . ... . .. 123

[7.5 'The final out-of-plane amplitude for different initial separation distance. In |
| all the cases, the formation is contracted by 10 m in 2 days and the initial |
| out-of-plane angle error 1s 0.1 radians.| . . . . . . . ... .. ... ... ... 123

[8.1  Time history of the hyperbolic tangent function.| . . .. .. ... ... ... 127

[8.2  Time history of the smooth transition function F'(¢).| . . . . ... ... ... 128

18.3 Time history of the time derivative of the smooth transition function (F'(t)).] 129

[8.4  Simulation results for expanding the spacecraft separation distance from 25m |
| to 35m in 1.8 days. The feedback gains are C; = 12 and Co = 2.4249) . . . 133

[8.5  Simulation results for expanding the spacecraft separation distance from 25m |
| to 35 m in 1.8 days. The feedback gains are C; = 12 and Cy = 2.4249.| . . . 134

9.1  Plot showing the regions that satisfy the Routh Hurwitz stability criterion |
| for along-track formation. The gain values are K1 = 6 and Cy = 2.97.| ... 143

9.2 Plot showing the regions that satisty the Routh Hurwitz stability criterion |
| and Rosenbrock bounds for along-track formation.) . . . . . . ... ... .. 144

9.3 Plot showing the regions that satisty the Routh Hurwitz stability criterion |
| for orbit-normal formation. The gain values are K; = 2.7 and K5 = 5. | .. 146

9.4  Plot showing the regions that satisfy the Routh Hurwitz stability criterion |
L and Rosenbrock bounds for orbit-normal formation) . . . .. ... ... .. 147

9.5  Simulation results for expanding the separation distance of an along-track |

formation from 25 m to 35 m. The feedback gains are C7; = 2.97, Cy = 3.10, |

Ky =6and Ko =2 . . . . . 149

xXiv



List of Figures

9.6 Simulation results for contracting the separation distance ot an along-track |

formation from 25 m to 15 m. The feedback gains are C7; = 2.97, Cy = 3.10, |

Ky=6and Ko =2 . . . . . . 150

9.7 Simulation results for expanding the separation distance of an orbit-normal |

formation from 25 m to 35 m. The feedback gains are Cy = 0, Cy = 3.4641, |

K =27 Ko=5and K3 =4.6938). . . . . .. ... ... ... ... .... 153

9.8 Simulation results for contracting the separation distance of an orbit-normal |

formation from 25 m to 15 m. The feedback gains are Cy = 0, Cy = 3.4641, |

K =27 Ko=5and K3 =4.6938). . . . ... ... ... ... ... .... 154

XV



List of Tables

|3.1 Input parameters used in simulation of free-space reconfiguration.|. . . . . . 29
4.1 Input parameters used in orbit-radial simulation| . . . . ... ... ... .. 56
5.1 Input parameters used in along-track simulation| . . .. .. ... ... ... 76
5.2 Input parameters used in orbit normal simulation|. . . . . . . ... ... .. 79
[6.1 Input parameters used in orbit-radial reconfiguration simulation| . . . . . . 101

[8.1 Input parameters used in orbit-radial reconfiguration simulation with smooth

transition | . . . . . . ... 132
[9.1 Input parameters used in along-track reconfiguration simulation|. . . . . . . 148
9.2  Input parameters used in orbit normal reconfiguration simulation| . . . . . . 152

xXvi



1 Introduction

1.1 Coulomb Formation Flying

Formation flying of spacecraft using Coulomb forces is a new and emerging field of study.
Here, the electrostatic (Coulomb) charge of spacecraft is varied by active emission of either
negative electric charges (electrons) or positive electric charges (ions). The resulting changes
in inter-spacecraft Coulomb forces are used to control the relative motion of the spacecraft
as illustrated by Figure This novel concept of propellantless relative navigation control
has many advantages over conventional thrusters like ion engines. For example, this method
of propulsion has been shown to require essentially no consumables (fuel efficiencies ranging

0'3 seconds), require very little electric power to operate (often less than 1 Watt),

up to 1
and can be controlled with a high bandwidth (zero to maximum charge transition times are
of the order of milli-seconds). Thus, this propulsion concept could enable high precision
formation flying with separation distances ranging between 10-100 meters. It is also a
clean method of propulsion compared to ion engines, thereby avoiding the thruster plume
contamination issue with neighboring satellites. For this range of separation distances, the
plume-impingement problem of high-efficiency ion engines would be severe.

Proposed uses of the Coulomb propulsion concept include high-accuracy, wide-field-of-

view optical interferometry missions with geostationary orbits(GEO),Y controlling clusters

of spacecraft to maintain a bounded shape/® as well as the use of drone-worker concepts



1.1 Coulomb Formation Flying

Electrostatic (Coulomb)
Force Flelds Charged Satellites

Separation Distance L

Figure 1.1: The Coulomb force interaction between two charged craft.

where dedicated craft place a sensor in space using Coulomb forces® The cluster Coulomb
formation flying concept is illustrated in Figure In this type of formation the Coulomb
forces not only keep the satellites bounded, but also keep them from colliding with each
other. The drone-worker concept or the “Gluon” Coulomb formation concept is shown in
Figure Here, the gluon satellite in the center acts like the mother satellite that is
capable of carrying a large charge, and the satellites in the periphery, or daughter satellites,
carry only small charges. The net force experienced by a daughter satellite will be high
as it will depend on the product of gluon charge and daughter satellite charge. Thus, this
concept allows a daughter satellite to carry sophisticated instruments that might be affected
by high charging. Also, in this type of formation the force interactions between the daughter
satellites are negligible and therefore, effectively decouples the complex system. Figure[1.4
shows another potential application for a two-craft Coulomb formation setup. A camera or
a probe can be deployed from a satellite and retrieved back using the Coulomb forces.
While the Coulomb propulsion concept has many exciting advantages and potential ap-
plications, it does come at the price of greatly increased coupling and nonlinearity of the
charged spacecraft equations of motion. The relative motion of all other neighboring charged

craft will be affected by changing the charge of a single craft. Further, with the Coulomb



1.1 Coulomb Formation Flying

Figure 1.2: The cluster Coulomb formation flying concept.

forces being formation-internal forces, some constraints are applicable to all feasible charged
spacecraft motions. In particular, Coulomb forces cannot be used to change the total iner-
tial formation angular momentum vector®? As a result, the reorientation of a formation
as a whole to a new orientation must satisfy this momentum constraint.

When charging spacecraft to control relative motion, differential charging across the
spacecraft components must be minimized to avoid arcing. However, note that the con-
trol charge levels required for the Coulomb formation are similar to the naturally occurring

charge levels of GEO spacecraft during periods of high solar activity. The technology to



1.1 Coulomb Formation Flying

Figure 1.3: The gluon Coulomb formation flying concept.

control the charge involves high-speed ion and electron emitters, and is similar to what is
currently flying on the CLUSTERS mission? or to that flown on the SCATHA mission.”
On the CLUSTERS mission the spacecraft charge is actively controlled to neutralize its
potential relative to the space plasma environment. Because of the high fuel efficiency

of the Coulomb thrusting concept 8

where relative motion Iy, values can range between
10'9-10' seconds, the change in momentum and plasma environment due to the expelled
charges is negligible.

The study of electrostatic charging data of SCATHA spacecraft’ in GEO has shown
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«_-7=il

)

CAMERA

Figure 1.4: The release of a camera - a potential application of Coulomb for-
mation flying.

that the spacecraft can naturally charge to high voltages in low plasma environments such
as at GEO. The level of natural charge depends on the current solar activity. Further,
this mission demonstrated that the spacecraft charge could be actively controlled. The
Coulomb propulsion has its own set of limitations, however. The magnitude of Coulomb
electrostatic force is inversely proportional to the square of separation distance, which makes
this method effective only for close formations of the order of 10-100 m, depending on the

maximum allowable level of spacecraft charge. Moreover, in the presence charged plasma



1.2 Related Work

particles, the effectiveness of Coulomb force is diminished with the electric field dropping
off exponentially. The severity of this drop is measured using the Debye length 219 For low
Earth orbits (LEO), the Debye length is of the order of centimeters, making the Coulomb
formation flying concept impractical. At geostationary orbits (GEO) or higher, where the
plasma environment is less dense, the Debye length is about 100-1400 meters. The Coulomb

formation flying concepts can be comfortably applied at this altitude.

1.2 Related Work

The concept of formation flying using electrostatic propulsion was introduced in References
1,2|and 8. These pioneering works discussed the static Coulomb satellite formations and the
associated equilibrium charges, but did not address the stabilization of these formations.
The NIAC report by King et al® found analytical solutions for Hill-frame invariant Coulomb
formations. Here spacecraft were placed at specific locations in the rotating Hill frame
with specific electrostatic charges. As a result the Coulomb forces perfectly cancel all
Keplerian relative orbit accelerations, causing the satellites to remain fixed or static as
seen by the constantly rotating Hill frame. The analytical solutions were found for simple
geometries involving 3 to 7 satellites using formation symmetry. In all these formations one
satellite is located at the center of mass of the satellite formation. The equations of motion
representing these Coulomb formations in the Hill frame are highly coupled and complex
non-linear equations. With multiple craft, complex static formations other than the simple
symmetric formations found in Reference |8 are also possible. However, these complex static
formations are non-intuitive and a numerical approach is needed to find the constant Hill
frame position and charge that result in a static formation. One such numerical approach
using a genetic algorithm is given in Reference [11. In Reference |11, Coulomb formation

shapes involving up to 9 craft were discussed. The necessary conditions for achieving such
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static Coulomb formations were determined in Reference 12| using Hamiltonian formulations
of the Coulomb formation dynamics. These hamiltonian formulations are analogous to the
study of equilibrium conditions of rigid bodies in orbit The analytical solution for the static
charge and their feasibility for different shapes in two-craft and three-craft formations were

114 showed that Coulomb forces can be

discussed in detail in Reference [13. Romanelli et a
used to cancel the differential drag due to solar radiation, Jy effect and atmospheric drag,
experienced by craft in a static formation. Note that the charge is held constant in the
above mentioned open-loop static Coulomb formations studies. The discovered open-loop
static Coulomb formations were all found to be unstable.

Reference 12| discussed these static Coulomb satellite formations and a nonlinear control
law that was capable of bounding the relative motion between two close craft. This charge
feedback control can also be used to control general orbit element differences with guar-
anteed stability, but not necessarily with asymptotic convergence. Reference [15| presents
an open loop stable spinning two craft Coulomb tether. The reconfiguration of this spin-
ning Coulomb tether in deep space was also discussed in that paper. A Lyapunov-based
control law for stabilizing a 1D-restricted three-craft Coulomb structure was shown in Ref-
erence [16l The Lyapunov-based control law identified the required charge products and
real implementable charge values for each craft were extracted by studying the null space
of the charge product matrix. A control law for avoiding collision between spacecraft in a
cluster in free space was proposed in Reference [17. The proposed control law required only
the separation distance between the craft and its rate for determining the charge feedback.
The control law ensured that no two craft were within each other’s safety spherical zones
of fixed radius.

Another potential area of application for Coulomb forces is to change the position or
orientation of a space structure. A charge control law was developed in Reference |3| to

reposition a charged body using three charged drones. The control law assumed that the
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Coulomb attraction is the only dominant force acting on the system and neglects orbital
mechanics. Another deployment technique where a chief satellite deploys a drone craft
to a specific location was developed in Reference |18 Here, the chief has small charged
spheres attached to it and the charge of each small sphere was actively controlled to achieve
the desired deployment. Izzo and Pettazzil? proposed using Coulomb forces for aiding the
self-assembling of large structures in space. Here, the use of Coulomb forces reduce the
propellent consumption significantly.

Formation flying using electromagnetic fields for propulsion is an area of research where
lot of work is being published 2%21:22 Unlike Coulomb forces, the electromagnetic fields are
not constrained by the Debye shielding effects and therefore, are feasible in low Earth orbits
(LEO). But, the 1/ decay of magnetic field strength over distance is greater than the 1/r2
decay for Coulomb forces, making the range of deployment very small. The Lorentz Aug-
mented Orbit (LAO) system discussed in Reference 23 also used a type of electromagnetic
propulsion. Here, the propulsion was generated by the interaction of the Earth’s magnetic
field and the static charge present in the satellite. A limitation of this propulsion technique
was that the high charge required for this system to work can not be currently achieved in

practice with any existing technology.

1.3 Dissertation Overview

This dissertation is organized as follows. First, the force experienced by two charged craft
is studied in the plasma environment. The feasibility of using the point charge model for
describing these craft is discussed. In the next chapter, the idea of using Coulomb forces
for reconfiguration of satellites is explored by studying two-craft Coulomb formations in
free space. The charges or voltages required for such a maneuver are studied and the case

for exploring the Coulomb formation in orbit is established. Next, the study of a two-craft
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Coulomb virtual tether that is aligned along the orbit-radial (nadir) direction and in a Ke-
plarian Geo-synchronous orbit, is presented. Feedback laws for stabilizing this formation
along the orbit radial axis for a particular shape are derived. In the following chapter, the
two-craft formation stability along the orbit-normal direction and along-track direction are
studied and hybrid feedback control laws are derived for stabilizing the formation. After
developing control laws for stabilizing the formation along all three axes, the reconfiguration
maneuver for craft aligned along the orbit-radial direction is presented. Next, analytical
solutions using Bessel functions are established for the decoupled out-of-plane motion when
the reconfiguration is taking place at a constant rate. In the succeeding chapter, the instan-
taneous changes in the reconfiguration rate is smoothed to ease the excessive oscillations
about the ideal prescribed trajectory for reconfiguration. Finally, the reconfiguration about

the orbit-normal and along-track equilibrium is also presented.



2 Discretized Model for Coulomb Forces

Under Plasma Screening

2.1 Introduction

2825 state’s that the net electric flux coming out of a closed surface is directly

Gauss’s law
proportional to the net charge enclosed by the surface. Using this law it can be easily shown
that the electric field at any point outside a uniformly charged conducting sphere (solid or
shell) is the same as if the net charge were concentrated at the center of the sphere (like
a point charge). This same concept can be extended while calculating the force between
two charged spheres. The charged spheres can be assumed as point charges at the center of
each sphere, provided the separation distance between them is sufficiently large. At small
separation distances the surface charge distribution will not be even due to the induced
charge effects and the point charge model is not valid.

The behavior of a charge particle is significantly different in a plasma environment than
its behavior in vacuum. If a test charge (positive) is placed in a uniform plasma, it will
attract electrons and repel the positive ions in the plasma. This will result in the gathering
of electrons around the test charge, which will act as a shielding cloud that cancels the

effect of the test charge. Thus the electric field or potential decays much faster in plasma

environment than in vacuum. This phenomenon is called Debye shielding®!Y and is illus-

10



2.1 Introduction
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€ e~ € Test Charge
+ +
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Plasma Environment

Figure 2.1: The Debye shielding.

trated in Figure In References |9 and |10, an expression for the electric field due to a
point charge in plasma is given and a new parameter called Debye length, which has the
dimensions of length, is introduced. At distances that are greater than the Debye length
the electric field or potential decays exponentially, and at distances that are much smaller
than the Debye length the electric field is close to the point charge field in vacuum.

In MEO (Medium Earth orbit) and LEO (Low Earth orbit), the Debye lengths are small
(order of few centimeters) and one possible application of Coulomb force is the docking of
two satellites. The satellites can be modeled as two spheres and we study the Coulomb
force between two such spheres in close quarters in a plasma environment. The spheres
are hollow shells with a large surface area (similar to Gluon), and are porous so that the
plasma can seep inside the spheres. Thus the environment inside and outside the spheres is
the same. When the two charged spheres are in a close formation, the effectiveness of the
charge on the surfaces that are further away might be reduced because of Debye shielding.
Hence, point charge modeling of spheres based on Gauss’s law might not give the accurate

Coulomb force acting between the spheres that are in plasma environment. It should be

11



2.2 Choice of Discretization Mesh

noted that this problem is not very acute when the Debye lengths are very large or when
the separation distance between the spheres is large.

In this chapter, we discretize the surface of the spheres to small elemental areas and
the elemental charges in these discretized areas are considered to be point charges. The
resultant Coulomb force between the two spheres is found by adding, vectorially, the forces
due to each elemental charge that make up the spheres. While calculating the forces due to
elemental charge the effect of Debye shielding is taken into account. The net force obtained
from the discretized model is compared with the point charge model, and situations in
which point charge model will fail are identified. As discussed in the beginning of this
chapter, two spheres in close quarters might introduce induced charge separation in each
other. For instance, a positively charged sphere will attract more electrons in the other
sphere to move to the surface facing the positively charged sphere as shown in Figure
This induced charging will result in nonuniform surface charge distribution and coupled
with Debye shielding effects might drastically change the net effective Coulomb force. But,
for the time being we neglect this induced charge effect and assume the spheres to have a
uniform surface charge density.

This chapter is organized as follows. Initially, the effective choice of the discretization
mesh size is identified. Next, the net Coulomb force acting between the two spheres is
calculated using the discretized model. Finally, the forces calculated using the discretized
model and the point charge model are compared to identify the situations when the point

charge models fail.

2.2 Choice of Discretization Mesh

Consider a small elemental area on the surface of a sphere as shown in Figure The polar

coordinates of the elemental area are given by radius r and angles 1) and 6. The expression

12



2.2 Choice of Discretization Mesh

Induced charge

separation
Uncharged Charged
Sphere Sphere

Figure 2.2: The induced charge in a neutral sphere in the vicinity of a charged
sphere.

for the area of this element is given by
dA = rcos 1 dfdy (2.1)
The elemental charge dg on the elemental surface area dA can be written as
dg = 0dA = or cosvy dfdy (2.2)

where the charge density on the surface of the sphere is 0. Rewriting Eq. (2.2)) in terms of

the total charge ¢ carried by the sphere, we get

q
dq = m?" COS¢d9d¢ (23)
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2.2 Choice of Discretization Mesh
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b

Figure 2.3: A simple spherical surface with the illustration of an elemental
surface.

>

This elemental charge dg can be considered as a point charge and its position in terms of

the cartesian coordinates (with origin at the center of the sphere) can be written as

p = [z,y, 2T = [rcos(1) cos(h), r cos(zp) sin(8), r sin(¢))] " (2.4)

Similarly, by varying the polar angles ¢ and 6 from —7/2 to 7/2 and 0 to 27, respectively,
all the discretized elemental charges and their position can be identified.

Now, consider two such discretized spheres with n elemental areas in each. The net
Coulomb force acting between the spheres is the vector sum of the interaction of each

individual elemental charge. The Coulomb force using the discretized model can be written

14
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Figure 2.4: The percentage error in the Coulomb force calculated using the point
charge model and the discretized surface model for two spheres for different
discretization mesh size.

as

dq dg;
Fo Yk M) 25)
=1 j=1 -P
where k. is the Coulomb constant, dg; and p; are the it! elemental charge and its cartesian
position vector on sphere one, and similarly, dg; and p; are the 4* elemental charge and
its cartesian position vector on sphere two.

The force between two spheres based on the point charge model is given by

q192
= k. 2 (2.6)

where ¢; and ¢ are the respective total charges on sphere one and two, and d is the center-
to-center separation distance.
In order to establish acceptable mesh size (i.e. di) and df values), the Coulomb force

between two test spheres based on the discretized model was calculated for various dy and
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Figure 2.5: Two spheres with discretized surfaces resulting in discretized surface
charges and their interaction.

df values. It should be recalled that when in vacuum (i.e. neglecting plasma effect) and
when the induced charge redistribution effects are neglected the point charge models of the
spheres are valid. Hence, the force calculated from the discretized model is compared with
the point charge model and the percentage error is plotted for various di and df values as
shown in Figure A dt) and dé value that results in a percentage error of less than 1%
is an acceptable discretization. By using the Figure [2.4] di and df values are chosen as 10°

or 0.17 radians that result in a percentage error of 0.46% (well within 1%).
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2.3 Discretized Model in Plasma Environment

2.3 Discretized Model in Plasma Environment

The Coulomb force experienced by a test charge dg that is at a distance d from a point

charge ¢ in a plasma environment is given by

dg =d
F = kcﬁekd

- (2.7)

where )4 is the Debye length. It can inferred from Eq. that as the separation distance
d increases, the Coulomb force exponentially decays, and the exponential decay is more
severe when d is greater than the Debye Length Ag4.

A charged sphere in a plasma environment modeled as an equivalent point charge at
the center of the sphere will not give accurate results. At small Debye lengths, the charge
on the surfaces that are facing each other might be within the Debye length and have a
greater interaction than the charge on the opposite surfaces of the spheres because their
effect might be canceled due the Debye shielding. For calculating the Coulomb force, we
have model the spheres as porous shells and assume that the plasma can seep through.
This assumption might lead us to believe that the point charge approximations will be well
with in acceptable limits. However, this is not true for all situations. When the separation
distances are comparable to the radius of the spheres and at Debye lengths that are less
than the separation distance, the Coulomb force by replacing the spheres with equivalent
point charges at the center would have acutely decayed. But, in reality the charges on the
surface of the spheres that are closest to each other will be well with in the Debye length
and their interaction might result in a net Coulomb force that is significantly higher than
the force calculated using the point charge model. Thus, our main aim of this study is
to identify those regions of separation distance and Debye lengths where the point charge
model fails and a discretized surface model should be used instead.

