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The increased usage of autonomous systems and vehicles will certainly improve societal
transportation and infrastructure in terms of overall performance and safety. For widespread
adoption, such systems have to ensure safety under the presence of various faults, conditions
and unknown environments. Additionally, vehicle operations need to be robust with respect
to potential actuator or path-planning, navigation, and control system failures.

This thesis develops an operationally useful and realistic framework for vehicle motion-
planning and control algorithms that ensure safe, collision-free trajectories under various
actuator failure scenarios. The results are general and applicable to systems with linear time-
varying dynamics, but here, the benefits of the approach are shown for various spacecraft
relative motion case studies. The methodology makes use of backwards reachable sets, which
are used to characterize the unsafe region of state space from which, in the presence of a
failure, a collision between a chaser and a target vehicle cannot be avoided. That is, in this
region of state space no feasible evasive collision-avoidance maneuvers exist. Additionally,
the passively unsafe state space or the sets of states that result in free-drift collisions with
the target, due to total loss of control actuation, are characterized.

A chaser spacecraft is guided towards a target body via a model predictive control
trajectory generation scheme that ensures abort-safety by avoiding the a-priori computed
unsafe region of state space. To ensure problem tractability in real-time, the original non-
convex motion-planning problem is convexified online using local half-space that separate
the chaser spacecraft from the unsafe region of state space. This ensures that the chaser
approaches its target in an inherently abort-safe manner. Simulations of the rendezvous

planning and control policy on various orbits demonstrate how the approach ensures passive
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and active aborts that are safe in the event of various thruster failures.

Finally, the developed work used to characterize the regions of state space that are
passively unsafe, are described using orbital elements differences, which has a few benefits.
Such sets have reduced linearization errors ensuring higher accuracy when characterizing
the passively unsafe regions of state space compared with the same sets expressed using
Cartesian coordinates. As such, the linear domain in which the safety analysis is performed
is enlarged. Naturally, these sets are mostly useful for formation flying scenarios where the
controlled vehicle is close to the target region. However, we provide insights as to how such

sets can be used for the purposes of both safe formation and constellation design.
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Chapter 1

Introduction

Spacecraft guidance, navigation, and control algorithms are among the highest-priority
technologies for future autonomous spacecraft missions [I] and have to meet strict criteria
prior to flight due to mission cost and lack of repair opportunities [2]. From a controls
perspective, this results in vehicles needing to demonstrate robust operation in various con-
ditions and unknown environments [2]. Missions also need to be robust with respect to
potential guidance, navigation, and control system failures. This is typically accounted for
in the mission and approach trajectory design process [3, 4]. The research herein is also
motivated by the increased usage and utility of spacecraft proximity operations. Examples
of such missions include orbital servicing and maintenance technology matures among others
[5]. Recently, servicing missions were completed by the Mission Extension Vehicle-1 and 2,
which successfully extended the life of GEO telecommunication satellites [6]. Evidently, as
the number of orbiting satellites increases and missions become more autonomous and com-
plex, the need to develop novel autonomous and safe spacecraft motion-planning algorithms
and techniques is also greater [2, [7].

Depending on the mission type, different levels of safety are required. For example,
in spacecraft rendezvous, approaches must guarantee several degrees of safety as seen in
[3, 4, [8]. Initially, the approaching spacecraft, called the chaser or deputy, must remain pas-
sively safe with respect to a target body, sometimes called the chief, for a specified amount

of time. An approach is passively safe if free-drift trajectories from some initial state do not



enter an unsafe region or set. Upon closer proximity to the target, active-safety must be
maintained whereby the chaser must be able to perform a powered-abort maneuver to avoid
colliding with the target [9]. Both passive and active safety can be generally denoted by
what we call abort safety. Then, a spacecraft is in the abort safe region of state space if a
passive or active abort exists from its current state. Naturally, such safety guarantees are of
interest to general formation flying and relative proximity operations (RPO). The design of
safe spacecraft rendezvous approaches or relative motion has been achieved using a number
of techniques. Due to the non-convex nature of collision avoidance and abort safety con-
straints, optimization or sampling-based trajectory optimization techniques are appropriate
for handling such problems [7]. In this thesis, we utilize optimization-based control methods,
specifically, model predictive control (MPC), in conjunction with reachability analysis to de-
velop techniques that steer a chaser spacecraft around such unsafe regions. This allows for
the successful completion of an RPO mission while satisfying the abort-safety constraints.
The safe region of state space can be approximated using reachability theory. A reach-
able set is the exact or approximate set of states that can be reached by a system, given
initial /final states, a time-horizon, inputs, and the model parameters. The use of reachable
sets is fundamental to formally and rigorously verify the safety of a system [10] 11]. Most of
the prior work in this area focuses on computing controlled reachable sets, which theoreti-
cally can be done using optimal control methods, including the well known Hamilton-Jacobi-
Bellman (HJB) reachability level-set technique [12], 13]. However, for high dimensional sys-
tems, HJB methods are computationally intractable [IT], 14]. As a result, numerous other
techniques that are applicable to nonlinear systems have been developed that over and under-
approximate the reachable sets obtained using HJB methods [15, 13|, 16l 17, 18]. Many of
these techniques have also been extended to consider disturbances, dynamical uncertainty
and noise [19} 20, 10]. In terms of the application of reachability theory to spacecraft mo-
tion, linear reachability theory is often used since spacecraft relative proximity operations