The Coulomb force between two spheres in plasma environment is given using the dis-
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2.3 Discretized Model in Plasma Environment

cretized model as
qudq —lpj—pil
Fa=) > ker——2z(pj—pi)e ™ (2.8)

where the definitions of dg;, p;, dg; and p; are the same as in Eq. (2.5]). This process is
illustrated in Figure The force between two spheres in plasma environment based on

the point charge model is given by

=ld]
F, = kc%de M (2.9)

where ¢; and g2 are the respective total charges on sphere 1 and 2, and |d| is the center to
center separation distance. The percentage error between the two methods is calculated as

| Fp| — | Fal

Error =
| Fpl

100 (2.10)

The Coulomb forces using the point charge model and discretized model, and the per-
centage error are calculated for various combinations of radii-separation-distances ratios
and separation-distance-Debye-length ratios. Figure [2.6] shows the contour plots for the
percentage error in the Coulomb force calculated using the point charge model and the
discretized surface model for two spheres under plasma screening. In Figure [2.6(a)l the
separation distance-Debye length ratio (d/Ag) is varied from 0.1 to 1. It can be observed
from this plot that at high separation distance-radius ratio (d/r), the difference between
the point charge model and discretized model is insignificant even when the Debye lengths
are comparable to the separation distance (i.e. at high d/\4 ratios). There is considerable
difference when separation distance-Debye length ratio (d/Ag) is low and the Debye lengths
are comparable to the separation distance, and in this region the Coulomb force due to the

discretized model is higher than that due to the point charge model. This phenomenon

18



2.3 Discretized Model in Plasma Environment

Percentage
10 Frror
3
w9 12
=
e
c s
z 1-4
8
S 7
® 1-6
a
s
®
g 1-8
o 5
n
k]
2 4 -10
T
12
3 T T T T T —-12
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Ratio of Separation Distance by Debye Length (d/A d)
(a) Separation distance by Debye length ratio varies from 0.1 to 1
Percentage
Error
10 ]
B
= 9 -50
3
2
©
x 8
z
] 1-100
E 7
°
a
§ {-150
[
2
g2 5
n
o 1-200
g 4
O
14

3 T T T T i
1 1.5 2 25 3 3.5 4 45 5
Ratio of Separation Distance by Debye Length (d/A d)

(b) Separation distance by Debye length ratio varies from 1 to 5
Figure 2.6: Contour plots showing the percentage error in the Coulomb force

calculated using the point charge model and the discretized surface model for
two spheres under plasma screening.

is further illustrated in Figure [2.6(b)| in which the separation distance-Debye length ratio

(d/Ag) varies from 0.1 to 5. At separation distances that are much greater than the Debye
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2.4 Summary

lengths and at low separation distance-radius ratios (g) the difference between the models

is more than 100%.

2.4 Summary

In this chapter we demonstrate that for two spheres that are in the plasma environment,
the difference between the force calculated using the point charge model and the force
calculated using the discretized model is negligible, provided the separation distance is
large compared to the radius of the sphere and the Debye length is large compared to the
separation distance. The point charge model only fails at separation distances that are
close to the radius of the sphere and when the Debye lengths are comparable to or greater
than the separation distance. In these situations the discretized model gives results that
are closer to the actual value. In this dissertation, a point charge model is used for charged

spacecraft.
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3 Reconfiguration of a Two-Craft System in

Free-Space Using Coulomb Forces

3.1 Introduction

The study of electrostatic charging data of the SCATHA spacecraft” verified that spacecraft
can charge to high voltages in low plasma environments such as GEO, and the electric power
requirement is typically less than 1 Watt. The charged spacecraft can produce electrostatic
Coulomb forces that can be used to increase or decrease the relative distance between the
two craft. Henceforth, this kind of reconfiguration using Coulomb forces is referred as
Coulomb reconfiguration. This novel propellantless reconfiguration concept has many ad-
vantages over conventional thrusters like ion engines. Coulomb propulsion effectively uses
no consumables and is also a clean method of propulsion compared to ion engines, thereby
avoiding the thruster plume contamination issue with neighboring crafts. However, this
Coulomb reconfiguration also has its own set of limitations. The Coulomb electrostatic
force magnitude is inversely proportional to the square of the separation distance. Addi-
tionally, Coulomb force effectiveness is diminished in a space plasma environment due to
the presence of charged plasma particles. The electric field strength drops off exponentially
with increasing separation distance. The severity of this drop is characterized using the De-

bye length 210 For low earth orbits (LEO), the Debye length is of the order of millimeters
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3.2 Free-Space Reconfiguration Dynamics

to centimeters, making the Coulomb reconfiguration concept impractical at these low orbit
altitudes. At geostationary orbit (GEO) altitudes or higher, which has a hotter and less
dense plasma environment, the Debye length can vary between 100-1000 meters depending
on the solar activity cycles. The Coulomb reconfiguration concept appears to be feasible at
this altitude.

In this chapter, we study the feasibility and the charge requirements for Coulomb recon-
figuration. The craft are assumed to be in free-space. A bang-bang type of charging is used
to achieve this reconfiguration. Initially, the craft are given a fixed charge of same polarity
and they accelerate away from each other. After a fixed time the polarity is reversed. The
resulting attraction between the craft decelerates their motion and brings them to a com-
plete stop at the required separation distance. For various desired final separation distances
and maneuver times, the fixed charge and the time (switch time) at which their polarity
has to be reversed to achieve the bang-bang reconfiguration are determined. Two scenarios
are investigated when 1) the craft have equal masses and 2) the craft have unequal masses
model as Gluon-Deputy. The effects of the Debye length are included. This chapter is
organized as follows. First, the reconfiguration dynamics are discussed and this is followed

by the bang-bang charging process. Finally, the simulation results and conclusion are given.

3.2 Free-Space Reconfiguration Dynamics

Consider a two-satellite arrangement as shown in Figure Let the origin be located at
the center of mass. The distances of craft 1 and craft 2 from the origin are denoted x; and

x9, respectively. The separation distance between the two craft is d, given by

d:l’l — T2 (3.1)
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3.2 Free-Space Reconfiguration Dynamics

Coulomb Force

X2 \ 21

d
Separation Distance

Figure 3.1: The two-craft arrangement in free-space.

Since, the origin is located at the center of mass, the center of mass condition dictates that
mixr1 +maoxrg =0 (3.2)

Therefore, once we know the motion of one craft, the motion of the other craft can be
determined using the above condition. From Eq. (3.1) and Eq. (3.2)), the position of the

craft 1 can be written as

r1=d (1 + ml) B (3.3)

The craft are assumed to be in free space and therefore, no external force is acting on the
formation. The initial internal forces acting on the deputy are the gravitational force of

attraction between the two craft and Coulomb force. The former is given by

mimsa
d?

F,=G
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3.2 Free-Space Reconfiguration Dynamics

where G is the universal gravity constant and, mi and mgy are the masses of craft 1 and

craft 2, respectively. The Coulomb force is given by

q142

Fe=ke"p~

(3.5)

where k. is the Coulomb constant, and ¢; and ¢o are the charges of craft 1 and craft 2,
respectively. The force expression in Eq. (3.5]) is rewritten using the voltages produced due
to the charges as

172 Vlee(;—;l)

Fe= ke d2

(3.6)

where V; and r; are the voltage and radius of craft . The exponential decay term is due to
the Debye shielding where A; is the Debye length.
Using Newton’s second law, the equation of motion of craft 1 (m;) is written as

mims | 71T ViV (;—j)
d? k. d?

mli‘l = —G (37)

Using Eq. (3.3), separation distance d in Eq. (3.7)) can be substituted with an expression
in terms of x;. The gravitational force acting on the satellites is small compared to the
Coulomb force, so we can neglect the former, and the equation of motion of craft 1 (m;)

can be rewritten as

i)
r17T2 ViV . X
2

o o (1+%) (3.8)

miT, =

Thus, Eq. (3.8]) gives the equation of motion for two charged craft in free space that are

one dimensionally restricted.
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3.3 Bang-Bang Charging
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Figure 3.2: Schematic representation of the bang-bang charging.

The equation of motion for the two-craft reconfiguration in free space was developed in
the previous section and in this section we discuss the type of charging that will be used.
The main idea behind bang-bang charging is to use a fixed voltage for accelerating the craft,
and reversing the polarity of the fixed voltage after the switch time to decelerate the craft.
Figure [3.2] shows a schematic representation of this kind of charging, where the voltage is
maintained at a constant value V until it reaches the switching time ty, after which the

voltage polarity is reversed.

\%4 0<t<iy
voltage = (3.9)
=V ty <t <tma

For a given separation distance and time (¢,4,) for achieving this distance, a particular
voltage V' and switch time ¢y must be found. We start with an initial guess and use the

shooting method to converge to this solution. The initial guess for the switch time is given
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Figure 3.3: Simulation results for increasing the separation between two satel-
lites of equal masses from 2m to 3m in different maneuver time using bang-bang

charging process.
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3.3 Bang-Bang Charging

to = timas/2 (3.10)

Let d be the final desired separation and Z; correspond to the position of mass m; at this

separation distance. Then the initial guess for the product of voltages is given by

72
ViV = 2(%1 — 1)t ked

max (;d_>
r1T9e\ M

From Eq. (3.8), it is clear that we have a 1/r2 type of decay for the force acting between

(3.11)

the craft as the separation distance increases. In addition to this decay, there is also an
exponential decay term due to the Debye shielding effect. For these reasons, the initial
conditions in Eq. and Eq. will not work well when trying to increase the
separation distance by large values. In order to overcome this difficulty, a technique called
homotopy<® is used. In this technique the distances are increased in small incremental steps
and the converged solution (using shooting method) for the previous step is used as the
current initial guess.

Figure illustrates the bang-bang charging process for sample maneuvers where the

separation distance between two craft of equal masses is increased from 2 m to 3 m. Fig-

ures|3.3(a)} 3.3(b)[and [3.3(c)}, give the voltage, Coulomb force experienced, and the position

time histories of mass mj. It can be seen from the graphs that as the total maneuver time
is increased from 0.1 day to 1 day, the voltage required falls rapidly and the switch time

increases.
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3.3 Bang-Bang Charging
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Figure 3.4: Schematic representation of the homotopies used in generating the
contour plots.
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3.4 Simulation Results

The simulations are carried out for two different scenarios. In the first scenario, the two
craft are of equal mass and size. In the second scenario the gluon-deputy arrangement is
used where the gluon is much heavier and larger in size than the deputy craft. Due to
its enormous mass, the distance moved by the gluon will be small and we can consider it
to be stationary. In this case, the total separation distance will be roughly equal to the
distance moved by deputy. Whereas in the equal mass scenario, the two craft will move
equal distances and the total separation distance will be twice the distance moved by any

one of the craft. The various input parameters are given in Table

Table 3.1: Input parameters used in simulation of free-space reconfiguration.

Parameter Equal Mass Crafts | Gluon-Deputy Crafts
Craft 1 Mass, my 50 kg 50 kg
Craft 2 Mass, ma 50 kg 1000 kg
Craft 1 Radius, ry 0.5 m 0.5 m
Craft 2 Radius, 79 0.5 m 10 m
Initial Separation distance, d 2 m 15 m

It is mentioned in the previous section that the shooting method and homotopy method
are used in calculating the voltage and switch time for various separation distances and
maneuver times. Before we present the simulated results, let us discuss these methods in a
more detailed fashion and explain how exactly they are used here. Our aim is to generate
the contour plots of the fixed voltage required to carry out these bang-bang maneuvers
for different final separation distance and maneuver time. Figure gives the schematic
representation of the homotopies used in generating the contour plots. Initially, for a
small increase in the separation distance in a small time, we use the initial guess in the
shooting method to find the switch time and the fixed voltage. Using this result, the first

set of homotopies are carried out across the maneuver time keeping the separation distance
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Figure 3.5: The switch time and voltage as functions of increase in separation
distance in a constant maneuver time. These voltages and switch times corre-
spond to the gluon-deputy arrangement with a constant maneuver time of 1.0
hour and initial separation distance of 15 m.
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maneuver times, using bang-bang charging.
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3.4 Simulation Results

constant. It should be noted that the homotopy means using the converged results in
the previous case as the initial guess for the current problem and shooting method is the
one that performs the convergence. The other homotopies are performed across the final
separation distance using the results of the first set of homotopies as initial conditions.

In order to understand how the voltage and switch time vary across the separation dis-

tance for a fixed maneuver time, let us study the Figure (3.5l For a fixed maneuver time of 1

hour, Figures|3.5(a)|and [3.5(b)|give the switch time and voltage, respectively, for the gluon-

deputy arrangement to increase their separation distance from 15 m to various lengths. It
can be observed that the increase in voltage with increase in separation distance is more or
less linear, whereas the switch time ty decreases exponentially with increase in separation
distance. This exponential decrease is due to the 1/7? term in the Coulomb force, and
without this term the switch time would be exactly half the total maneuver time. We can
also observe in Figures that for small separation distances the switch time approaches
0.5 hours, which is half of the 1.0 hour maneuver time. As the final separation distance
increases the switch time approaches zero (i.e. the initial voltage becomes a pulse).

Figure [3.6] shows the contour plots of the voltage required to increase the separation
distance between two craft to several meters in different maneuver times. The craft have
equal mass and the initial separation distance is 2 m. The contour plots are shown for two
different Debye lengths of 100m and 50m. The white patches in the contour plots represent
regions where we are unable to find a converged solution. In the shooting method, we use
the MATLAB function ode45 with absolute and relative tolerances both set to 10712, As
the final separation distance increases, even though we use homotopy, for certain points
the integration tolerance exceeds the allowed limit. Hence, for these points we are not
able to find converged solutions. Further investigation need to be carried out to find these
solutions. However, the contour plots give the general trend in the voltage requirements.

For example, in Figure |3.6(a)| the voltage required to increase the separation distance in 4

34



3.5 Summary

hours from 2m to 5m is roughly 10> volts, and to increase 10 m it is 10%° volts.

The second set of simulations is for the gluon-deputy arrangement. The specifications of
the gluon and deputy are given in Table The initial center-to-center separation distance
between the gluon and the deputy is 15 m. Figure [3.7] gives the simulation result for this
arrangement. The voltage appears similar to the previous case. But, it should be noted
that the gluon due to its large radius is carrying a greater charge for the same voltage levels.
The final simulation is carried out using the same gluon deputy arrangement as given in
Table The maneuvers involve increasing the separation distance by 10 m for various
initial separation distance. Figure[3.8|gives the contour plots of the voltage needed for these
maneuvers. Again, the simulation is carried out for two different Debye lengths (100 m and

50m).

3.5 Summary

The reconfiguration of a two-craft formation in free-space using Coulomb forces is stud-
ied. The bang-bang charging sequence is successfully employed to increase the separation
distances between the craft. The simulation results from both the gluon-deputy arrange-
ment and equal-mass -equal-size arrangement show that the voltages required to carry out
these maneuvers are quite low. These voltages are realizable in practice. This gives us the

impetus to extend this study when the craft are in orbit.
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4 Two-Craft Coulomb Tether Formation

Along Orbit-Radial Direction

4.1 Introduction

A new application of the Coulomb propulsion concept is to use the electrostatic force to
control the separation distance between two physically unconnected craft. Due to the sim-
ilarities with using a tether cable to connect two craft, this concept is called a Coulomb
tether formation. Note that contrary to traditional tethers, the Coulomb tether is capable of
receiving both tensile and compressive forces. Further, the stiffness of the satellite connec-
tion can be controlled through feedback control laws. This will allow for the Coulomb tether
stiffness to be varied with changing mission requirements. Scenarios with two spacecraft
flying only dozens of meters apart are investigated in this chapter. Potential applications
include releasing a sensor or camera unit from the primary spacecraft and holding it at
fixed distance above or below the spacecraft. From this non-Keplerian orbit, the sensor
craft could monitor the spacecraft itself, or perform other scientific measurements.
Coulomb forces cannot be used to change the total inertial formation angular momentum
vector®® As a result, these spacecraft charges cannot be used to reorient a formation as
a whole to a new orientation. An external influence must be used or generated through

thrusters to reorient a Coulomb formation. Spacecraft are not subjected to the same grav-
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4.1 Introduction

itational pull throughout the formation. The sections which are closer to the Earth are
attracted more strongly than those that are further away. This force or gravity gradient®”
has been used in stabilizing some satellites. To guarantee linear stability of rigid body
attitudes in orbit, the principal inertias of the body must satisfy well-known constraints.
Typically gravity-gradient stabilized satellites are tall and slender, and aligned with the
local nadir direction. The same concept of stabilization can be extended to the two space-
craft Coulomb tether concept where the craft are assumed to be flying apart by a few dozen
meters. A charge feedback law is employed to stabilize the spacecraft separation distance
(making the formation act as a rigid, slender rod), while the gravity gradient torque is
exploited to assist in stabilizing the formation attitude.

King et. al¥ found analytical solutions for Hill-frame invariant Coulomb formations.
Here spacecraft are placed at specific locations in the rotating Hill frame with specific
electrostatic charges. As a result the Coulomb forces perfectly cancel all natural orbital
accelerations, causing the satellites to remain fixed or static as seen by the Hill frame.
However, the charge was held constant in their analysis. The discovered open-loop static
Coulomb formations were all found to be unstable. References [1],|8, 2] discuss the static
Coulomb satellite formations and the associated equilibrium charges, but do not address
the stabilization of these formations. In this chapter, stabilization of a simple static Coulomb
structure is discussed for the first time. An active charge feedback control is presented to
stabilize the static 2-craft formation shape and orientation. In order to achieve this goal
we use known stability characteristics of orbital rigid body motion under a gravity gradient
field and examine its applicability to a Coulomb tethered two-spacecraft system. To avoid
the very small plasma Debye lengths found at LEO, the Coulomb tether formation studied
is at GEO. The formation center of mass or chief motion is assumed to be circular. In
formation flying the chief is the reference location about which all other deputy satellites

are flying. The two body Coulomb tether problem considered here can be viewed as a
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4.2 Static (Rigid) Formation Dynamics

Deputy «_
Inertial Orbit™ ~ _

Deputy Satellite

Chief /II}e,rt’ial Orbit Relative Orbit

Figure 4.1: Rotating Hill coordinate system used to describe the relative posi-
tion of the satellites

sub-problem of the multi-satellite formation flying problem. In future work, attempts will
be made to extend the feedback control discussed here to multi-satellite formations. The
chapter is organized as follows. After discussing the charged spacecraft equations of motion,
the equations are rewritten using spherical coordinates and linearized for small departure
angles relative to an equilibrium attitude. A feedback charge control law is introduced to
stabilize the separation distance, followed by a combined attitude and separation distance
linear stability analysis. A numerical simulation illustrates the results and compares the

linearized performance predictions to the actual nonlinear system response.

4.2 Static (Rigid) Formation Dynamics

To start with, the equations of motion of a cluster of charged spacecraft are briefly reviewed.
The Clohessy-Wiltshire-Hill’s equations?®29 are commonly used for spacecraft formation
studies. These equations express the linearized motion of one satellite relative to a circularly
orbiting reference point or chief location. Note that this chief location does not have to be

actually occupied by a satellite. For the present discussion, the formation chief location
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4.2 Static (Rigid) Formation Dynamics

is set to be equal to the formation center of mass. The various satellites in a formation
are called the deputy satellites. The system of Cartesian coordinates used to describe the
relative motion of a satellite with respect to the chief location is defined in the rotating Hill
orbit frame O : {6,, 6y, 0y} as shown in Figure The origin of the coordinate system
is chosen to be the formation center of mass or chief location. The Cartesian x, y and z

coordinates are the vector components of the relative position vector

o

along the directions of orbit radial 6, (outward), the orbital velocity vector oy, and the
normal vector 6, with respect to the orbit plane. Assuming that the Coulomb formation
contains N satellites, the CW equations of the i** deputy with respect to the chief are

expressed as

N
i — 2Q0; — 30%1; = ]i D Lﬂ%qiqje—‘m—ﬂjwd j#i (4.2a)
my j=1 |pi - j|
i+ 20 = ==y ——Lagiqze P el oy (4.2b)
mg =1 ’pi - j‘
N
54 0%z = E Mqiqje—\m—ﬂjl/)\d j#i (4.2¢)

where p; = (x4, v, zi)T is the position vector of the i*? satellite in Hill frame components, m;
is the satellite mass, and ¢; is the satellite charge. The chief position vector 7. is assumed
to have a constant orbital rate of Q = \/GM./r3, where G is the gravity constant and M,
is the Earth’s mass. The parameter k. = 8.99 - 10 Nm2/C? is the Coulomb’s constant,

while the parameter Ay is the Debye length. Because the Coulomb tether formations are

39



4.2 Static (Rigid) Formation Dynamics

Electrostatic (Coulomb)
Force Fields

(w2,Y2, 22) (1,91, 21)

Figure 4.2: Coulomb tethered two satellite formation with the satellites aligned
along the orbit nadir direction

assumed to be at GEO where the Debye length is much larger than the typical Coulomb
tether length, the Debye length influence is ignored as a higher order term for the remainder
of this chapter. Note that these relative equations of motion of a charged spacecraft contain
linearized orbital dynamics, while retaining the full nonlinear Coulomb force expression. In
fact, it is this nonlinear Coulomb force term that causes the strong and complex coupling
between the spacecraft motions.

The formation geometry of the ideal two-craft Coulomb tether formation is shown in
Figure As is shown later in this section, there exists a two-craft static Coulomb for-
mation solution where both masses must be aligned equal distances away from the chief
along the nadir direction. The ideal separation distance is called L,¢. If each craft has a
certain charge, then the resulting Coulomb forces will perfectly cancel the linearized orbital
accelerations in the Hill frame. As a result, the two craft would each remain aligned in
the chief nadir direction and perform non-Keplerian motions. To an external observer the
two physically unconnected craft would appear to both be performing perfectly circular

motions, but with a non-Keplerian orbit period for their individual altitudes. The invisible
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4.2 Static (Rigid) Formation Dynamics

Coulomb tether is applied to get the required inter-spacecraft force, similar to how a cable
tether could provide the required tension between the craft to maintain such non-Keplerian
orbits.

Since the Coulomb tether formation considered has only two spacecraft, the CW equations

in Eq. (4.2)) for satellite 1 can be simplified as

kc (1'1 — xg)

.o _— 2 _ Re (1 —T2)
T1 — 2Qqy1 — 3Q0°x, m I3 q192 (4.3&)
. . ke (y1—y2)
i1+ 292, = P F L (4.3b)
. ke (21 — 2
Z1 + 9221 == W;(IIJ32)(]1(]2 (43C)

where L is the distance between the satellites 1 and 2. As the Hill frame O origin is assumed

to be identical to the formation center of mass, the center of mass condition dictates that®?

m1p1 +mapa =0 (4.4)

Thus, by controlling the motion of satellite 1, the motion of the second satellite is also
determined implicitly through the center of mass constraint.

In order for this top-down spacecraft formation to remain statically fixed relative to the
rotating orbit frame O, the CW equations in Eq. must be satisfied with zero initial

velocity and acceleration for each vehicle

=T =Y=Y=%2=2%=0

For a two-craft Coulomb formation, this is possible if the relative positions are expressed
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4.2 Static (Rigid) Formation Dynamics

through:

mix1 + moxg =0 (4.5a)
Tr1 — X9 = L (45b)
ma
=—L 4.5
1 my1 + mg (4:5¢)
mi
r9=——"-—L 4.5d
2 my + mg ( )
N=yp=ua=2=0 (4.5€)

Substituting the above conditions and constraints in Eq. (4.3]), one obtains the following

two spacecraft charge conditions for a static nadir-aligned formation.

ke q1q2 9 moL o L? mimy

e 302 —27 -0 = =-30"—— 4.6
my L? * my + ma N ke my + mo (4.6a)
ke q1q2 9 miL o L mimy

e 3027 0 = =30 ——= 4.6b
mo L? * mi + mo 192 kc m1 + ms ( )

The ideal product of charges Q. needed to achieve this static Coulomb formation is

3
_gq2 L’ _mama

Qref =q192 = (47)

ke m1 +mo

Thus, if the satellites are placed at the locations shown in Eq. , and have the charges
q1 and ¢o satisfying Eq. , then the satellites will appear to be frozen or fixed as seen by
the rotating frame . Note that this reference charge product term will be negative! This
dictates that the spacecraft charges ¢; and ¢» will have opposite charge signs. However,
there is an infinite number of charge pairs which satisfy Q.ef = q1g2. When implementing
charge control strategies in this study, the charge magnitudes are set equal. If one craft
is capable of higher charge levels, it is possible to have unequal charges as long as their

product satisfies the required @) = q1q2 value.
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4.3 Linearized Orbital Perturbation

circular center
of mass motion .

Figure 4.3: Euler angles representing the attitude of Coulomb tether with re-
spect to the orbit frame

4.3 Linearized Orbital Perturbation

The constant charge computed in accordance with Eq. will only result in the static
nadir formation if there are no position or velocity errors, and no perturbations are present.
Otherwise, the relative separation will become unstable and the satellites will separate.
This problem can be overcome by allowing a suitable variation of charges. In this section,
a relationship between these position and charge states is established by considering small
perturbations about the established reference states.

Let the two-craft formation be treated as if it were a rigid body. Accordingly, consider
a body-fixed coordinate frame B : {31, 52, 53} where by is aligned with the relative position
vector p1. Note that if the body is at the ideal Coulomb tether orientation where the masses
are aligned exactly along the orbit nadir direction 6,, then the O and B frame orientation

vectors are identical. The relative position vector of mass mi in body fixed axes is given by

m ~ ~ ~
p1= 72Lb1 + 0by + 0bs (4.8)
mi + ms
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4.3 Linearized Orbital Perturbation

Let the 3-2-1 Euler angles (v, 0, ¢) represent the Coulomb tether B frame attitude relative
to the orbit frame O for small angular perturbations as shown in Figure Because point
masses are being considered, the rotation about by (angle ¢) can be neglected. The direction

cosine matrix [BO(%, )], which relates the O frame to B frame, is given by

cosfcosy cosfsiny —sinf
[BO] = | —siny cos 0 (4.9)

sinfcosvy sinfsiny cosf

Using small angle approximations for the trigonometric functions, the position vector of

mass mq in O frame can be written as

71 Tt Tt

— T ~
i | = [BO] 0 |~ vi_L (4.10)
Z1 0 —Hml’_”;w

Taking the derivative of this expression, the linearized Hill frame relative velocity coordi-

nates are found to be

@ L

mo . .
N PR 4.11
U1 e, YL+ YL (4.11)
3 —0L — 0L

The distance L between the two masses m; and my is given by

L? = (21— 22)” + (y1 — y2)* + (21 — 22)° (4.12)
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4.3 Linearized Orbital Perturbation

Using the center of mass condition in Eq. (4.4), this can be simplified to

2
mi+m
2 = (12> (22 + 2 + 22) (4.13)

ma

Differentiating Eq. (4.13)) twice and substituting Eq. (4.3) into the resulting expression

yields,
2
. . kc B
L?+LL = <ml+m?> (ac% + 1 (29;}1 +30%2; + —MQ) + 97+ y1< — 20
ma my L
ke (yl - y2) .9 2 ke (Zl - 22)
+m717L3 Q) +Zl +Zl(*Q Z1+m717L3 Q)) (414)

Transforming the Cartesian coordinates (z1,y1,21) to spherical coordinates (L, ), 6) using
Eq. (4.10) and Eq. (4.11), while neglecting higher order terms in ¢ and 6, we get the

linearized differential equation of the separation distance L.

. . ke 1 my+mo
L=020+30) L+ <Q——1 "= 4.15
(200 +309 L+ - Qs — - (4.15)

Note the following special case. Assume that the charge product term @ is zero (i.e. classical
Keplerian motion), and that the satellites are initially at rest with ¥ = 0. In this case the

separation distance equations of motion simplify to

I —30°L =0

This unstable oscillator equation demonstrates that without any Coulomb force active, this
formation could not remain at the specific nadir locations.

Next the separation distance equations of motion are linearized about small variations in
length §L and small variations in the product charge term §Q). The reference separation

length L, is determined by the mission requirement. The reference charge product term
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4.3 Linearized Orbital Perturbation

is determined through the Lt choice and the constraint in Eq. (6.5]).

L= Lyt + 0L (4.16a)

Q = Qret +0Q (4.16b)

Substituting these L and @ definitions into Eq. (5.2]) and linearizing leads to

ke 1 ml+m2> 50 (4.17)

6L = (2QLyer)t) + (9Q2)5L + (m2
This equation establishes the desired relationship between the additional charge product
0@ required and the change in relative separation of the satellites. It is observed that this
relation is coupled to the body frame yaw rate w The Coulomb tether attitude differential
equations will be developed later using angular momentum expressions.
To develop a feedback law to control the separation distance using the Coulomb forces,
the small charge product variation 6@ is treated as a control variable. Because the charge
of each craft causes a force along the relative position vector, the Coulomb charges can be

used to control the spacecraft separation distance. By defining

2

L .
T2 Set (0451 — CodL) (4.18)

Q= (my 4+ ma) ke

the closed-loop separation distance dynamics become
6L 4 (C1 — 99%)6L + Cod L — (2QLyep)th = 0 (4.19)

This control law provides both proportional and derivative feedback of L. Because the L
differential equation does not contain a damping term L, the inclusion of the derivative

feedback is essential to ensure asymptotic convergence. Note that in the absence of the yaw
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4.4 Stability Analysis Using the Gravity Gradient Torque

rate term ¢, these closed-loop dynamics would be stable if C; > 902 and Cy > 0. However,
due to the coupling with the yaw (in-orbit-plane) rotation, the complete Coulomb tether
motion must be analyzed for stability.

To implement this charge feedback control law, the spacecraft charges ¢; and go must be
determined. The value of Q.. is determined through Eq. , while the value of 6Q) is
given by the feedback law expression in Eq. . Thus, the spacecraft charges ¢1 and ¢

must satisfy

q192 = Qref + 6@ (420)

There are an infinite number of solutions to the above constraint. To keep the charges equal

in magnitude across the craft, the following implementation was used.

q1 =V |Qref + Q)| (4.21)

g2 = —q1 (4‘22)

Note that here Qref + Q) < 0 because 6@ <K Qref and Q¢ < 0. With this charging
convention we find ¢; > 0 and ¢s < 0.
4.4 Stability Analysis Using the Gravity Gradient Torque

In this section the stability of both the Coulomb tether attitude (¢,0) and the separation
distance L is analysed. The gravity gradient torque is included to exert an external torque

onto the Coulomb tether. Let the orbit angular velocity vector relative to the inertial frame

N be given by
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4.4 Stability Analysis Using the Gravity Gradient Torque

To develop the tether attitude differential equations of motion, the 2-craft formation is
treated as a continuous body. This is motivated by the stable Coulomb tether formation

acting as a rigid dumbbell spacecraft. The formation inertia matrix is expressed as*’

[1] = —ma[p1][p1] — ma[p2][p2] (4.24)

where [p1] is a skew-symmetric matrix that is equivalent to the vector cross product operator
a x b~ [a]b. For the 2-craft Coulomb tether formation, using the center of mass definition

in Eq. (4.4), the inertia matrix is trivially given in the body frame B as

0 0 O
Biil=10 1 o (4.25)
0 0 I
where
=2 g2 (4.26)
mi + ma

Note that these moments of inertia vary with time due to their dependence on the variable

formation length L. The B-frame derivative of the inertia matrix is

00 0
d .
B B
—[1 = 4.27
dt[ ] 010 (4.27)
00 I
where
=2 MM2 pj o M2 4 SL)SL (4.28)
mi + ms m1 + mso
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4.4 Stability Analysis Using the Gravity Gradient Torque

because L, =constant.
To develop the attitude differential equations, the total inertial angular momentum of

the 2-craft formation is
H = [I}(wp/0 + wo/n) (4.29)

Because the Coulomb control forces are formation internal forces, one finds that the inertial
derivative of H is equal to the total external torque acting on the system. Euler’s rotational
equation of motion with a time-varying inertia matrix [I] and gravity gradient torque vector

L¢ is given in body frame B components by
BB + 81 Pw + Flw) B[ Pw = BLg (4.30)

B

where Bw = Buwg /n and the notation [@]xz = w x x is used. Using the direction cosine

matrix definition in Eq. (4.9), the orbit angular velocity vector can be written as

—Qsin6
Pwosn = [BO] woyn = 0 (4.31)
Qcosd

The yaw and pitch rates of the Coulomb tether body frame B relative to the orbit O frame

yield
—sinf 0 )
5 (0
wp/0 = 0 1] |. (4.32)
0
cosf 0
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The Coulomb tether body frame angular velocity vector relative to the inertial frame N is

B .
—sinfy — Qsinf
Bwpn = Pwpjo +Pwon = 0 (4.33)
cos 01 + Q cos 0
Linearizing Eq. (4.33) about small yaw and pitch angles, we get
B
—Q0
BwB/N ~ 0 (4.34)
U+ Q

Taking the inertial derivative of this vector and noting that €2 is constant in this application,

the B frame angular acceleration is

B .
—Q0f
v

The gravity gradient torque Lg also has to be expressed using the tether coordinates.

The center of mass position vector 7., given in O frame components as

@]
Te

re= 10 (4.36)

0
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4.4 Stability Analysis Using the Gravity Gradient Torque

is transformed to the B frame as

B B
Tel cos 6 cos )
Te= |ro| = —siny | Te (4.37)
Te3 sin 6 cos ¢

Reference [27| provides the following expression for the gravity gradient torque:

B
La, reare3(I33 — I22)
3G M,
Lg,| = = : re1res(l11 — I33) (4.38)
La, reire2(laz — I11)

After substituting for r., from Eq. (4.37) and using the known value of €2 from Kepler’s

equation, namely,

=Q? (4.39)

the linearized gravity gradient torque vector acting on the Coulomb tether body frame is

written as

0
Bre=30%|_19 (4.40)

f_h?[}

Substituting these results for Lg, B[I], B[1], wg/n and wg/zr back into Euler’s rotational
equations of motion in Eq. (4.30) and after simplifying the algebra, the resulting linearized

attitude dynamics of the Coulomb tether body frame B are written along with the separation
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distance differential equation as:

0 +49%0 =0 (4.41a)
.20 . 5
Vot 0L+ 30% =0 (4.41b)
ref
OL + Co0L — (2QLyep)t) + (C1 — 9Q2)SL = 0 (4.41c)

Thus, Eqgs. (4.41a) — (4.41c) are the linearized equations of motion of the Coulomb tether

body about the static nadir reference configuration. It should be noted that only the
linearized § L differential equation was obtained using the Clohessy-Wiltshire-Hill equations,
while the linearized differential equations of ¢ and 6 were derived from the full formation
angular momentum expression along with Euler’s equation. These equations have terms
that depend on orbital rate  which happens to be a small value at GEO. In order to
avoid numerical issues while carrying out numerical integrations, it is desired to have these

equations be independent of 2. This can be achieved by using the following transformation.

dr = Qdt (4.42a)
(+) = déi) = édg) (4.42D)

By carrying out the above transformation in Eqgs. (4.41al) — (5.5¢)), the orbit rate €2 inde-

pendent linearized equations of motion of the Coulomb tether body are given by

0" +40 =0 (4.43a)
P+ LléL’ +3¢ =0 (4.43b)
ref
SL" + CodL' — (2Lye)d’ + (01 - 9) SL=0 (4.43¢)
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4.4 Stability Analysis Using the Gravity Gradient Torque

where Cy = (Cy/Q) and C; = (C1/9?) are non-dimensionalized feedback gains. It can
be observed from these equations that the out-of-plane motion 0(t) is decoupled and its
equation is that of a simple oscillator. This decoupling is analogous to what occurs with
the linearized rigid body attitude dynamics subject to a gravity gradient torque. Because
the 6(t) motion is not coupled to the tether charge product term 6@, or the separation
distance variation 4L, it is not possible to control the pitch motion 6 with the Coulomb
charge in this linearized analysis. The yaw motion () is coupled with the JL(¢) motion
in the form of a driving force, which may make it amenable to asymptotic stabilization by
controlling the charge.

The values of gain C; and Co can be tuned to meet the stability requirements using
Routh-Hurwitz stability criterion. The characteristic equation for the coupled §L and

equations is

)\4 + ég)\?) + (él — 2))\2 + 36’2/\ + 3(@1 — 9) =0 (4.44)

While the linearized closed-loop dynamics do depend on the Coulomb tether reference length
L., note that the characteristic equation does not. To ensure asymptotic stability, roots
of this equation should have negative real parts. The constraints on the gains C, and Cs

for meeting this condition are identified by constructing a Routh table and are found to be

C1>9 (4.45a)

Cy>0 (4.45b)

Incidentally, these constraints also ensure the stability of § L equation ignoring the v’ term.
The stability criterion imposes constraints on the choice of the feedback gains C;, C

but is not enough to actually decide their values. One needs to look for alternate criteria
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4.4 Stability Analysis Using the Gravity Gradient Torque

for fixing them. One satisfying way would be to fix the gains by demanding conditions of
critical or near critical damping. For ease of discussion, let the feedback gains be expressed
in terms of scaling factor n and «, both taken as positive and real. The gains can be

rewritten as
Ci=n >9 (4.46)
and
Cy=avn—9 (4.47)

The natural frequency of the ¢ equation is v/3 and is not affected by the choice of C;
and Cs, whereas the natural frequency for 6L equation is \/m . The value of n = 12
will match these frequencies making the v’ coupling term in 6L equation serve as defacto
damping term. A similar remark applies to the v equation. In Eq. , a = 2 ensures
that the 0L equation without the ¢’ term is critically damped. For effective damping with
the inclusion of 9/ term, the value of o and n need to be modified. However, one expects
the value of a to be in the vicinity of & = 2 and n to be around 12. Hence, root locus plots
for the coupled dL and 1 equations are studied with a range of a values in the vicinity
of a = 2 with n varying between 9 and 20. Figure shows the root locus plots for two
different o values . Studying the root locus plots, it can be observed that as the n value
increases beyond 12 the rate of convergence of one of the modes increases and the other
decreases. Therefore, n = 12 is ideal for ensuring good rates of convergence for both the

modes. It is also noted that o = 2.28 resulted in effective damping for the modes.
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Figure 4.4: Root-locus plot of the linearized spherical coordinate differential
equations for different gain « values.

4.5 Numerical Simulation

A numerical simulation is presented to illustrate the performance and stability of a 25 meter

Coulomb tether formation. The simulation parameters are listed in Table The initial
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4.5 Numerical Simulation

attitude values are set to ¢ = 0.1 radians and 6 = 0.1 radians. The separation length error
(Coulomb tether length error) is L = 0.5 meters. All initial rates are set to zero through
Y =0L=0=0.

The choice of values for the gains C; and Cs should not only satisfy the stability criterion
mentioned in Eq. but also should be such as to lead to near-ideal damping. Studying
the root locus plots where the parameters n and a are varied, the values n = 12 and

a = 2.28 were chosen. Hence, using Eq. (4.47) the gain Cy was found to be 2.28v/3.

Table 4.1: Input parameters used in orbit-radial simulation

Parameter Value Units
my 150 kg
ma 150 kg
Lot 25 m
ke 8.99 x 10° No?
Qret —2.07911 uC?

Q 7.2915 x 1075 | rad/sec
n 12
Q 2.28
0L(0) 0.5 m
¥ (0) 0.1 rad
6(0) 0.1 rad

The Coulomb tether performance is simulated in two different manner. First the linearized
spherical coordinate differential equations are integrated. This simulation illustrates the
linear performance of the charge control. Second, the linearized results are compared with

those obtained from the exact nonlinear equation of motion of the deputy satellites given

by
LB ke @
1+ 7% 1= iﬁ(rl ) (4.48a)
.. % ke Q
T + 7’% Ty = —2F(r2 — 7-1) (4.48b)
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Figure 4.5: Simulation results of integrating either the linearized spherical co-
ordinates differential equations (solid lines) or the nonlinear inertial coordinate

differential equations (dashed lines).

where 71 = r. + p1 and T2 = 7. + po are the inertial position vectors of the the masses

my and mg, while L = \/(r2 — 71) - (r2 — 71). The gravitational coefficient 4 is defined as
=~ GM,. After integrating the motion using inertial Cartesian coordinates, the separation
distance L, as well as the in-plane and out-of-plane angles ¢ and 6, are computed in post-
processing using the exact kinematic transformation. The Debye length is kept at zero
during this simulation to study in detail the effects of the relative motion linearization.

Figure [4.5(a)| shows the Coulomb tether motion in the linearized spherical coordinates
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4.5 Numerical Simulation

(v,0,0L), along with the full nonlinear spherical coordinates shown as dashed lines. With
the presented charge feedback law, both the yaw motion ¢ and the separation distance
deviation 6L converged to zero. By stabilizing the d L state to zero, the in-plane rotation
1(t) also converges to zero. For the set of initial conditions used in this simulation, the 6L
and v states have converged after about 0.9 orbits. As expected, the pitch motion () is a
stable sinusoidal motion. Further, Figure shows that the nonlinear simulation closely
follows the linearized simulation. However, there is one notable difference. The L states
converge to zero asymptotically in the linearized simulation, while they achieve a steady-
state oscillation in the nonlinear simulation. This difference in behaviour occurs because
the same reference charge product Qe (computed using Eq. ) is used in both simula-
tions. This charge will achieve a static formation in the linearized CW equations. However,
this charge value will not achieve a static formation in the nonlinear problem. Thus, the
charge feedback control is not actually operating about a proper steady-state charge of the
nonlinear problem. As the 6L and v tracking errors go to zero, the orbital dynamics will
perturb the system and cause these states to grow again. This persistent disturbance results
in the final steady-state oscillations shown. To implement such a control strategy for an
actual mission, the Q,¢f value would be recomputed numerically for the nonlinear problem.
Even with this deviation, the nonlinear and linear performance predictions compare very
well, thus verifying the presented linearization results.

Figure 4.5(b)|shows the spacecraft control charge ¢; for both the linearized and full non-
linear simulation models. Both converge to the reference value pertaining to the static
equilibrium. As defined, the control charge ¢s is just the negative of ¢;. Note that the de-
viation from the value of reference charges is small, justifying the linearization assumptions
used. The magnitude of the control charges is in the order of micro-Coulomb which is easily

realizable in practice using charge emission devices.
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4.6 Summary

4.6 Summary

The concept of a Coulomb (electrostatic) tether is introduced to bind two satellites in a near-
rigid formation. While the Coulomb force cannot directly stabilize the attitude, the gravity
gradient torque is exploited to stabilize the Coulomb tether formation about the orbit radial
direction. The formulation allows for unequal masses. The analysis is based on a linearized
dynamics and charge behavior model whose validity is also shown. It was observed that
a linear charge feedback law in terms of separation distance errors and separation rate is
adequate for stabilizing the separation distance and in-plane angular motion. The control

charges needed are small in the order of micro-Coulombs and realizable in practice.
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5 Orbit Normal and Along-Track Two-Craft

Coulomb Tethers

5.1 Introduction

3081 Here a conventional

The previous chapter introduces the concept of a Coulomb tether!
mechanical tether cable connecting two craft is replaced by an electrostatic force which acts
as a virtual tether. Conventional tethers are limited to tensile forces whereas Coulomb teth-
ers allow both tensile and compressive forces. However, while traditional spacecraft tether
missions consider very large separation distances of multiple kilometers, the Coulomb tether
concept is only viable for separation distances up to about 100 meters because of the elec-
trical field strength drop off. The previous chapter studies the stabilization of the simple
nadir-aligned static 2-craft Coulomb tether structure. Compared to the previous works
on static Coulomb structures,®13 12 Reference 30 is the first study to introduce a charge
feedback law to stabilize a charged spacecraft cluster to a specific shape and orientation.
Coulomb forces are inter-spacecraft forces and cannot control the inertial angular momen-
tum of the formation. Hence, stability characteristics of orbital rigid body motion under a
differential gravity field are applied to a Coulomb tethered two-spacecraft system to develop

an active charge feedback control. With this control the spacecraft separation distance is

maintained at a fixed value, while the coupled formation gravity gradient torque is exploited
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Figure 5.1: Static coulomb tether formation aligned with along-track direction.

to stabilize the tether attitude about the orbit radial direction. Gravity gradient rigid satel-
lites or conventional tethers have only bounded stability along the orbit radial direction
In comparison, the feedback control laws for the Coulomb tether regulation®” problem in
the previous chapter guarantee asymptotic stability for separation distance and in-plane
angle. This asymptotic stability is achieved by exploiting the charged relative motion of
the spacecraft and varying the separation distance (virtual tether length).

Similar to the study of rigid axially symmetric body under the influence of the gravity
gradient torque, we know that there are two other relative equilibriums of the charged 2-craft
problem other than the orbit radial or nadir direction. These equilibriums are along the
orbit normal direction, and the along-track direction™' shown in Figure In particular,
zero tension is required between the two crafts aligned with the along-track direction to
maintain the static unperturbed formation. On the other hand, repulsive forces are required
to maintaining the cluster along the orbit normal direction. It is worth noting that both zero
tension and compression cases considered are not possible with conventional cable tethers.

This chapter studies the stability of a two-craft formation about along-track and orbit-

normal relative equilibrium configurations. A feedback control law is introduced to asymp-
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)
(x27y2522) 0,

Figure 5.2: (3-1) Euler angles describing the Coulomb tether orientation for the
along-track relative equilibria

totically stabilize both the shape and orientation of this cluster. While the charged two-
craft formation aligned along the orbit radial direction could stabilize the cluster using only
Coulomb forces, this study investigates a hybrid feedback control strategy where both con-
ventional thrusters and Coulomb forces are used. The goal is to use the thrusters as little
as possible and make the Coulomb forces provide the bulk of the actuation requirement.
However, to employ small-force thrusters like ion-engines in close proximity to other space-
craft, great care must be taken that the thruster exhaust plume does not impinge on the
neighboring craft. These plumes can be caustic and cause damage to on-board sensors. The

ond craft.

control strategy must be designed such that the thruster is never directed at the

The formation is studied at GEO where the Debye lengths are large enough to consider
Coulomb spacecraft missions. Reference |14] establishes that the differential solar drag is
the largest disturbance acting on a Coulomb formation at GEO. Therefor, the effects of

differential solar drag on the formation and the ability of the controller to withstand this

disturbance are also studied.
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5.2 Charged Relative Equations of Motion

5.2 Charged Relative Equations of Motion

5.2.1 Along-Track Configuration

This section derives the equations of motion of a 2-craft Coulomb tether that is nominally
aligned with the along-track direction 6¢y of the orbit or Hill frame O : {6,, 6¢, 0y, } shown
in Figure This derivation closely follows the derivation of the equations of motion
for craft aligned along the orbit radial direction, which is given in detail in Reference |30.
Figure [5.1] illustrates a static two-craft formation in the orbit velocity direction with a
separation distance of L.s. Let () = q1g2 be the charge product of the spacecraft charges
g;- The reference charge product @t required to maintain this static formation can be
computed using the Clohessy-Wiltshire-Hill’s equations22%2% for charged spacecraft. The

analytical expression of Qyet for the along-track equilibrium is written as'®

Qref =0 (51)

The required relative equilibrium charge is zero because this Coulomb tether configuration is
equivalent to a lead-follower spacecraft formation. As a consequence the necessary Coulomb
tether tension is zero. However, this static equilibrium is unstable, similar to a rigid rod
being unstable if aligned with 69. The separation distance instability can be stabilized by
continuously varying the charges and generating positive or negative tension within the
Coulomb tether.

Of interest are the coupled separation distance dynamics and the orientation of the
Coulomb tether. Consider the perturbed satellite 1 position (x1,y1,21) relative to the
equilibrium position. The Coulomb tether is only a 1-dimensional structure and thus only
requires the (3 — 1) Euler angles (¢, ¢) to define its orientation relative to the orbit frame

O (Hill frame). The virtual Coulomb structure body frame B : {b1, by, b3, } is defined such
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5.2 Charged Relative Equations of Motion

that B = O for zero ¥ and ¢ angles, while b, tracks the tether heading. Rotations about by
(0) can be neglected with point mass assumption of the craft. The Euler angles are illus-
trated in Figure [5.2] Following the same steps as in Reference [30, the differential equation

of motion for the charged separation distance is given by

. . k. 1
[ =20yL 4 feg M

2
mq L2 mo (5 )

Next the separation distance equations of motion are linearized about small variations in
length § L and small variations in the product charge term 6@). The fixed reference separation
length L,¢f is determined by the mission requirement. The reference charge product term for
this along-track configuration is known to be zero from Eq. . The separation distance

L and charge product @) are given by

L = Lyet + 6L (5.3a)

Q = Qref + 5@ (53b)

Note that these developments treat the required changes in the charge product §Q as the
control variable. Substituting these definitions of L and @ into Eq. (5.2 and linearizing

leads to

- : ke 1 mq+mo
I = (20L,. A 4
0L = (20Lyer)d) + <m1 I m ) 6Q (5.4)

Note that this relationship is coupled to the angular in-orbit-plane rate . In order to obtain
an expression for this rate, a stability analysis using the gravity gradient is employed. The
derivation of the expression for angular perturbation closely follows the derivation given in
Reference[30|for the orbit radially aligned Coulomb tether. The linearized attitude dynamics

of the Coulomb tether body frame are written along with the separation distance equation
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5.2 Charged Relative Equations of Motion

as:

b+ Q% =0 (5.5a)
V27 SL —3Q%) =0 (5.5b)
ref
. ke 1
5L — (20 Lep)d) (mlemln;mz> 5Q = 0 (5.5¢)
ref

Note that the out-of-plane angle ¢ is decoupled from the separation distance error L and
in-plane angle . Further, the linearized ¢ motion is that of a marginally stable linear

oscillator.

N

mao
(T/27 Y2, 22)

Figure 5.3: (2-1) Euler angles describing the Coulomb tether orientation for the

orbit normal relative equilibria

5.2.2 Orbit Normal Configuration

The derivation of the equations of motion for a two-craft Coulomb tether along orbit normal

direction follows the same steps as those of the along-track equilibrium. The analytical
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5.2 Charged Relative Equations of Motion

expression for the orbit normal relative equilibria charge product Qs is written as’

2L3ref mimz (56)

= =0
Qref = Q102 [——.

Note that Qe > 0, which requires a repulsive Coulomb force to establish this charged
equilibrium. A physical structure in this orientation must compensate for compressive
forces, a task conventional tethers are incapable of achieving.

Again, consider small deviations about the equilibrium position and let the (2 — 1) Euler
angles (6, ¢) represent the tether body frame B attitude with respect to the orbit frame O.
Here the axis b3 tracks the orientation of the orbit-normal tether configuration. The Euler
angles are illustrated in Figure Note these angle definitions reflect rotations about the
same body axes l;l as in the along-track description. However, their zero values are offset
by 90 degrees to reflect the different nominal tether orientation.

The differential equation for the separation distance is given by

Py Feglmitme

5.7
mi L2 mo ( )

We can observe that the separation distance differential equation in Eq. (5.7)) is decoupled

from both the orientation angles # and ¢. The above equation can be further linearized

using Egs. (5.3)) and the Q,f definition in Eq. (5.6) to

- k. 1 mq+my
6L = —(30%)6L — ] 5.8
302031 + (gl ) g 5.9

The differential equation for Euler angles can be obtained similar to the along-track devel-

opment. The linearized attitude dynamics of the Coulomb tether are written along with
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5.3 Hybrid Feedback Control Development

the separation distance equation as:

b—0%p—200=0 (5.9a)
0 — 4920 + 209 = 0 (5.9b)
.. +mso k
I+ (30260 — (LT M2 T - :
5L+ (3Q2%)8 ( e L?ef> 5Q =0 (5.9¢)

Note both the out-of-plane angles 8 and ¢ are coupled, while the charged separation distance
error dynamics is uncoupled in this linearized formulation. Also, one can observe from
Eq. (5.9¢) that the separation distance error (0L) is already marginally stable even without

any feedback control through the charge product error term (0Q)).

5.3 Hybrid Feedback Control Development

5.3.1 Along-Track Configuration

In this section, we investigate the stability of the linearized along-track equations of motion
given by Eq. and develop a hybrid feedback control law that stabilizes the system.
Reading Eq. it is clear that the out-of-plane angle ¢ is fully decoupled from the in-
plane angle 1 and separation distance error § L. The equation of motion for the out-of-plane
angle ¢ represents a stable simple harmonic oscillator. Next, consider the coupled in-plane
angle ¢ and separation distance error 6L equations of motion given in Egs. f.
The charges on the craft can be used to control the separation distance since they cause
an electrostatic force along the relative position vector. The charge product variation 6Q

is treated as the control variable and the feedback control law is defined as

2

L .
T2 Sel (04§ L — CyoL) (5.10)

Q= (my + ma)ke
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5.3 Hybrid Feedback Control Development

Here C7 and Cy are the position and velocity gains, respectively. Thus, the closed loop

equations of motion for the coupled ¥ and §L system are written as

V27 6L —30%) =0 (5.11a)
ref
0L — (2QLyef)t) + C1OL 4 Co6L = 0 (5.11b)

The in-plane angle v is coupled with the §L in the form of a driving force (2%5@. Hence
we select the gains C and Cy using the Routh-Hurwitz stability criterion to asymptotically
stabilize both 6L and . The characteristic equation for the equations given in Eq. ((5.11))

is
M4 CoN3 + (O 4+ Q)N + (=3C0H)\ + (—3C10%) =0 (5.12)

In order to ensure asymptotic stability, the real parts of the roots of this characteristic
polynomial should be negative definite. The constraints on the gains that will guarantee

negative definite roots can be identified by constructing a Routh table and are found to be

Cy>0 (5.13a)
Cy+49% >0 (5.13b)
—12C50*

There are no real values for gain C7 and Cs that will satisfy all three conditions given in
Eq. . Hence, the coupled system can not be stabilized with only the Coulomb forces.
In addition to the Coulomb forces, we require some thrust forces acting on both satellites
along the by axis that stabilize the in-plane angle 1. These thrust forces can be modeled

as equal and opposite forces with magnitude F}. The thrust force magnitude is the second
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control variable with in-plane angle ¢ feedback and it is defined as

mi1ms
Fy = ——Lig(K 5.14
1 my + s ref( I@b) ( )

where K is the in-plane angle feedback gain. These forces introduce a net torque in the v

equation and the modified coupled equations of motion are written as

Y4201 + (K - 30%)Y =0 (5.15a)
ref
6L — (2QLyef)th + C16L + Co0L = 0 (5.15b)

The characteristic equation for the equations given in Eq. (5.15)) is

M4 O3 + (O + K1 + Q)N + (CLK) — 3C,02)A + (C1 K1 —3C19%) =0 (5.16)

The constraints on the gains to ensure asymptotic stability are found using the Routh table

to be

Cy >0 (5.17a)
Cy > —40? (5.17b)
K; > 302 (5.17c)

The constraints given in Eq. ([5.17]) guarantee asymptotic stability, but we need other criteria
for fixing their values to yield a satisfactory performance. One way of looking at the problem

is to consider the 0 L equation without the w term. For ease of discussion, let us rewrite the
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5.3 Hybrid Feedback Control Development

position and velocity gains in terms of scaling factors n; and oy as

C1 = mQ% > —402 (5.18)
CQ = al\/nTQ (519)

The dL equation without the @D term is critically damped with a; = 2. The value of oy
needs to be altered for achieving near critical damping for the complete L equation with

the w term. The in-plane angle gain is also rewritten in terms of a scaling factor no as

K = nyQ? > 302 (5.20)

The natural frequency of the ¢ and 6L equations are y/ng — 3Q and /1§, respectively.
If n; and n9 are chosen in such a way that these frequencies match, then the 6L term in
the ¢ equation will act as a defacto damping term, and v term will damp the §L equation.
The value of ng is chosen as 6, and this results in a settling time of about 1 day (1 cycle).
For this fixed value of ns, the root locus for the coupled 6L and ¥ equations is studied for
a range of o values in the vicinity of a; = 2, with n; varying from 0.1 to 20. Based on
visual observation of the root locus plots the scaling factors are chosen to be a; = 2.3 and
ny = 2.97. Figure H shows the root locus plot for ny = 6 and «; = 2.3, with n; varying
from 0.1 to 20.

As discussed earlier the equation of motion for the out-of-plane angle ¢ represents a simple
harmonic oscillator. This out-of-plane angle can be asymptotically stabilized by using an
equal and opposite thrust force on both the satellites along the bs axis. The thrust force

magnitude Fj is the third control variable with ¢ feedback and it is defined as

Py = M2 g (Kad) (5.21)

my1 + mo
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Figure 5.4: Root Locus Plot for Along-Track Configuration with no, = 6 and

a1 = 2.3.

where K» is the out-of-plane angle feedback gain. These forces introduce a net torque in

the ¢ equation and the modified equation of motion are written as

O+ Q¢ + Ko =0 (5.22)

Critical damping is achieved with Ko = 2Q). Figure [5.5 illustrates the thrusters in action
along the by and bs axes for the along-track configuration. The thrusting force Fj is acting
along the positive by direction and the force F3 is acting along the negative 133 direction
for the satellite 1. The direction of these forces are in reverse for the satellite 2. Note all

thruster forces are directed in orthogonal directions to the cluster line of sight vector (by)

and thereby avoid any potential plume exhaust impingement issues.

5.3.2 Orbit Normal Configuration

Unlike the along-track configuration, the equation of motion of the separation distance

error 0L are decoupled from the angles in the orbit normal configuration. The equations of
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Coulomb
Force

Figure 5.5: Figure Illustrating the Thrusters Along b, and b3 Axes for Along-
Track Configuration.

motion of the two out-of-plane angles 8 and ¢ are coupled instead. Therefore, the linearized
Coulomb forces can be used to stabilized only the separation distance and some thrust
force is needed to stabilize the angles. From Eq. , it is clear that without the charge
product variation (0Q)) term the 6L equation of motion about the charged orbit-normal
equilibrium represents a stable simple harmonic oscillator. In order to make §L equation
of motion asymptotically stable a separation distance error rate (5L) feedback through the
control variable 0@ is sufficient. But here we also introduce a separation distance error (§L)
feedback which enables us to control the natural frequency and thereby the settling time.

The feedback control law is given as

m1m2L2f .
00 = —— et (_ L— L 2
Q (i + mg)kc( Ché CydL) (5.23)
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where C; > —30? and Cy > 0 are the position and velocity feedback gain, respectively.

Now, the closed loop separation distance error equation is written as

6L+ (3Q% 4 C1)0L + Co0L =0 (5.24)

Fixing Co = 2/302 + C| makes the separation distance equation critically damped.

The coupled out-of-plane angles can be stabilized by using thrust forces on both the
satellites. One set of equal and opposite forces with magnitude F; acts along the by axis.
The other set of forces with magnitude F5 acts along the by axis. The feedback control laws

for the thrust force magnitudes are defined as

mims

Fi = —— L (K50 5.25

1 M1+ my ref( 2 ) ( )
mi1msg .

F, = ——L.g(K K 5.26

2 e—— f (K16 + K30) (5.26)

where K7 and K3 are the angle and angle rate gains for ¢, and Ky is the angle gain for
0. It should be noted that the thrust forces F7 and F3 stabilize the out-of-plane angles 6
and ¢, respectively. Further, these forces too only act orthogonal to the line of sight vector
of the 2 craft, thus avoiding plume impingement issues. These forces introduce torque into

the angular equations of motion and the augmented coupled closed loop equations are

b — 200+ (K, — D)+ Kzp =0 (5.27a)

0+ (Ky —49%)0 + 2Qé = 0 (5.27b)

The characteristic equation of the coupled equations of motion given in Eq. (5.27)) is

M+ K3\ + (K + Ky — Q)2 + (Ko K3 — 4K30%) )

+(K 1Ky — 4K10% — KoQ? +402%) =0 (5.28)
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The characteristic equation should have roots with negative real parts to guarantee asymp-
totic stability. The Routh-Hurwitz criterion can be used to establish the constraints on
the gains that will result in the characteristic equation given in Eq. (5.28]) to have negative

definite roots. The constraints on the gains are

K > Q? (5.29a)
Ky > 402 (5.29b)
K3 >0 (5.29¢)

Before we proceed to establish the value of the gains, it is important to note that without

the ¢ feedback the characteristic equation would have been

M4 (K + Ky — 2022\ 4 (K1 Ky — 4K192 — K202 +40%) =0 (5.30)

and one can come up with gains that will only guarantee marginal stability, but not conver-
gence. This justifies the use of angle rate (gb ) feedback for achieving asymptotic stability.
The gain values are fixed in such a way that they guarantee near critical damping. The

gains K7 and K3 are rewritten in terms of scaling factors n and « as

K, = n0?>Q? (5.31)

Ky = ay/(n—1)Q (5.32)

In the ¢ equation of motion, a = 2 guarantees critical damping if one ignores the 0 term.
For fixed values of Ky > 42, the root locus for the coupled @ and ¢ equations is studied for
a range of a values in the vicinity of a = 2 with n varying from 1.1 to 10. Based on visual

observation of the root locus plots the gain K» is chosen to be 502 and the scaling factors
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are chosen to be a = 2.5 and n = 2.7. Figure. shows the root locus plot for Ko = 502
and a = 2.5, with n varying from 1.1 to 10.
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Figure 5.6: Root Locus Plot for Orbit Normal Configuration with Ky = 502 and

a=2.5

5.4 Numerical Simulation

This section presents numerical simulations of the along-track and orbit normal Coulomb
tether formations to illustrate the performance and stability of the presented hybrid feed-
back control strategy. The Coulomb tether performance is simulated in two different man-
ners. First the linearized spherical coordinate differential equations are integrated. This
simulation illustrates the linear performance of the charge control. Second, the linearized
results are compared with those obtained from the exact nonlinear equation of motion of

the deputy satellites given by

LM ke @
P+ = r = 13 (r1 —72) (5.33a)
LM ke @
T2t T3 "2 g I3 (r2 —71) (5.33b)
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where 71 = r. + p1 and 2 = 7. + po are the inertial position vectors of the the masses

my and mg, while L = \/(r2 — 71) - (r2 — 71). The gravitational coefficient x is defined as
1~ GM,. After integrating the motion using inertial Cartesian coordinates, the separation
distance L, as well as the corresponding angles are computed in post-processing using the
exact kinematic transformation. Finally, the robustness of the control laws is illustrated in
the presence of differential solar perturbation. For all cases the cluster center of mass is

assumed to be a GEO orbit.

5.4.1 Along-Track Configuration

The along-track Coulomb tether with a separation distance of 25 meter is simulated first.
The input parameters are given in Table The initial separation distance error (L) is set
to 0.5 meter and the Euler angles are set to ¢ = 0.1 radians and ¢ = 0.1 radians. All initial
rates are set to zero through Y =60 = d) = 0. As discussed in the previous section, the gain

values are chosen, based on studying the root locus plot, to be C = 2.97Q2, Cy = 3.96379,

K, =692 and Ko = 29).

Table 5.1: Input parameters used in along-track simulation

Parameter Value Units
m 150 kg
ma 150 kg
Lyer 25 m
ke 8.99 x 10° N?
Qref 0 /‘02

Q 7.2915 x 107° | rad/sec
4 2.970?
Cy 3.9637Q2
K 62
Ko 20
0L(0) 0.5 m
¥ (0) 0.1 rad
#(0) 0.1 rad
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5.4 Numerical Simulation

Figure |5.7(a)| shows the Coulomb tether motion in both linearized spherical coordinates
dL, 1 and ¢ (continuous line), and the full nonlinear spherical coordinates (dashed lines).
It shows that the nonlinear simulation closely follows the linear simulation, validating the
linearizing assumptions. The charge feedback law augmented with the thrust forces (using
angle and angle rate feedback) ensures the convergence of all states to zero. Figure
illustrates the control charge on a single spacecraft for both linearized and full nonlinear
simulation models. The reference charge pertaining to static equilibrium for along-track
formation is zero and control charges are converging to this value. Note that the deviation
from the value of reference charges is small, justifying the charge linearization assumptions
used. The magnitude of the control charges is in the order of micro-Coulomb, which is easily
realizable in practice using charge emission devices. Figure gives the thrusting force
that is required to stabilize the angles. Again, the dashed lines represent the full nonlinear
model and the continuous lines represent the linearized model. The thrust forces can be
generated using conventional thrusters. In the body fixed coordinates, the craft are aligned
along the 32 axis and the thrust forces F} and F5 are acting along the 151 and 133 directions,
respectively. Thus, the thrusting always takes place perpendicular to the craft orientation,

thereby avoiding plume impingement issues.

5.4.2 Orbit Normal Configuration

The orbit normal Coulomb tether is also simulated with a separation distance of 25 meter
like the along-track configuration. The same spacecraft parameters and nominal separation

distance are used as in Table 5.1} The initial separation distance error, initial Euler angles

and gains are given in Table Figures [5.8(a)| , [5.8(b)} [5.8(c)| show the tether motion

(spherical coordinates), charge on a single craft and thrust forces, respectively. Again, the
dashed lines depicting the full nonlinear model closely follow continuous lines depicting the

linearized model. It can be observed from Figure|5.8(a)|that the separation distance error is
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Figure 5.7: Simulation results for two craft aligned along the along-track direc-

tion with a separation distance of 25m.
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5.4 Numerical Simulation

critically damped and the out-of-plane angles ¢ and 6 asymptotically go to zero. The thrust
forces F1 and F5 are acting in the by and by direction with the Coulomb tether aligned along

the b3 direction. Thus, plume impingement problems are avoided.

Table 5.2: Input parameters used in orbit normal simulation

Parameter Value Units
Qref 6.9304 x 1013 | puC?
Cy 2v/30Q
K 2.70?
K 3.259652
Ko 50?2
0L(0) 0.5 m
6(0) 0.06 rad
#(0) 0.04 rad

5.4.3 Differential Solar Perturbation

At GEO, differential solar drag is the largest disturbance acting on the Coulomb formation.
Hence, full nonlinear model simulation for both along-track and orbit normal configuration
are carried out including the effects of solar drag to study the ability of the controller to
withstand this disturbance. The inertial acceleration vector rg due to the effects of solar
radiation pressure is given as

_ —C.AF r

5.34
me P (5:34)

Ts

where r is the position vector from the sun to the orbiting planet in AU, m is the mass of
the spacecraft in kg, A is the cross section area of the spacecraft that is facing the sun in
m?. The constant F' = 1372.5398 Watts/m? is the solar radiation flux, ¢ = 2.997 x 10® m/s
is the speed of light, and C, = 1.3 is the radiation pressure coeflicient.

The simulation is carried out over a period of 3 days and the Sun’s position is assumed
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Figure 5.8: Simulation results for two craft aligned along the orbit normal
direction with a separation distance of 25m.
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23027

Figure 5.9: The Orientation of the Cylindrical Craft and the Sun’s Position

to be fixed with respect to the Earth fixed inertial coordinates. As shown in Figure the
solar rays are assumed to be making an angle of 23°27" with respect to the earth’s equatorial
plane to account for the earth’s axial tilt. The craft are modeled as cylinders with radius
of 0.5 m, height of 1 m and mass of 150 kg. For craft 1, the cylindrical surface is constantly
facing the sun resulting in a square cross section area of 1 m?, where as for craft 2, it is the
circular cross section (0.25m m?)of the top of the cylinder that is facing the sun.
Figure[5.10(a)[shows the time histories of the spherical coordinates L, ¥ and ¢ for along-
track Coulomb tether formation with differential solar drag. The coupled states 6L and 1)
no longer asymptotically converge to zero, but they are still bounded. The in-plane angle
oscillates with maximum amplitude of +0.05 radians and the separation distance error JL
oscillations are negligible. The out-of-plane motion ¢ settles with a constant steady state
offset. This offset can be explained by looking at the linearized ¢ equation of motion. The ¢
equation is decoupled and with a constant external torque due to the differential solar drag,
will result in a steady state offset. Let the constant inertial acceleration vector along the oy

direction due to solar drag for satellites one and two be rg;(3,1) and rgs(3, 1), respectively.
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Figure 5.10: Simulation results for two craft aligned along the along-track di-

rection with constant differential solar perturbation.
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Figure 5.11: Simulation results for two craft aligned along the orbit normal
direction with constant differential solar perturbation.
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The total constant force acting on the satellite formation along the é; direction is
Fy = mirs;(3,1) + morss(3,1)

The resulting torque due to this force is given by

Ty= " Llmre,(3,1) — — 2 L(marss(3,1)) (5.35)

mi + mg m1 + ms

The linearized ¢ equation for along track configuration (Eq. (5.5a)) can be modified to

incorporate the constant torque given in Eq. (5.35)) as

1 2 2
50— s L(miTs1(3,1) — marss(3,1))

(5.36)

mims2 2
mi+ma

From Eq. (5.36)), the analytical expression for steady state offset in the presence of differ-

ential solar drag can be written as

(m1/marsi(3,1) — ma/mirsy(3,1))
LO2

¢ = (5.37)

For the linearized model the offset was calculated to be —0.0255 radians and it is very close

to the offset observed for the full nonlinear model. Figures |5.10(b)| and [5.10(c)| give the

spacecraft charge and thrust force time histories, respectively.

Figure shows the performance of orbit normal Coulomb tether in the presence of
differential solar drag. Again, it can be observed that the states are bounded. On close
observation of the figure one can come to the conclusion that the separation distance error
(0L) is oscillating about an offset at steady state. The linearized separation distance error
(0L) is decopled from the angles and constant differential solar drag acting on the formation

results in a steady state offset for §L. The analytical expression for this steady state dL
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offset can be derived for the linearized model as

(mlrsl(37 1) - m2r52(37 1))

0L =
3m192

(5.38)

Thus, the linearized model offset for §L is —0.2125 m. The observed steady state offset in
the figure is close to this value and the oscillations can be explained due to the second order
coupling of the separation distance error (0L) with the angles. The oscillations in the 6L

result in the oscillations of the spacecraft charge value around the reference charge value,

as seen in Figures|5.11(b)l Figures shows the thrust force time histories.

5.5 Summary

A 2-craft Coulomb tethered structure aligned along the orbit normal or along-track di-
rection cannot be stabilized with only a charge feedback law. But, both Coulomb tether
configurations can be stabilized with a hybrid control of Coulomb forces and conventional
thrusters that stabilize the separation distance and orientation respectively. The control
charges needed are small in the order of micro-Coulombs and realizable in practice. The
thrusting forces required are in the order of micro-Newtons and the thrusting is always done
orthogonal to the Coulomb tether axis, thus avoiding plume exhaust impingement problems.
For the along-track configuration the separation distance and in-plan angle are coupled and
unstable without feedback. An interesting result is that for the orbit-normal configuration
the separation distance is decoupled and marginally stable even without charge feedback,
while the orientation has to be feedback stabilized. Numerical simulations of the full nonlin-
ear motion are carried out to illustrate the results and compare the linearized performance
predictions to the actual nonlinear system response. Finally, the robustness of the controller

to withstand differential solar drag is illustrated through simulations.
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6 Reconfiguration of a Nadir-Pointing

2-Craft Coulomb Tether

6.1 Introduction

In chapter 4, the stabilization of a simple static 2-craft Coulomb tether structure along
the orbit radial direction is studied Y Compared to the previous works on static Coulomb
structures, this is the first study to introduce a charge feedback law to stabilize a simple
Coulomb structure to a specific shape and orientation. Coulomb forces are inter-spacecraft
forces and can not control the inertial angular momentum of the formation. Hence, stability
characteristics of orbital rigid body motion under a gravity gradient field was applied to
a Coulomb tethered two-spacecraft system to develop an active charge feedback control.
With this control the spacecraft separation distance can be maintained at a fixed value,
while the coupled gravity gradient torque is exploited to stabilize the formation attitude
about the orbit nadir vector. Further, as the separation distance converged to the desired
value, the in-plane rotation angle is shown to converge to zero as well. The out-of-plane
angle is shown to be decoupled from the other modes and not influenced (to first order) by
the spacecraft charges.

This chapter extends this earlier work by investigating how to reconfigure the 2-craft

Coulomb tether formation by forcing the craft to move apart or come closer using the
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6.2 Satellite Reconfiguration Dynamics

Coulomb force and again using the gravity gradient to stabilize the formation. An active
charge feedback law is introduced and the linear stability of the coupled separation distance
and attitude is evaluated for this time-variant system. Based on this analysis, stability
regions for expanding and contracting the two-craft formation are established. In Refer-
ences |32/ and |33, the dynamics of a traditional two-craft tether is studied where they develop
length rate laws that guarantee stability. The attitude stability that is achieved is only a
bounded stability. In the current work, with an electrostatic virtual tether replacing the
actual tether, the feedback law attempts to asymptotically stabilize the separation distance
and the in-plane oscillations. The asymptotic stability is achievable due to the virtual tether
which allows both compression and tension and a flexible tether length. The formation is
studied in GEO and the Debye lengths are assumed to be sufficiently large so that the
effects of Debye shielding can be neglected. Finally, numerical simulations illustrate the

analytical stability predictions.

6.2 Satellite Reconfiguration Dynamics

A 2-satellite formation is considered as shown in the Figure The center of mass is
assumed to maintain a circular Keplerian orbit and the two satellites are nominally aligned
along the orbit radial direction. In essence, these two charged spacecraft will behave like
a conventional 2-craft tether system, with the exception that this electrostatic tether is
capable both of attractive and repulsive forces. Chapter 4 shows that the relative distance
between the two satellites can be controlled using electrostatic Coulomb forces. A charge
feedback law is used to maintain the relative distance at a constant value. As a result, the
two satellites behave like a long slender nearly rigid body and the differential gravitational
attraction is used to stabilize the attitude of this formation about the orbit radial direction.

From this point onwards, this will be referred to as the Coulomb tether regulation problem.
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Center of Mass in a
Circular Keplerian Orbit

omb Force

Craft Initial Positions

Craft Final Positions

Figure 6.1: A simple Coulomb tracking illustration.

These concepts are extended for the time varying Coulomb tether length tracking problem.
The main aim in the tracking (reconfiguration) problem is to increase or decrease the rel-
ative distance between the satellites by forcing them to move relative to each other along
a prescribed path. This static Coulomb structure reconfiguration is to be accomplished
without loosing altitude stability.

The Clohessy-Wiltshire-Hill’s equations?®2%29 for one of the spacecraft in the 2-craft
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6.2 Satellite Reconfiguration Dynamics

circular center
of mass motion .

Figure 6.2: Coulomb Tethered Two Satellite Formation with the Satellites
Aligned Along the Orbit Nadir Direction

Coulomb tether formation as shown in Figure [6.2is given by

. ) ke (1 — z2)
_ _ 2, _ e\l L)
I — 2Quy1 — 3Q°1 I3 q192 (6.1a)
.. . kc (yl - y2)
204 = — 2772 .1b
i + 2Q R SR LU (6.1b)
. ke (21 — 22)
2 _ C
2402 = m I3 q192 (6.1c)

where (z;,1:,2)7 is the position vector of the i*" satellite in Hill frame components, m1
and ¢; are the mass and charge of satellite 1, and L is the distance between the satellites 1
and 2. The constant chief orbital rate is given by €2 = \/m , where p is the gravitational
coefficient and 7. is center of mass position vector. The parameter k. = 8.99 - 10° Nm?/C?
is the Coulomb constant. As the Hill frame origin is set to be identical to the formation
center of mass, the motion of the 2" craft can be found by noting that the center of mass

vector is constant due to conservation of linear momentum. This yields®5

mi1p1 +mapa =0 (6.2)

89



6.2 Satellite Reconfiguration Dynamics

The differential equation of the separation distance L, between the two satellites is given
by30
1 mi+mo

ke
—Q

L= (20 + 302 L

(6.3)

For the Coulomb tether regulation problem, L is the sum of a constant reference length
Lot and a small varying length §L. Similarly, let @ be the sum of Qef, which is the ideal
constant charge needed to maintain the satellites in a rigid formation of length L., and a

small charge variation 0Q).

L(t) = Lyt + L(t) (6.42)

Q(t) = Qref + 5Q(t) (64b)

The reference charge Q.or is a function of L, and is computed analytically from the

linearized Hill frame equations. The analytical expression for Q,ef is written ag>%l3

L _mims

Qref = —3Q (65)

ke m1 + mo

It should be noted that in the Coulomb tether regulation problem L. is constant and the
differential equation given in Eq. is linearized by assuming a small § L separation dis-
tance error. This can be slightly modified to accommodate the Coulomb tracking problem.
The reference Coulomb structure length Ly(t) is made time varying, but the separation

distance errors 0L(t) are still assumed to be small.

L(t) = Lyet(t) + SL(t) (6.6a)

Q(t) = Qref(t) + 5Q(t) (66b)
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Here L,c¢(t) is the time varying reference separation distance and Qf(t) is the correspond-
ing reference charge which can be calculated using Eq. (6.5)). Substituting the assumptions
in Eq. into Eq. (6.3) and linearizing assuming small §L yields

1 mi+mo
L2

ref

6L = —Lyer + 2QLyesth + 9026 L + —6@ (6.7)

ma2

This equation establishes the relation between the additional charge Q) required and the
change in relative separation of the satellites. Note that this relation is coupled to the
angular in-plane perturbation rate w In order to obtain an expression for this, a stability
analysis using the gravity gradient is employed. The derivation of the expression for angular
perturbation closely follows the derivation given in Ref. [30| for the Coulomb regulation
problem. The linearized attitude dynamics of the Coulomb tether body frame are written

along with the separation distance equation as:

o 2Lef -
b+ 44020 =0 (6.8)
Lref
N 2Lre 2Lre 2Lre
)+ =y + 25— I LS + 2250 3020 = 0 (6.8b)
ref ref ref
.. 1
SE 4 Frer — 20 Legth — 9025L — —5Q S (6.8¢)
Lref m2

Thus, Eq. — are the linearized equations of motion of the Coulomb tracking
about the static nadir reference configuration. Only the linearized 6L differential equation
was obtained using the Clohessy-Wiltshire-Hill equations, while the linearized differential
equations of ¥ and 6 were derived from the full formation angular momentum expression
along with Euler’s equation. Compared to the regulation problem, these differential equa-
tions are non-autonomous and depend explicitly on time through L,es(f). This greatly
complicates the stability analysis of any feedback control law.

Let the charge product variation §Q) be the control signal. The Coulomb regulation
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6.2 Satellite Reconfiguration Dynamics

feedback control is then modified to incorporate a time-varying Lief(t) term.

mamaLi(t)

W(—QM — CyL) (6.9)

5Q =

The constants C and Cy are the position and velocity feedback gains. Incorporating this
feedback law in to the J L differential equation in Eq. (6.8c) yields the following closed-loop

separation distance dynamics:

OL + Lyet — 2QLyest) + (C1 — 902)6L + Co6L = 0 (6.10)

It can be observed that the linearized equations in Eq. (6.8a]) — (6.8c|) depend on the mean
orbit rate n which has a very small value at GEO. In order to eliminate the numerical issues
that might arise while integrating due to the small n value, the following normalization

transformation is employed to make these equations independent of n.

dr = Qdt (6.11a)
(+) = déi) - glzdc(;) (6.11b)

The orbit rate independent form of the linearized equations in Eq. (6.8a)) — (6.8¢) are written

as

2L

0" + ety 449 =0 (6.12a)
Lref
2L/ 2 2L/ 2L/
P+ =y =L — SL + = 4 3y =0 6.12b
Lyef Lyet Lfef Lyef ( )
SL" + L — 2Lert)’ + (C1 — 9)0L 4 CodL' =0 (6.12c)

where Cy = (C2/Q) and C; = (C1/Q?) are non-dimensionalized feedback gains. These
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equations show that the out-of-plane motion 6(¢) is decoupled from the charge product
term 6@ and separation distance variation dL(t). Therefore, it is not possible to control
the out-of-plane motion using charge control in this linearized analysis. However, the in-
plane motion (t) is coupled to the dL(¢) motion in the form of a driving force and hence,

requiring a coupled in-plane attitude and separation distance stability analysis.

6.3 Stability Analysis

With time varying Lye(t), the equations of motion are linear and time dependent. Rosen-
brock®* shows that the linear time-dependent system given by & = A(t)x is asymptotically
stable if the frozen system for each ¢ is stable and the rate of change of A(t) is very small.
Reference 34, also establishes a bound for A’(¢) when A(t) is in the control canonical form.

The stability of the 2-craft Coulomb tether formation with varying reference length is an-

alyzed using this method. The coupled §L and 1 equations in Eq. (6.12b)) — (6.12¢) are

written in the state space form as

" 0o 1 0 0 " 0
2L 2L 9 , 2L
,l/}// _3 _ ref ref _ ,(/) _ ref
— Lyet LEef Lyet + Lret (613)
Ly 0 0 0 1 0L 0
sL" |0 2L 9-C1 —Cy| \oL .
———

A(t) d(t)

The square matrix in the above equation is A(t) and the time dependency in this matrix

is due to the terms Ly and L! . The stability of the system greatly depends on the

/

rofs Can be chosen

rate at which L, is varied. The rate of change of reference length L
according to the mission requirement or design. Of interest is how large L/ _ can be while still

guaranteeing stability. From Eq. (6.13)), it can be observed that there is a state independent
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term d(t) which only depends on the specified rate of change of reference length (L ). This
term in the equation of motion will lead to a steady state offset as long as Lyt is time varying.

The analytical expression for the steady state offset is given as follows

w _ 2L;ef 2L;ef~L;/ef _ QLref 2Lrefi/ref
offset | BLeer ' 3(=9+3C1)L2, | _ 30Lrer " 3Q(—992+3C1) L2 (6.14)
L;’ef Lref ‘
0 Lofiset Cot3dn) (902 +3C1)

Before fixing the limits for L/ ;, the values for gains are chosen such that the A(¢) matrix is
Hurwitz at any given time t. This does not guarantee stability for a time varying system, but
this is a necessary step for the Rosenbrock stability conditions. In the regulation problem
the feedback gains were expressed in terms of scaling factor ¢ and «. Since this work is an
extension of the regulation problem, the same scaling factor for the gains are chosen. They

can be written as
Cy=c (6.15)
and
Cy=avec—9 (6.16)

The characteristic equation of the A(t) matrix is given by

~ L ~ I ~ I/ . '
)\4 + (02 + 2%))\3 =+ (Cl + 26’2[/#ef _ 2))\2 + (302 o 22Lref + 201 Lref))\
ref ref ref ref

+3(C1—9)=0 (6.17)

Let k = L! /Lyt be a time varying coefficient which is determined through the chosen

reference separation time history Ly¢(t). With this simplification the characteristic equation
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of A(t) becomes
M (Co + 26003 + (C1 + 202k — 2)A2 + (3Cy — 22k + 2C1k)A+3(C1 —9) =0 (6.18)

To ensure stability, roots of the characteristic equation should have negative real parts
(Hurwitz matrix). This requirement is satisfied using the Routh-Hurwitz stability criterion.
Based on this criterion it is established that C; should have a value greater than 9 and
the range of possible values for k and « for certain fixed C; is shown in Figure The
shaded region illustrates the possible values of k and « that guarantee that roots of the
characteristic equation (i.e. the eigenvalues of the matrix A(t)) have negative real parts.
It can be observed from Figure that for C; > 10 there is no bounds on k¥ when we
are expanding the separation distance. But, for contracting or decreasing the separation

distance (i.e. —k) we have a tight limit on k. The « value is fixed such that we have a

maximum range of k. From Figures[6.3(b)|and [6.3(c)} the values of « are taken as 1.4 and

0.9 for the C, values of 12 and 14, respectively.

By satisfying the Routh-Hurwitz criterion, the eigenvalues of A(t) at any fixed time ¢ will
always be in the left half of the plane. This is not sufficient to guarantee stability of the
system. The sufficient condition is that rate of change of A(t) be very small. Rosenbrock®*
established bounds for this rate of change and stated it as a theorem when A(t) is in the
control canonical form (A.(t)). For the sake of continuity the theorem is stated here, but
the reader should refer to Reference [34 for the detailed derivation of the theorem. Let the

matrix R be defined as

R=SAT 4+ A.S -5 +nl <0 (6.19)
(Sig) =D AN (6.20)
k=1
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Figure 6.3: Plots showing the regions that satisfy the Routh Hurwitz stability

criterion.
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where S;; are the elements of the S matrix, A and i, are the eigenvalues and its conjugate,
S’ is the derivative of S and n > 0 is some arbitrary constant. When all the eigen values
of A. are distinct and in the left half of the plane at any given instant of time, and R
is negative definite throughout the maneuver, the system is asymptotically stable about
x = 0. For the 2-craft Coulomb tether problem, this requires the time varying reference
separation distance Ly¢(t) to be carefully chosen so that the R is negative definite at all
times. This theorem is based on the fact that for a matrix in the control canonical form,
the eigenvalues are uniquely related to the elements of the matrix and hence, the bounds
on the rate of change of the matrix can be replaced by bounds on the rate of change of the

eigenvalues. Some more details about the S matrix are given in the following equation.

S=HH (6.21)

where H is the is the eigenvector matrix and H* is the transposed complex conjugate of H.

The matrix H is defined as

1 1 1
Al Ao An
He| e x \ (6.22)
-)\1;—1 )\3—1 . )\271-

Studying the characteristic equation in Eq. , note that if L _¢(t) is chosen such that
the coefficient k = L/ ¢/Lyet is constant, then the eigenvalues of A.(t) are also constant.
For this special case the Rosenbrock stability conditions on the rate of change of A(t)
are trivially satisfied, and the overall stability is determined through the Routh-Hurwitz

stability conditions. However, having a constant k& coefficient is not a practical maneuver
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because it requires exponential expansion or contraction.
The A(t) matrix in Eq. (6.13) is not in the control canonical form, but it can be trans-
formed in a control canonical form using a similarity transformation & = T« which yields

the differential vector equation

&' = A()¢ (6.23)

It should be noted that the characteristic equation of the transformed matrix A.(t) is
the same as the original matrix A(t). Hence, the values of gains chosen earlier will keep
the eigenvalues in the left half plane. For this transformed matrix we can establish the
bounds on L, and L;ef which guarantee that the matrix R remains negative definite. The
transformed states & are linear combinations of the original states . Therefore, if the
transformed states are stable then the original states are also stable. The control canonical
form of the matrix (A.(t)) for the given matrix A(t) can be easily written by observing the

characteristic equation. It is given by

0 1 0 0
0 0 1 0
A(t) = . . . 1 (6.24)
—3(C1 —9) —(3Cy — 22k 4 2C1k) —(C1+42Cok —2) —(Cy+ 2k)

Because A.(t) is a 4 x 4 matrix, analytically finding the expression for eigenvalues and
using them in the inequality in Eq. is very challenging. The resulting expressions are
too complex to be insightful. Instead the feasible values of L,¢f and L;ef that satisfies the
inequality in Eq. for the chosen values of C; and « are identified numerically. These
feasible values are shown in Figure [6.4. The plots can be used to specify the reference

trajectory Liet(t). Kulla®® has developed a critical limit for the ratio L/(t)/L(t) which
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Figure 6.4: Plots showing the regions that satisfy the Routh Hurwitz stability
criterion and Rosenbrock bounds.
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guarantees stability for a traditional tethered two-craft system. This critical limit is given

as

L'(t)/L(t) = L(t)/(QL(t)) < 0.75 (6.25)

This limit comes from a trigonometric constraint while balancing the Coriolis forces by the
gravity gradient forces. The identified feasible values of Lyef and L. ; for the current two
craft virtual tether problem have linear constraint boundaries similar to the Kulla critical
limit. The Coulomb tether problem is significantly different as a virtual tether allows both
tension and compression, and the stability depends on the feedback gains. In comparison,
the classical nadir-pointing tether reconfiguration problem requires tension at all times and

only depends on the length rate L.

6.4 Numerical Simulation

To illustrate the performance and stability of Coulomb tether reconfiguration maneuvers,
the following numerical simulations are performed. The simulation parameters that used
are listed in Table The initial attitude values are set to ¢» = 0.1 radians and 6 = 0.1
rad. The separation length error (Coulomb tether length error) is L = 0.5 meters. All
initial rates are set to zero through @ZJ = 6L =6 = 0. Two sets of maneuvers, expanding
the Coulomb tether formation from 25m to 35m in 1.8 days and contracting the formation
from a separation distance of 25m to 15m, are shown.

The Coulomb tether performance is simulated in two different manners. First the lin-
earized spherical coordinate differential equations are integrated. This simulation illustrates
the charge control performance operating on the linearized dynamical system. Second, the
exact nonlinear equations of motion of the deputy satellites are solved using the same charge

feedback control, and compared to the performance of the linearized dynamical system. The
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6.4 Numerical Simulation

Table 6.1: Input parameters used in orbit-radial reconfiguration simulation

Parameter Value Units
m1 150 kg
mo 150 kg
ke 8.99 x 10° Nip?
Q 7.2915 x 1075 | rad/sec

SL(0) 0.5 m
¥ (0) 0.1 rad
6(0) 0.1 rad

nonlinear deputy equations are given through Cowell’s equations

.. n ke
= _°c_x — 6.26
71+ Ti,)m X L(t)3(m r2) ( a)
.. n ke
Sry = — — 6.26b
T2 + 7%7“2 ; L(t)3(r2 r1) ( )

where 71 = r.+p1 and ro = r.+p9 are the inertial position vectors of the the masses m; and

my, while L = \/(r2 —71) - (re — 7r1). The vector 7. denotes the position of the formation
center of mass or chief location. The gravitational coefficient p is defined as pu ~ GM,.
After integrating the motion using inertial Cartesian coordinates, the separation distance
L, as well as the in-plane and out-of-plane angles i) and 6, are computed in post-processing
using the exact kinematic transformation.

Figure shows the Coulomb tether motion for increasing the separation distance
from 25m to 35m in the linearized spherical coordinates (¢,6,d0L), along with the full
nonlinear spherical coordinates shown as continuous lines. The expansion is done in 1.8
days and this corresponds to a constant L. . of 0.88. After 1.8 days, the L, is zero and
the formation is allowed to stabilize about the final separation distance. The feedback

gains are Cy = 12 and @ = 1.4. With the presented charge feedback law, both the yaw

motion 1 and the separation distance deviation 6L converge to zero. By stabilizing the
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Figure 6.5: Simulation results for expanding the spacecraft separation distance
from 25m to 35m in 1.8 days. The feedback gains are C; =12 and o = 1.4.

102



6.4 Numerical Simulation

36
- 34
3
B
= 32}
g
= 30
a -
gogl laelt). . 2T osao L.e(t) Reference Separation Distance
‘§ L(t) From Linear Spherical Coord. Simulation
3
826F o0 L(t) From Nonlinear Inertial Simulation N
0
24 ! ! ! ! !
0 0.5 1 1.5 2 25 3
Time [Days|
(a) Time histories of separation distance.
x107*
2 T T T T
A Lyet(t) Rate of Change of Reference Length
1.5

L(t) From Linear Spherical Coord. Simulation|

L(t) From Nonlinear Inertial Simulation

[m/sec]

Rate of Change of Separation Distance

-1 1 1 1 1 1
0 0.5 1 15 2 2.5 3

Time [Days]

(b) Time histories of rate of change of separation distance
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Figure 6.7: Simulation results for contracting the spacecraft separation distance
from 25m to 15m in 1.8 days. The feedback gains are C; = 12 and o = 1.4.
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dL state to zero, the in-plane rotation v (¢) also converges to zero. As expected, the pitch
motion #(t) was a stable sinusoidal motion, decoupled from the controlled in-plane orbital
motion. Further, Figure shows that the nonlinear simulation closely follows the
linearized simulation, validating the linearizing assumption and illustrating robustness to
the unmodelled dynamics. Since L/ ; is constant, there is no steady state offset for L and
the offset for 1 is very small (order of 1072 rad) and hence, not visible in the graph.

Figure shows the spacecraft control charge q; (on craft 1) for both the linearized
and full nonlinear simulation models. Both are converging to the reference value pertaining
to the static equilibrium at each instant of time. Note that the deviation from the value of
reference charges is small, justifying the linearization assumptions used. The magnitude of
the control charges is in the order of micro-Coulomb which is easily realizable in practice
using charge emission devices. The charge on craft 2 will be equal and opposite to the
charge on craft 1.

In order to illustrate how well the system is tracking the prescribed reference trajectory
L.c£(t), the time histories of separation distance L(t) and the time histories of rate of change
of separation distance L(t) are shown in Figure and Figure respectively.
Figure [6.6(a)| shows that the reference separation distance (Lyef(t)) increases linearly until
1.8 days before settling to a constant value and both the linear and inertial nonlinear
simulations track the reference separation distance closely. Figure [6.6(b)| illustrates that
the rate of change of the reference separation distance (Lyef(t)) is a discrete step change. In
the linear and inertial nonlinear simulations the formation is assumed to be static to begin
with and hence, their rate of change of separation distance (L(t)) are zero initially. But
they converge with the reference rate Lref(t) within 1.2 days. A faster convergence can be
achieved by replacing the sharp corners of the reference rate (infinite reference acceleration)
with a smooth polynomial function or spline (finite reference acceleration).

Figure [6.7(a) and Figure [6.7(b)| show Coulomb tether motion and charge time histories
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Figure 6.8: Simulation results for expanding the spacecraft separation distance
from 25m to 35m in 1.8 days. The feedback gains are C; = 14 and « = 0.9.
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Figure 6.9: Simulation results for contracting the spacecraft separation distance
from 25m to 15m in 1.8 days. The feedback gains are C; = 14 and o = 0.9.
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for decreasing the separation distance from 25m to 15m. Contractions are more challeng-
ing because the angular momentum will cause to destabilize the in-plane attitude motion.
The maneuvers must be performed slow enough to allow the gravity gradient to maintain
stability. Again the maneuver is done in 1.8 days which means L/ ; is —0.88 and the gains
are same as above expansion maneuver. These two sets of maneuvers are repeated for the
gain values C; = 14 and a = 0.9 and, Figure and Figure illustrate their time histo-
ries. It can be observed from these two graphs that even though the system is stable, the

performance could potentially be improved by tuning the feedback gains.

6.5 Summary

A charge feedback control law for reconfiguring a 2-craft Coulomb tether formation with
time varying length is given. The 2-craft system forms a simple virtual Coulomb structure
where the electrostatic force replaces the conventional tether cable. Previous work only con-
sidered stabilizing a static structure with a fixed length. This paper discusses an expanded
feedback control law which allows for the Coulomb tether length to vary with time. During
these maneuvers care is taken to ensure that the gravity gradient torque is still sufficient
to stabilize the in-plane attitude of the nadir pointing formation. The stability regions
for expanding and contracting the formation are established through linearization of the
motion and by applying criteria developed by Rosenbrock for linear time-varying systems.
Contracting the virtual structure is more difficult to perform while guaranteeing stability.
The system angular momentum will cause any in-plane angular motion to increase with de-
creasing tether length. The magnitude of the local gravity gradient limits the rate at which
the separation distance can be reduced. In contrast, expanding the virtual structure length
is easier because the angular momentum helps contain in-plane rotation. The out-of-plane

motion of the craft is decoupled from the in-plane motion with the linearized dynamics,
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and not controllable with the Coulomb forces. Numerical simulations of the full nonlinear
motion are carried out to illustrate the results and compare the linearized performance

predictions to the actual nonlinear system response.
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7 Analytical Solution for Out-of-Plane

Motion Using Bessel Functions

7.1 Introduction

In the previous chapter, the reconfiguration of a two craft Coulomb tether aligned along
the orbit radial direction is presented in detail. The linearized equations of motion (EOM)
for this configuration reveals that the out-of-plane angle (#) is decoupled from the in-plane
angle (¢) and the separation distance error (JL). Hence, out-of-plane angle can not be
actively controlled by the Coulomb force. This issue with the out-of-plane angle is also
true for the regulation problem. But, for the regulation problem the out-of-plane angle
EOM is a time-invarient second order differential equation that results in a stable simple
harmonic oscillation motion for §. Whereas, for the reconfiguration problem the EOM is a
second order differential equation with time dependent terms. The time dependent terms are
prescribed the reference length (L) and reference length rate (Lyef). Depending on whether
one is expanding (positive Lref) or contracting (negative Lref) the two craft formation,
the initial out-of-plane angle oscillations will decrease or increase, respectively. We are
keenly interested in studying the contracting operation which has potential applications
in space structure’s docking operations. These docking operations might require the final

angular oscillations to be with in certain limits. The in-plane angle can be asymptotically
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7.2 Analytical Solution Derivation

controlled by using the Coulomb force. This now leaves the out-of-plane angle and we are
interested in developing certain bounds on the initial out-of-plane oscillation such that the
finial oscillation will be within the prescribed limits.

In this chapter, we develop analytical solutions for out-of-plane angle EOM when the
reference length rate (Lref) is a constant. This analytical solution is derived using the Bessel
function®® and the final general solution does depend on the initial conditions. Based on
this solution the bounds on the initial conditions (initial out-of-plane angle) have been
established to keep the oscillations, at the end of the operation, with in the prescribed
limits. This chapter is organized as follows. First, the analytical solution for the linearized

out-of-plane angle EOM is derived and this followed by establishing the bounds on the initial

out-of-plane angle. Finally, numeric simulations are carried out to illustrate the results.

7.2 Analytical Solution Derivation
The equation of motion for the out-of-plane angular motion is given by

L ref

0+ 40% =0 (7.1)
L ref

0+ 2

For a constant reference length rate (Lyef), the reference length can be written as
Lref(t) = Lo+ Lref 3 (72)

where L is the initial reference separation distance and ¢ is the time. Substituting Eq. (7.2))

back into the out-of-plane equation of motion given in Eq. (7.1) results in

) [
6+2——"0 644020 =0 (7.3)
LO + Lref t
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7.2 Analytical Solution Derivation

An analytical solution for the equation of motion given in Eq. (7.3)) can be obtained by

transforming the equation to the Bessel equation®® Define a new variable z as follows

z = Lo+ Lreft (74)
dz = Lyesdt (7.5)
dz .

— Ly .
L (7.6)

Substituting this new variable given in Eq. (7.4]) into Eq. (7.3)), and changing the derivatives

with respect to ¢ (time) to derivatives with respect to z results in

d?0 ., Lier df . )
@Lref+2 P %Lref‘i_%‘:g 0 == 0
P 2dp A2,
dz?2  zdz L?ef
d’6  2df
4+ 224k = 0 7.7
dz? + zdz + (7.7)

where k = EQ . The transformed equation in Eq. (7.7) is still not in the standard Bessel

ref

equation form and needs one more transformation. Assume, the out-of-plane angle 6 to be

of the form
0==z"2y(2) (7.8)

Now, the first and second derivative of # with respect to z can be written as

db _idy 1 s
d*0 1 d%y _sdy 3 _s
R R S S (7.10)

112



7.2 Analytical Solution Derivation

Using Eq. (7.8]), Eq. (7.9) and Eq. (7.10)), the 6 equation of motion given in Eq. (7.7 can

be transformed as

dy  1dy <k2 B (1/2)2> =0 (7.11)

dz?2  zdz 22

The standard form of the Bessel equation given in reference [36] is as follows

>y 1ldy 5 v
sz+zdz+(k —Z2>y:0 (7.12)

and the complete solution for Eq. (7.12)) when v is non-integral, is given by
y = AJy(kz) + BJ_y(kz) (7.13)

where A and B are constants whose values can be determined using initial conditions. The

Bessel functions J,(kz) and J_,(kz) are given by

J. = i (_1)T(%kz—)v+2r (7.14)
! ril(v+7r+1) '

J, = - 1y (3he) 7.15
v z:: (_)T!F(—v+r+1) (7.15)

where I'(x) is the Gamma function defined as

() = /0 T ety (7.16)

By comparing the equation of motion (EOM) given in Eq. (7.11)) and the standard Bessel

equation given in Eq. ((7.12)), the analytical solution for the EOM can be written as
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7.2 Analytical Solution Derivation

The Bessel function J; /5(kz) can be written using Eq. (7.14) as

1kz)"? k22 | (k2)!
yalkz) = (;(3/)2) {1 - (2.?2 - 2(.3.41.5 _} (7-18)

The value of the function I'(3/2) is calculated to be %ﬂ% Using this value and rearranging

Eq. (7.18), one arrives at

ia(hz) = (772k2>1/2 {kz B (223 * 2(.];2%5 o }
Tua(kz) = (i)m sin(k2) (7.19)

TRZ

Similarly, the expression for the J_; 5(kz) boils down to

1/2
J_1)2(kz) = <l<:> cos(kz) (7.20)

TTRZ

The analytical solution for the out-of-plane angular motion 6 can be written by combining

Eq. (7.8) , Eq. (7.17)), Eq. (7.19) and Eq. (7.20) as

=3 (A (75%) " sin(kz) + B <ﬂ2€z> v cos(k:z)) (7.21)

Substituting back the definitions of z and k in Eq. (7.21)), one arrives at the expression for

0 as a function of time ¢, which is written as

. 1/2
(t) = Lee) o 1 (A sin (2@0 + QQt) + B cos (&LO + 29t)> (7.22)
T LO + Lreft Lref Lref

SN 1/2
The term (%) is a constant and can be absorbed in to the arbitrary constants A and
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B. Therefore, Eq. (7.22)) can be rewritten as

o(t) N <A sin <2QL° + 2Qt> + B cos <2§L0 + 2Qt>> (7.23)

LO + Lref t ref ref

The arbitrary constants A and B can be evaluated using the initial conditions and the an-

alytical solution given in Eq. (7.23]) can be further simplified using trigonometric identities.
7.3 Initial Conditions
Let the out-of-plane angle (8) and its rate () at t = 0 be

90) = 6y (7.24)

0(0) = 6y (7.25)

From Eq. (7.23)), the expression for 6 at t = 0 can be written as

1 2QL 2QL
Q(O)z(Asin< : O)+Bcos< . 0)) (7.26)
LO ref ref
Comparing Eq. (7.24)) and Eq. (7.26)), one can write
2QL 2QL
Asin < . 0) + B cos ( . 0> = Lobo (7.27)
ref ref

Taking the time derivative of Eq. (7.23)), one gets the expression for angle rate (9) as

: —Lye 20L 20QL
o(t) = -f[Asin< - O—i-QQt)—i—Bcos( - O+2Qt>]
(LO + Lref t)2 Lref Lref
2Q) 2QL 2QL
+— [A cos ( 0 4 QQt> — Bsin ( 0 4 2Qt>] (7.28)
LO + Lref t ref ref
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The expression for 6(t) at t = 0 can be derived from Eq. (7.28) as

9(0) = _Lgef [A sin <29L0) + Bcos <QQLO>}
LO Lref Lref
—1—@ {A cos (2QLO> — Bsin <2QLO>] (7.29)
LO Lref Lref

Again, by comparing Eq. (7.29) and the initial condition given in Eq. (7.25)), one can write

—Leet . (2QLg 20) 20L, — Lyt 20L 20 . [(2QL
A 5 sin - + — cos - B 5 COS . — —sin :
LO Lref LO Lref LO Lref LO Lref
= 6 (7.30)

Solving equations Eq. (7.27)) and Eq. (7.30]) for A and B gives

A sin (?Lf(’) cos (%)
B N ;LLgref sin (—QEZLf) + 7 QQ cos <2?Lf°> fgref cOS (2?Lf°> 2;; sin (7222%0)
L 0 re: re: re: re
[ 106
2 ‘ (7.31)
0
Lyetfo + Lob 20L 20L
— A = <f02;00> cos < 0) + Lob sin ( 0) (7.32)
ref ref
Lyetfo + Lobo \ . [29QL 20L
~B = — <f02;;00> sin < °> +L090cos( °> (7.33)
ref ref

Thus, Eq. (7.32) and Eq. (7.33)) give the expressions for the arbitrary constants A and B.

The analytical solution given in Eq. (7.23]) can be further simplified into a single trigono-
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metric function with a phase angle and amplitude. Recall the trigonometric identity

Asinf + Bcosf = \/ A2 + B2 cos <0 —tan™! <g>> (7.34)

One can easily prove this identity by multiplying and dividing the left hand side (LHS) of
the equation by v/ A2 + B2. The proof is given below.

VA? + B2
Asinf 4+ Bcosf = ;(AsinQ—chosG)
VA% + B?

A B
= A2+ B? <s'n0 + cos@)
VAT BT VA? 4 B2
= A2+ B2 (sin ¢sinf + cos ¢ cos 6) (7.35)

where ¢ is given by

¢ = tan™? <2>

Using the trigonometric identity cos (z — y) = cosz cosy +sinx siny in Eq. (7.35)), one gets

Asinf+ Bceosf = +/ A%+ B2cos (0 — ¢)
= A%+ B?cos (0 —tan~! (g))

Now, using the trigonometric identity given in Eq. (7.34]), the analytical expression for

0(t) given in Eq. (7.23) can be rewritten as

0(t) ¥\/mcos <QQLO + 20t — tan~ ! <g>) (7.36)

B LO + Lref t ref

Therefore, Eq. ((7.36)) gives the final form of the analytical solution with constants A and B
defined in Eq. (7.32) and Eq. (7.33).
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7.4 Bounds on Initial Out-Of-Plane Angle

By studying Eq. (7.36)), one can write the time varying amplitude of the out-of-plane angle

0 as

() amp = —————/A2 1 B? (7.37)

LO + Lref t

The amplitude expression in Eq. ((7.37) can be further simplified by substituting the expres-
sions for A and B from Eq. (7.32)) and Eq. (7.33). The simplified amplitude expression in

terms of initial out-of-plane angle 6y and initial rate g is given by

1
2

1 L Lof

2
: + (Lobp)? 7.38
Lot bt 50 ) (Lobo) (7.38)

Note, all that we have derived till now in this chapter holds good for any general reconfig-
uration problem in the orbit radial direction. That is, the analytical solution using Bessel
functions and the time-varying amplitude expression holds good for both expansion and
contraction of the separation distance between the two satellites. It was shown in the previ-
ous chapter that during expansion the out-of-plane oscillations are reduced due to angular
momentum conservation. Therefore, regardless of the initial out-of-plane angle at the be-
ginning of the expansion, one is guaranteed to have a smaller out-of-plane oscillation at the
end of the operation. The vise-versa is true for contracting the 2-craft Coulomb tether.
The initial out-of-plane oscillation will increase as the satellites are brought closer due to
conservation of angular momentum. We are interested in establishing a bound on the initial
oscillation so that the final oscillations at the end of the contraction will be with in certain
limits. Let the maximum initial out-of-plane oscillation be 6, and at this angle value the

angular rate will be zero. Using this information the amplitude expression in Eq. (7.38)) can
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be rewritten as

. 2 2
_ 001 Ly 2
[e(t)]amp - LO + Lreft ( 20 > + (LO) (7'39)

For the given initial and final separation distances, and the constant rate of change of
separation distance (L), the total time involved for the contraction operation can be
determined. Let this time is given by t.x. The desired bound on the out-of-plane oscillation

amplitude at the end of the time tmax is given by [0(tmax)]amp. Inserting these values in

Eq. (7.39)) results in

. 2 2

Qomax Lyet

[0(tmax)|amp = m ( 20 ) + (LO)2 (7.40)
0 ref Ymax

Rearranging Eq. (7.40) by keeping 6., on one side and taking the remaining terms to the

other side gives

(LO + Lref tmax)
ND

\/(me> + (Lo)?

The inequality given in Eq. (7.41]) establishes the bounds on the initial out-of-plane angle

eomax < [9<tmax)]amp (741)

value and satisfying this inequality will lead to an final out-of-plane oscillation that is less
than the permissible value of [0(fmax)]amp-
7.5 Numerical Simulations

In this section, numeric simulations are carried out to illustrate the analytical solution and
to verify the final out-of-plane oscillation predictions. We will concentrate on the maneuver

involving the contraction of the separation distance between the two satellites. The initial
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out-of-plane angle and angle rate are set to § = 0.1 radians and 6 = 0 rad /sec, respectively.
The satellites are assumed to be in GEO and hence, the mean orbit rate value is taken to be
Q = 7.2915 x 107° rad/sec. The satellite formation is contracted from an initial separation
distance of 25 m to 15 m in 1.8 days. The out-of-plane angle () time history and amplitude
of the oscillation (shown as bounds), found using the equations Eq. and Eq. ,
are illustrated in Figure

0.2 T T
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Figure 7.1: The time histories of the out-of-plane angular motion () using
analytical solution with the amplitude as bounds.

The out-of-plane angle equation of motion shown in Eq. is the linearized decoupled
equation. As in the previous chapter, we compare its performance with the full nonlinear
equation given by the Cowell’s equation. The initial conditions and gains used are same as
in previous chapter and are given in Table. 6.1. Again, the satellite formation is contracted
from an initial separation distance of 25 m to 15 m in 1.8 days. The results of this simula-
tion are illustrated in the Figure It can be observed from the figure that the analytical
solution of the linearized equation for the out-of-plane angle () closely follows the actual
out-of-plane angle time history obtained by simulating the full nonlinear equation. There-

fore, the analytical solution for the linearized equation can be used to set bounds on the
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initial condition ((0) and 6(0)) so that the final out-of-plane angle is with in prescribed

limits.
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Figure 7.2: The time histories of the out-of-plane angular motion () using the
analytical solution and by simulating the full nonlinear equation.

From Figure one can conclude that the final oscillation amplitude or peak out-of-plane
angle after the completion of the contraction will be around 0.17 rad. We now calculate the
bound on the initial § value so that the final oscillation will be not exceed 0.1 rad. Using

Eq. (7.38) and substituting the corresponding values gives

(LO + Lref tmax)
eomax < [e(tmax)]amp K 2
\/ (%) + (Lo)?

25 —6.43 x 1075 x 1.56 x 10°

2
—6.43x10=5
\/(2><7.291>§)><10—5> +(25)
< 0.06 rad (7.42)

< (0.1)

Now, the simulation of the maneuver carried out previously and illustrated in Figure [7.2]

is again carried out with initial conditions #(0) = 0.06 rad and 6(0) = 0 rad/sec. The
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7.5 Numerical Simulations

simulation results are illustrated in Figure It can be seen from the figure that the final

out-of-plane angular oscillation amplitude is 0.1 radians as expected.

0.15 T T T T
Amplitude Bounds
01 / \
2
2
?E 0.05
SS
c
=
£ -0.05|
3
&
L'{D‘ —0.1} ——=-=Nonlinear Equation Simulation
g Linear Analytical Solution
_0.15 ! ! ! ! ! ! ! !
0 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8
Time [days]

Figure 7.3: The time histories of the out-of-plane angular motion (¢) using the
analytical solution and by simulating the full nonlinear equation. The initial
f value is 0.06 radians, resulting in the final out-of-plane angular oscillation
amplitude of 0.1 radians.

By observing the expression given for the final amplitude in Eq. , one can see that
it also depends on the initial separation distance Ly and the constant rate of change of
reference length Lyer. The changes in the final oscillation amplitude for different Lyer shown
in figure The contraction maneuver performed with different Lref involved contracting
an initial separation distance of 25 m to 10 m and the initial out-of-plane angle error
is 0.1 radians. From the figure it can be seen that the final amplitude increases with
the contraction rate, as one would expect. Figure illustrates behavior of the final
oscillation amplitude for different initial separation distances. In all the cases, the formation
is contracted by 10 m in 2 days and the initial out-of-plane angle error is 0.1 radians. The
figure shows that the final oscillation amplitude is high for small initial separation distances

and drops of significantly for large initial separation distances.
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Figure 7.4: The final out-of-plane amplitude for different rate of contraction. In
all the cases, the formation with initial separation distance of 25 m is contracted
by 10 m and the initial out-of-plane angle error is 0.1 radians.
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Figure 7.5: The final out-of-plane amplitude for different initial separation dis-
tance. In all the cases, the formation is contracted by 10 m in 2 days and the

initial out-of-plane angle error is 0.1 radians.

7.6 Summary

The analytical solution for the linearized out-of-plane angle (6) equation of motion for the

reconfiguration problem is successfully developed using the Bessel functions. This solution
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7.6 Summary

is used to come up with bounds on the initial out-of-plane angle so that the out-of-plane
angular oscillations is with in the prescribed limit at the end of the contraction operation.
Numerical simulations of the full nonlinear motion are carried out to illustrate the results

and compare the linearized performance predictions to the actual nonlinear system response.
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8 Smooth Transition of Discontinuity in

Reference Length Rate

8.1 Introduction

In Chapter 5, the reconfiguration of a Coulomb tether aligned along the orbit radial direction
is studied in detail. The reconfiguration is an extension of the regulation problem studied in
chapter 4, and the key difference being that the reference length (Lyf) is made time varying.
The reference length rate (Lref) is user prescribed and bounds on it for maintaining stability
has been identified using linear stability analysis. In the simulations that follow, a constant
reference length rate (Lref) is used for expanding or contracting the formation. A Dirac
delta function in the beginning of the maneuver facilitates the reference length rate to
reach a constant value from zero instantaneously, and a similar function in the end of the
maneuver facilitates the converse. The Dirac delta function results in an infinite acceleration
at the point of transition which the finite Coulomb forces will not be able to produce. That
is, one can not have infinite charge to produce the required infinite Coulomb force. This
infinite acceleration results in noticeable oscillations in separation distance error (§L) which
is asymptotically stabilized by the feedback term in the due course of time.

Our goal is to eliminate or reduce this oscillation of L at the points of transition of

reference length rate. In the absence of these oscillations the separation distance between
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8.2 Smooth Transition Function

the two craft will closely follow the prescribed reference length time histories. The reduction
in oscillation is achieved by using a smooth transition function for the reference length rate
instead of the dirac delta function and by adding the finite acceleration of the reference
length (iref) to the reference charge product Q.es. This chapter is organized as follows.

First, the smooth transition function is defined, followed by adapting this function for the

reference length rate problem. Finally, numerical simulations illustrate the results.

8.2 Smooth Transition Function

Let us assume the function F'(¢) jumps from zero to one at the point ¢ = ¢y3. The expression
for the smoothed representation of the jump discontinuity is discussed in this section. This
function is based on the hyperbolic tangent function tanh (x). To represent a value jumping

up at t = tg, use

Ft) :%+%tanh (t_t()) (8.1)

(2

The hyperbolic tangent function used in Eq. is a monotonically growing one with the
value approaching —1 as t — —oo and approaching +1 as t — oo . A plot of this function
is shown in Figure [8.1] and the plot shows that it is symmetric about the point ¢t = ¢3. An
examination of the plot also shows that appreciable change in the value of the hyperbolic
tangent function occurs while ¢ lies in the interval (9 — 160) and (tp+ 160). In fact, because
of the finite precision involved in computing, the value of hyperbolic tangent function will
get rounded off to +1 for values of ¢t beyond (tg 4+ 160), and to —1 for values of ¢ below
(to — 160).

Now consider the smooth transition function given in Eq. . Figure illustrates
the function behavior over the time interval (t9p — 160) and (t9 + 160). Note, this time

interval is chosen since the smooth transition function depends on the hyperbolic tangent
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8.2 Smooth Transition Function
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Figure 8.1: Time history of the hyperbolic tangent function.

and appreciable change in hyperbolic tangent is in this interval. It is clear from the plot that
F(t) would vary between 0 and 1 over the interval (typ — 160) and (tp + 160). The interval
can be made as small as desired by choosing an appropriate value of ¢, thus enabling the
smoothed representation of function jumping from 0 to 1 at ¢ = tg. Moreover, t = tg is a
point of inflection with the value of the function equal to 1/2 . The function 1.0 — F'(¢) can
be used to represent sudden fall from 1 to 0.

Function F(t) is differentiable to any order, and the derivatives of all orders would tend to
zero practically at (o +160). This matches near ideally the characteristics of the constancy
function before and after the jump. The time derivative of function F'(t) is obtained using

the identity sech?(x) = 1.0 — tanh? (z), as

F(t) = 1sech2<t - to) (8.2)

20 o

The derivative of F'(t) given in Eq. (8.2)) is plotted in Figure It can be seen from the
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8.3 Reference Length Rate Transition Function
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Figure 8.2: Time history of the smooth transition function F'(t).
plot that the F'(t) reaches its maximum value at t = tg.

8.3 Reference Length Rate Transition Function

In this section, we adapt the smooth transition function defined in the previous section, to
fit the reference length rate transition problem. The time interval needed for making this
transition is identified using the maximum charge available in the crafts. Let the constant
reference length rate be given by K. The function representing the smooth transition of

the reference length rate from zero to Ky, is given by

Leet(t) = K1, <; + %tanh (t — t0>> (8.3)

g

where t( is the point of transition and this smooth transition takes place between the time

interval (t9 — 160) to (t9 + 160). The reference length acceleration at any given point of
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8.3 Reference Length Rate Transition Function

| 1/(20)sech?((t —to)/0o)

t (in terms of o)

Figure 8.3: Time history of the time derivative of the smooth transition function

(F (1)

time is given by

Eret(t) = Lgech? <t - to) (8.4)

20 o
The maximum acceleration will be at ¢ = ¢y and is written as

20

Lies(t) (8.5)

The change in reference length during this smooth transition can be found out by integrating
Eq. (8.3]) over the time period (t9 — 160) to (t9 + 160). The expression for this change in

reference length is given as

11 t—to\ ]t
L= K | =t 4+ =1 h .
£ L[2 +2 n<cos < - >>] (8.6)

to—160

Now, one has to identify the time period over which this transition should take place. In
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8.3 Reference Length Rate Transition Function

other words, one has to identify the value of the quantity o. The limiting factor for sigma
will be the maximum available charge. Consider the equation of motion of the separation

distance between two craft given below

. . ke 1
I = @nd+302)L 4+ Lo g T

8.7
ma L2 meo ( )

where L is the separation distance, () is the charge product, €2 is the mean orbit rate, k. is
the Coulomb constant and m; is the mass of each craft. For an ideal equilibrium case, the

in-plane angle rate (¢) will be zero and separation distance L will follow Lyc. Implementing

this ideal scenario in Eq. (8.7) results in

Qy T2 (8.8)
my

Substituting the maximum reference length acceleration from Eq. (8.5) in to Eq. (8.8) and

by approximating L..s as initial separation length Lg, gives

K k 1
L 3021, + ;in

8.9
20 mq L(Z) mo ( )

Note, the reference length (Lyef(to)) at maximum reference acceleration (¢ = t0) is ideally
found by integrating the reference length rate (Lref). To avoid the complex integral during
the computation of o, we are using the initial separation distance Lg. Similarly, while
finding the o needed at the end of the maneuver, the final separation distance (L) will be

used an approximation. Let the maximum available charge product be Qmax. Using this

information in Eq. and rearranging the equation gives the minimum o required as

Ky,
O

L3 mo

Omin =

(8.10)
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8.4 Numerical Simulation

In all our simulations, we will use at least twice this minimum o, so that our charge re-
quirement is well with in the limit at any given time.

The reference charge product (Qef) used here is also slightly different from the one used
in chapter 5. Usually, the reference charge product Qef is calculated by setting the left
hand side of the equation Eq. to zero. That is, the reference length acceleration Lo is
set to zero. Instead, in this chapter we will incorporate it in to the reference charge product.

The new reference charge product is given as

2
Lref mi1ms9

Qref = (Lref - 3Q2Lref) (811)

ke mq + mg

This reference charge product could not be used in chapter 5 as the reference length accel-

eration (Lyef) shot to infinity due to the dirac delta function.

8.4 Numerical Simulation

In this section, the performance of the reference length rate transition function and the
new reference charge product is illustrated using simulations. Consider a maneuver similar
to chapter 5 simulations, of expanding the Coulomb tether formation from 25m to 35m in
1.8 days. The simulation parameters that used are listed in Table The initial attitude
values (¢(0), #(0)) and the separation length error (§L(0)) value are set to zero. All initial
rates are also set to zero through w = 6L =6 =0. In the reconfiguration simulations in
chapter 5, the oscillations are due to both initial condition errors and the sudden jumps in
reference length (L) rate due to the dirac delta function. In order to isolate and show
that the oscillations due to the latter have been eliminated, the initial conditions are all
taken to be zero.

Before going to the simulation, one has calculate the necessary o values. Initially, at the

start of the reconfiguration the reference length is 25 m and the maximum available charge
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8.4 Numerical Simulation

Table 8.1: Input parameters used in orbit-radial reconfiguration simulation with
smooth transition

Parameter Value Units
m1 150 kg
ma 150 kg
ke 8.99 x 10 | Nm2/C?
Q 7.2915 x 1075 | rad/sec

0L(0) 0.0 m
¥ (0) 0.0 rad
6(0) 0.0 rad
Cy 12
Cy 2.4249

on each craft be 5 uC. The minimum required o can be calculated using Eq. (8.10) as

o1 = 6.1905

min

Similarly, the minimum o value needed at the end of reconfiguration can be calculated using

the final separation distance of 35 m as o9 . = 10.70. We will take 01 = 15 and o9 = 25

which are more than twice the minimum required.

As in chapter 5 the Coulomb tether performance is simulated in two different manners.
First the linearized spherical coordinate differential equations are integrated. Second, the
exact nonlinear equations of motion of the deputy satellites are solved using the same charge
feedback control, and compared to the performance of the linearized dynamical system.
The nonlinear deputy equations are given through Cowell’s equations and the spherical
coordinates are computed back in post-processing using the exact kinematic transformation.

Figure shows the Coulomb tether motion for increasing the separation distance
from 25m to 35m in the linearized spherical coordinates (v,60,0L), along with the full

nonlinear spherical coordinates shown as dotted lines. The expansion is done in 1.8 days.
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8.4 Numerical Simulation
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Figure 8.4: Simulation results for expanding the spacecraft separation distance
from 25m to 35m in 1.8 days. The feedback gains are C; = 12 and C5 = 2.4249.

It can be seen from the figure that the oscillations in the in-plane angle () and separation
distance error (§L) are significantly reduced. The in-plane angle is coupled to the separation
distance error equation through the in-plane angle rate (w), which is not modeled in to the

reference charge. This is the reason for the initial oscillation even thought the initial error in

the states are zero. The out-of-plane angle () is constantly zero since it is decoupled from
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Figure 8.5: Simulation results for expanding the spacecraft separation distance
from 25m to 35m in 1.8 days. The feedback gains are C; = 12 and Cy = 2.4249.

the other two states and its initial states are zero to begin with. Figure [8.4(b)| shows the
spacecraft control charge ¢; (on craft 1) for both the linearized and full nonlinear simulation
models. Both are nearly on top of the reference value pertaining to the static equilibrium

at each instant of time. The spikes in control charge observed in the graph are due to the

finite reference length accelerations during the smooth reference length rate transition.
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8.5 Summary

In order to illustrate how well the system is tracking the prescribed reference trajectory
L.c£(t), the time histories of separation distance L(t) and the time histories of rate of change
of separation distance L(t) are shown in Figure and Figure , respectively.
Figure shows that the reference separation distance (Lyef(t)) increases linearly until
1.8 days before settling to a constant value and both the linear and inertial nonlinear
simulations track the reference separation distance perfectly. Figure illustrates that

the rate of change of the reference separation distance (L,¢(t)) is a smoothed representation

of a discrete step change.

8.5 Summary

A smooth transition function is used in the beginning and end of the prescribed reference
length rate. This eliminates the abrupt increase or decrease of the reference length rate
resulting in a finite acceleration at the points of transition. This finite reference length
acceleration has been added to the reference charge product term to achieve near perfect

tracking. Simulation results in the end validate the claim.
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9 Reconfiguration Along Orbit-Normal and

Along-Track Equilibrium

0.1 Introduction

The reconfiguration of a two-craft formation aligned along the orbit radial direction is
presented in detail in chapter 6. Analogously, the reconfiguration of two-craft Coulomb
formation aligned along the orbit-normal and along-track direction is studied in this chapter.
With this study, the two-craft Coulomb structure regulation and reconfiguration study along
all three equilibria will be complete. Similar to the orbit radial direction reconfiguration, this
study is also an extension of the along-track and orbit-normal regulation problem studied
in Chapter 5. An hybrid control strategy using both Coulomb forces and conventional
thrusters is introduced and the linear stability of the time variant system is studied based on
the method deviced by Rosenbrock.** Based on this analysis, stability regions for expanding
and contracting the two-craft formations are established. As in the previous studies, the
formation is studied in GEO and the Debye lengths are assumed to be sufficiently large so
that the effects of Debye shielding can be neglected. Finally, numerical simulations illustrate

the analytical stability predictions.
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9.2 Reconfiguration Dynamics

9.2 Reconfiguration Dynamics

9.2.1 Along-Track Configuration

This section derives the equations of motion for reconfiguring a 2-craft Coulomb tether
which is nominally aligned with the along-track direction 6g of the orbit or Hill frame
O : {6y, 0p, 0}, }. This derivation closely follows the derivation of the equations of motion
for along-track formation given in Chapter 5. The differential equation of motion for the

separation distance L between the craft is given by

. . k. 1
[ =o0yr 4 feg M

1
mq L2 mo (9 )

where (Q = ¢1¢o is the charge product of the spacecraft charges and LZJ in-plane angular rate.
Next the separation distance equations of motion are linearized about small variations in
length § L and small variations in the product charge term d@). Unlike the regulation problem
the reference separation length L. is not constant, but is made time varying. The reference

charge product term for this along-track configuration is known to be zero.

L(t) = Lyet(t) + SL(t) (9.2a)

Q(t) = Qref(t) + 5Q(t) = 5Q(t) (92b)

Substituting these L and @ definitions into Eq. (9.1)) and linearizing leads to

- p ke 1 mq+mo
0L = (2QL - = <
(Rt} + <m1 Ly  m2

) 0Q — Lyt (9-3)

Note that this relationship is coupled to the angular in-orbit-plane rate w In order to
obtain an expression for this, a stability analysis using the gravity gradient is employed.

The linearized attitude dynamics of the Coulomb tether body frame are written along with
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9.2 Reconfiguration Dynamics

the separation distance equation as:

b
b+27%0 1+ 0% =0 (9.4a)
Lref
. Lref Lref ; Lref Q r 2
2 Q+2 -2 Q6L +2 0L — 30 = .4b
w_'_ Lref * Lrefw Lref * Lref 5 1/} 0 (9 )
N o (ke 1 my+my

OL + Lyt — 2QL1ef)t) — | ——————— | 0Q = 4

L= (0L = (- L2 ) 50 =0 (9.40)

Note that the out-of-plane angle ¢ is decoupled from the separation distance error L and
in-plane angle 1. The charge product variation Q) is treated as the control variable and

the feedback control law is defined as

2

L .
T2 et (061, — Cyol) (9.5)

Q= Gy T )k

where Cy and Cy are the position and velocity feedback gain. Recall fram chapter 5 that
Coulomb forces alone are not sufficient to guarantee asymptotic stability for this formation

and one requires thrusting along the by and 53 axes. The thrust force feedback law are given

by
mi1ms9
Pl = ———Lg(K :
1= () (9.6)
mi1msa .
=272 1 (K 9.7
. 1(K29) (9.7)

where K7 and Ky are the in-plane and out-of-plane angle feedback gain.. By introducing

these forces and charge control law back in to the equations given in Eq. (9.4, the augmented
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9.2 Reconfiguration Dynamics

equations of motion are written as

¢+ <2Lref + K2> ¢+0% =0 (9.8a)

Lref
N Lre Lre ] Lre Q r
P+ 2220 4 o2ty 9 OS2 20 1+ (Ky — 39%)) =0 (9.8b)
Lref Lref Lref ref
OL + Lyof — (2QLyef)t) + C1OL 4 Co6L = 0 (9.8¢)

The following normalization transformation is employed to make these equations indepen-

dent of Q.

dr = Qdt (9.92)
(+) = déi) = édé? (9.9b)

The orbit rate independent form of the linearized equations in Eq. (9.8a) — (9.8c) are written

as

/! L;ef r /

&'+ 2L—+K2 d+0=0 (9.10a)
ref
L L., L 2 -

" yoxel 4 ogxelyt pxel5 5L + (K1 —3)p = .10b
w + Lref+ Lrefw Lref +Lref +< ! 3)¢ 0 (9 0 )
SL" + Lig — (2Lyef)t) + C10L + Co8L =0 (9.10¢)

where C; = C1/Q2, Cy = Cy /9, K, = K1/Q? and Ky = K5 /Q are the non-dimensionalized

gains.

9.2.2 Orbit Normal Configuration

The derivation of the equations of motion for reconfiguration of 2-craft Coulomb tether

along orbit normal direction follows the same steps as those of the along-track equilibrium.
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9.2 Reconfiguration Dynamics

One key difference is that the analytical expression for the orbit normal reference charge

product Qyef is not zero and is given byt

L3, ¢(t) mimy

ret(t) = qrq2 = Q2 9.11
Qret(t) = 192 [— (9.11)
The differential equation for the separation distance is given by

. k 1

f= oy g mitme (9.12)

mi L2 mo

The above equation can be further linearized using Egs. (9.2]) and the Q¢ definition in

Eq. (9.11) to

T k‘c 1 mi + meo .
6L = —(3Q%)6L — | 6Q — L, 9.13
0L + (e T ) 60 L (9.13)

The spherical coordinate representation of this formation involves two Euler angles 6 and
¢, which are decoupled from the separation distance differential equation. The differential
equation for Euler angles can be obtained similar to the along-track development. The
linearized attitude dynamics of the Coulomb tether are written along with the separation

distance equation as:

. ) J
¢~ ¢ —200+ 27 fd—00)=0 (9.14a)

ref
b —40%0 + 206 + 27 L6+ Q) =0 (9.14b)

ref

N +my ke
5L+ I, 0L — (L Tm2 5Q = 14

Lo+ (30701 — (L2 )50 —0 (9.140)

As shown in chapter 5, §Q will be one of the control signals and we will introduce two

thrust forces along the by and by axes that will stabilize the angles. The feedback control
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9.3 Stability Analysis

laws for the charge product error term and thrust forces are given by

mlmgLQf .
1) — =& (—C16L — CydL 9.15
Q = (0L - Cudl) (9.15)
mimsa
F, = ——L.g4(K 1
1 M1+ M ref( 20) (9 6)
mimsa ;
B = — 1 (K + K 1
b e (K16 + K39) (9.17)

where C7 and Cy are the position and velocity feedback gain, K and Ko are the out-of-

plane angle feedback gain, and K3 is the angle rate feedback gain. By introducing these
feedback laws in Egs. (9.14a)—(0.14d) and using the transformation given in Eq. (9.9)), one

can get the final non-dimentional form of the equation of motion as

- - )
"+ (K1 —1)¢ — 20" + Kz¢' + 2Lif(¢’ —0)=0 (9.18a)
ref
- L
0" + (Ko —4)9+2¢’+2Lif(9'+¢) =0 (9.18b)
ref
SL" + Lig+ (34 C1)6L + Co6L' =0 (9.18¢)

where C’l = 01/92, C~'2 = CQ/Q, f(l = Kl/QQ, Kg = KQ/Q2 and Kg = Kg/Q are the

non-dimensionalized gains.

9.3 Stability Analysis

The stability analysis for the time varying equations of motion derived in the previous
section will be carried out using the method put forward by Rosenbrock®4 This method is
discussed in detail in chapter 6 and is explained here for the sake of continuity. A linear
time-dependent system given by & = A(t)x is asymptotically stable if the frozen system for
each t is stable and the rate of change of A(t) is very small. Rosenbrock®® has established

bounds on this rate of change of A(t) when A(t) is in the control canonical form.
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9.3 Stability Analysis

9.3.1 Along-Track Formation

The coupled L and ) equations in Eq. (9.10b)— (9.10c]) are written in the state space form

as

W 0 1 0 0 " 0
~ L . L, 2 / 2L,

/IIZ)” 3 _ Kl _2#& 2 ref _ ¢ _ ref

_ Lyt Lfef Lyes + Lret (919)

oL 0 0 0 1 oL 0

oL") | 0 2Ly —Ci —Cy | \OL —Lies
Alt) d(t)

The square matrix in the above equation is A(¢) and the time dependency in this matrix is
due to the terms Lyef and L. ;. The stability of the system greatly depends on the rate at
which Lyt is varied. The limits on how large L! ; can be while still guaranteeing stability,
will be established later in this section. From Eq. , it can be observed that there is a
state independent term d(t) which will lead to a steady state offset as long as Lif is time

varying. The analytical expression for the steady state offset is given as follows

w ff N 2L;cf ~2L;cfl:ycf _ QQLref + 2ﬂLrefLref
offset _ (K1—3)Lyet (K1-3)C1L2, — (K1—-3Q%) Lyet (K1-39Q2)C1L7 (9 20)
L, Lyet '
5Loﬂset ch (&

Initially, the characteristic equation of A(¢) matrix is studied to identify the gains that

will make the matrix Hurwitz. The characteristic equation is given by

M (Cy +2k)03 + (C1 + Ky + 2kCy + 1)A? + (Co Ky — 3Co + 2kCy — 4k)A

+(=3C1 +C1K;) =0 (9.21)

where k = igef is a time varying coefficient. In the along-track regulation problem given in

ref
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9.3 Stability Analysis

chapter 5, the gain values are determined to be K1 =6 and C; = 2.97. Since, this work is
an extension of the regulation problem, the same gains can be used here. The velocity gain

Cs is defined using a scaling factor as shown below.

C'Qza\/a

Substituting these gains back in to Eq. results in a characteristic equation whose
coefficients are a function of £ and «. The range of values of k and « that guarantee negative
definite roots for the characteristic equation can be found out using Routh-Hurwitz stability
criterion. The shaded region in Figure|9.1|shows the possible values of k and « for the fixed
gain values of K7 = 6 and C; = 2.97. It can be seen from the figure that the positive k
indicating expansion is always stable, whereas negative k (contraction) has a tight bound.

The value of « is chosen as 1.8 since k£ has maximum range at this a value.

(6%
10
[0
6
-7 |3
L_ //’//// 1
| L g 0.
| | —
__1d345 05051152
Lre j— Lre
k=1 k=T

Figure 9.1: Plot showing the regions that satisfy the Routh Hurwitz stability
criterion for along-track formation. The gain values are K; =6 and C; = 2.97.

By satisfying the Routh-Hurwitz criterion, the eigenvalues of A(t) at any fixed time ¢ will

always be in the left half of the plane. This is not sufficient to guarantee stability of the

system. The sufficient condition is that rate of change of A(t) be very small. Rosenbrock?
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9.3 Stability Analysis

Figure 9.2: Plot showing the regions that satisfy the Routh Hurwitz stability
criterion and Rosenbrock bounds for along-track formation.

established bounds for this rate of change and stated it as a theorem when A(t) is in
the control canonical form (A.(t)). The reader is referred to chapter 6 for details of the
theorem. The A(t) matrix in Eq. is not in the control canonical form, but it can
be transformed in a control canonical form using a similarity transformation. Using this
transformed matrix the feasible values of Lt and L/ ¢ that satisfies the Rosenbrock theorem,
for the chosen values of K 1 é’l and « are identified numerically. These feasible values are
shown in Figure This plot can be used to specify the reference trajectory Lieg(t).

The out-of-plane angle (¢) is decoupled from the other two states. By studying the equa-
tion of motion given in Eq. , one can conclude that in the absence of angle rate
feedback the out-of-plane angle will have a sinusoidal motion. The amplitude of oscilla-
tion will increase or decreases depending whether the satellite formation is contracted or
expanded. For the regulation problem, the feedback gain value is chosen as Ko = 2, and
this guaranteed asymptotic convergence. We will retain the same gain value for the current

reconfiguration problem.
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9.3 Stability Analysis

9.3.2 Orbit-Normal Formation

The linearized equations of motion for the orbit-normal configuration given in Eq. f
show that the separation distance error (§L) equation is decoupled from the two out-
of-plane equations of motion. It can be seen from Eq. that the separation distance
error (6L) will have a steady state offset due to the reference length acceleration (L. ).
Other than this offset, reconfiguration will not have any significant effect on the stability of
the separation distance. Therefore, we will retain the same gain values determined in the
regulation problem given in chapter 5. The values for position and velocity gains are taken
as 01 =0 and 02 = 21/3.

However, the stability of the coupled out-of-plane angles (¢ and ) will depend on the
rate of expansion or contraction of the formation. Their stability is studied in this section
using the Rosenbrock technique and this study closely follows along-track configuration

stability analysis. The equations of motion of the coupled out-of-plane angles given in

Eq. (9.18a)—(9.18b|) can be written in the matrix form as

¢ 0 1 0 0 o
/" 1— Kl — (RS + 2@) 2 ref 2 /
- ) Frer = i (9.22)
o’ 0 0 0 1 0
Lie ; Lie
0" =27l -2 (4—-Kz) —2p7| ¢’

The corresponding characteristic equation for the matrix given in Eq. (9.22]) can be written

as

M4 (K34 4k)A° 4 (K 4 Ko + 2k K3 + 4k> — 1)A2 + (—4K3 4+ Ko K3+ 2k Ky + 2k K1 — 2k)A

+(4—4K, + K1 Ko — Kp) =0 (9.23)

145



9.3 Stability Analysis

where k = % is a time varying coefficient. Again, we will retain the gain values from the

ref

regulation problem and their values are given by K, =2.7and Ky = 5. The angle rate gain

K3 is defined using a scaling factor « as

Kg :Oé\/ffl

Substituting these gains back in to Eq. results in a much simplified characteristic
equation. The the real parts of the roots of this characteristic equation should be negative
for the system to be Hurwitz. The range of values of k and « that guarantee negative roots
for the characteristic equation can be found out using Routh-Hurwitz stability criterion.
The shaded region in Figure [9.3| shows the possible values of k£ and « for the fixed gain
values of K 1 =2.7and KQ = 5. The value of « is chosen as 3.6 since k has maximum range

both in the positive and negative direction at this a value.
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Figure 9.3: Plot showing the regions that satisfy the Routh Hurwitz stability
criterion for orbit-normal formation. The gain values are K; = 2.7 and Ky = 5.

Similar to the along-track configuration the feasible values of Lyt and L., that satisfies
the Rosenbrock theorem, for the chosen values of K, Ks and « are identified numerically.
These feasible values are shown in Figure This plot can be used to specify the reference

trajectory Lyes(t).
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Figure 9.4: Plot showing the regions that satisfy the Routh Hurwitz stability
criterion and Rosenbrock bounds for orbit-normal formation.

9.4 Numerical Simulations

Numerical simulations illustrating the reconfiguration maneuvers of the along-track and
orbit normal Coulomb tether formations are presented in this section. These simulations
serve to validate the performance and stability of the feedback control strategy when the
reconfiguration rate are with in the established bounds. Analogous to all the other simu-
lations in this dissertation, the Coulomb tether performance is simulated in two different
manners. First the linearized spherical coordinate differential equations are integrated. This
simulation illustrates the linear performance of the charge control. Second, the linearized
results are compared with those obtained from the exact nonlinear equation of motion of

the deputy satellites given by

r1+ —T% Ty = m LP (r1 —m2) (9.24a)
ro + —Tg Ty = o LP (rg —m1) (9.24b)
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where 71 = r. + p1 and 2 = 7. + po are the inertial position vectors of the the masses

my and mg, while L = \/(r2 — 71) - (r2 — 71). The gravitational coefficient x is defined as
1~ GM,. After integrating the motion using inertial Cartesian coordinates, the separation
distance L, as well as the corresponding angles are computed in post-processing using the
exact kinematic transformation. For all cases the cluster center of mass is assumed to be a

GEO orbit.

9.4.1 Along-Track Configuration

The simulation parameters that used are listed in Table The initial attitude values are
set to ¢ = 0.1 radians and ¢ = 0.1 rad. The separation length error (Coulomb tether length
error) is 6L = 0.5 meters. All initial rates are set to zero through 1/1 =L = qS = 0. Two
sets of maneuvers, expanding the Coulomb tether formation from 25m to 35m in 1.8 days

and contracting the formation from a separation distance of 25m to 15m, are shown.

Table 9.1: Input parameters used in along-track reconfiguration simulation

Parameter Value Units
my 150 kg
ma 150 kg
Lyer 25 m

ke 8.99 x 10° Ny
Qref 0 MCZ
Q 7.2915 x 1075 | rad/sec
Ch 2.970?
Cs 3.96379
K 602
K, 20
0L(0) 0.5 m
¥ (0) 0.1 rad
»(0) 0.1 rad

The Coulomb tether motion for increasing the separation distance from 25m to 35m is
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Figure 9.5: Simulation results for expanding the separation distance of an along-
track formation from 25 m to 35 m. The feedback gains are C| = 2.97, Cy = 3.10,
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Figure 9.6: Simulation results for contracting the separation distance of an
along-track formation from 25 m to 15 m. The feedback gains are C; = 2.97,
Cy=3.10, K1 =6 and K, = 2.
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shown in Figure The continuous lines represent the states in linearized spherical
coordinates (1,6,6L), and the states in full nonlinear spherical coordinates are shown as
dotted lines. The expansion is done in 1.8 days and this corresponds to a constant L
of 0.88. After 1.8 days, the L, is zero and the formation is allowed to stabilize about
the final separation distance. The feedback gains are C, =297, Cy = 3.10, K; = 6 and
K> = 2. With the presented charge feedback law, the states all converge to zero. At
the end of 1.8 days, the constant reference length rate Lres abruptly goes to zero and this
results in noticeable oscillations which converge with time. Further, the figure shows that
the nonlinear simulation closely follows the linearized simulation, validating the linearizing
assumption and illustrating robustness to the unmodelled dynamics. Figureshows the
spacecraft control charge ¢; (on craft 1) for both the linearized and full nonlinear simulation
models. Both are converging to the reference value pertaining to the static equilibrium at
each instant of time. Note that the deviation from the value of reference charges is small,
justifying the linearization assumptions used. A spike in the charge required at the end of
1.8 days is due to the abrupt drop of constant reference length rate to zero. The magnitude
of the control charges is in the order of micro-Coulomb which is easily realizable in practice
using charge emission devices. Figure shows the thrusting force required along the by
and bz direction. The force required for both the linearized and nonlinear model are nearly
identical.

Figure shows the Coulomb tether motion, charge and thrust force time histories for
decreasing the separation distance from 25m to 15m. Contractions are more challenging
because the angular motions will increase due to conservation of angular momentum. Again
the maneuver is done in 1.8 days which means L ; is —0.88 and the gains are same as above
expansion maneuver. The figure illustrates that the system is stable and the reconfiguration

goals are successfully met.
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9.4.2 Orbit-Normal Formation

Table 9.2: Input parameters used in orbit normal reconfiguration simulation

Parameter Value Units
Qret 6.9304 x 10713 | pC?
Cy 21/30
K 2.70?
K3 3.259652
Ko 502
0L(0) 0.5 m
6(0) 0.06 rad
#(0) 0.04 rad

The same set of expansion and contraction maneuver are performed for the orbit-normal
configuration. The simulation parameters that used are listed in Table The initial
attitude values are set to 6 = 0.06 radians and ¢ = 0.04 rad. The separation length error
(Coulomb tether length error) is §L = 0.5 meters. All initial rates are set to zero through
qB = 0L =60=0. Figure and Figure give the system response for expanding the
Coulomb tether formation from 25m to 35m in 1.8 days, and contracting the formation
from a separation distance of 25m to 15m, respectively. In both the simulations, the states
do converge asymptotically to zero. The nonlinear system response closely follows the

linearized system, thus validating the linearization assumptions.

9.5 Summary

A charge feedback control law for reconfiguring a 2-craft Coulomb tether formation along the
orbit-normal and along-track direction is given. With this work, the study of reconfiguration
of 2-craft Coulomb tether along all three equilibrium is complete. The control law used is
here is a hybrid of Coulomb forces and conventional thrust forces, and is similar to the

one developed for the regulation problem. Like in orbit-radial direction reconfiguration, the
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Figure 9.7: Simulation results for expanding the separation distance qf an orbit-
normal formation from 25 m to 35 m. The feedback gains are ¢, = 0, Cy = 3.4641,
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9.5 Summary

contraction maneuver is found to be more challenging since the angular motions increase
due to the conservation of angular momentum. Numerical simulations of the full nonlinear
motion are carried out to illustrate the results and compare the linearized performance

predictions to the actual nonlinear system response.
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10 Conclusion

The concept of a Coulomb (electrostatic) tether is introduced to bind two satellites in a
near-rigid formation. It is shown through numerical analysis that the point charge model
for charged spheres can be used for calculating the Coulomb force, provided the separation
distances are large compared to the radius of the sphere and the Debye length is very large
compared to the separation distance. Thus validating the point charge model for charged
sphere used in the entire dissertation. First, the stability of a 2-craft Coulomb tether along
the orbit-radial (orbit-nadir) direction is analyzed based on a linearized dynamics and charge
behavior model whose validity is also shown. While the Coulomb force cannot directly
stabilize the attitude, the gravity gradient torque is exploited to stabilize the Coulomb tether
formation about the orbit radial direction. It is observed that a linear charge feedback law
in terms of separation distance errors and separation rate is adequate for stabilizing the
separation distance and in-plane angular motion. The control charges needed are small in
the order of micro-Coulombs and realizable in practice

Unlike the orbit-radial configuration, a 2-craft Coulomb tethered structure aligned along
the orbit normal or along-track direction cannot be stabilized with only a charge feedback
law. But, both Coulomb tether configurations can be stabilized with a hybrid control of
Coulomb forces and conventional thrusters that stabilize the separation distance and orien-
tation respectively. The control charges needed are small in the order of micro-Coulombs

and realizable in practice. The thrusting forces required are in the order of micro-Newtons
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10 Conclusion

and the thrusting is always done orthogonal to the Coulomb tether axis, thus avoiding
plume exhaust impingement problems. For the along-track configuration the separation
distance and in-plan angle are coupled and unstable without feedback. An interesting re-
sult is that for the orbit-normal configuration the separation distance is decoupled and
marginally stable even without charge feedback, while the orientation has to be feedback
stabilized.

The study of reconfiguration of 2-craft in free space using Coulomb force showed that the
charge required are small and realizable in practice. Thus, providing the impetus to study
the reconfiguration of 2-craft Coulomb formation in orbit. A charge feedback control law
for reconfiguring a 2-craft Coulomb tether formation aligned along orbit-radial direction is
successfully derived. During these maneuvers care is taken to ensure that the gravity gradi-
ent torque is still sufficient to stabilize the in-plane attitude of the nadir pointing formation.
The stability regions for expanding and contracting the formation are established through
linearization of the motion and by applying criteria developed by Rosenbrock for linear
time-varying systems. Contracting the virtual structure is more difficult to perform while
guaranteeing stability. The system angular momentum will cause any in-plane angular mo-
tion to increase with decreasing tether length. The magnitude of the local gravity gradient
limits the rate at which the separation distance can be reduced. In contrast, expanding
the virtual structure length is easier because the angular momentum helps contain in-plane
rotation. The out-of-plane motion of the craft is decoupled from the in-plane motion with
the linearized dynamics, and not controllable with the Coulomb forces. However, the an-
alytical solution for the out-of-plane angle equation of motion when the reference length
rate is constant, is successfully developed using the Bessel functions. This solution is used
to come up with bounds on the initial out-of-plane angle so that the out-of-plane angular
oscillations is with in the prescribed limit at the end of the contraction operation. The jump

discontinuity in the reference length rate has been smoothed using a transition function.
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10 Conclusion

A hybrid feedback control for reconfiguration of 2-craft formation in the along-track and
orbit-normal direction has also been developed. Numerical simulations of the full nonlinear
motion are carried out for all control laws to illustrate the results and compare the linearized

performance predictions to the actual nonlinear system response.
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