generally occur in the linearizable domain about a reference trajectory of a real (or fictitious)



target. Hence, most of the literature involving spacecraft RPO and docking (RPO&D) along
with reachability analysis do not utilize the full nonlinear dynamics models.

The reachable sets form the backbone of the work proposed in this thesis. While a lot
of the literature currently focuses on computing reachable sets, particularly in the controlled
cases, as far as the authors know, limited work has been doing using reachability theory
to compute both passive and active abort-safe regions. This thesis develops a framework
which utilizes abort-safe reachable sets and then discusses how the reachable sets can be
used to guarantee the safety of a chaser (or deputy) with respect to a target spacecraft (or
chief) using model predictive control. Being able to characterize these regions has other
interesting implications in the astrodynamics domain. It can help inform and improve the
spacecraft trajectory design problem. A more specific use case of this work lies in space traffic
management, which is a generalization of the multi-disciplinary field of space situational and
domain awareness [21], 22]. Such applications are considered in the last chapter of the thesis
where the problems of safe formation and constellation organization are discussed.

One of the challenges remains computing and utilizing these reachable sets in a com-
putationally tractable manner for distinct spacecraft motion scenarios. Prior research in
passively-safe spacecraft relative motion uses geometric constraints that can be overly-
conservative, shooting-like methods resulting in large optimization problems, or overly-
constrained orbital parameters, limiting the types of relative motion that are considered
safe. Active abort-safety is a relaxation of the passively-safe case but has been investigated
much less [9]. The focus of this thesis lies in planning the motion of spacecraft in an in-
herently passive abort-safe (PAS) and active abort-safe (AAS) manner for arbitrary initial
conditions. The resulting methods and algorithms enable safer, more complex, and robust

autonomous spacecraft relative motion.



Thesis Statement: Abort-safe spacecraft relative motion can be guaranteed and gener-
alized using reachability analysis, predictive control methods, and set-based constraints,
fundamentally improving spacecraft RPO safety, initial trajectory design, online imple-

mentation and vehicle autonomy:.

1.1 Abort-Safe Spacecraft Rendezvous on Generic Elliptical Orbits

Initially, an approaching spacecraft, called the chaser, must remain passively safe with
respect to a target body, called the target, for a pre-specified amount of time. A rendezvous
approach is passively safe if instantaneous free-drift trajectories emanating from the approach
do not enter an avoidance region around the target. In other words, by nominally following
a passively safe approach trajectory, in the event of a total loss of propulsion, the chaser
spacecraft will naturally drift clear of the target. Upon closer proximity to the target, active
safety must be maintained at all times along the approach trajectory, whereby in the event
of a partial loss of propulsion, the chaser must be able to perform a powered-abort maneuver
with its remaining functional thrusters to avoid colliding with the target. Allowing for active
abort maneuvers relaxes the safety requirements compared to the passive case, permitting
trajectories more pertinent to the final approach phase of a rendezvous mission for which an
entirely passive approach may not be feasible or desirable.

Classically, spacecraft relative motion is guaranteed to be passively safe by exploit-
ing orbital mechanics knowledge and constraining the chaser’s trajectory via an open-loop
guidance generation that is computed on the ground. In recent years, interest in more au-
tonomous, online-generated passive safety techniques has increased, e.g., by constraining the
relative motion using orbital elements [23], or by using receding-horizon optimization, where
collision avoidance constraints are placed on future free-drift states via a state transition
matrix [24, O, 25, 26]. Breger and How developed a method for online generation of nominal

trajectories that, in the event of partial thruster failure, can switch to a safe input sequence



to avoid collision [9]. To guarantee the existence of such a sequence, the method expands the
size of the optimization problem by solving for both nominal and abort sequences concur-
rently given an initial condition for which the method is feasible. These methods, however,
do not compute the region of state space in which feasible passive or active abort maneuvers
exist. The safe state space can be approximated using reachability theory which generalizes
the methods discussed above and allows one to construct safe approaches from arbitrary safe
initial conditions. The focus of this contribution lies in characterizing the unsafe state space,
whether for passive or powered abort, which is then utilized for the development of an online

model predictive control (MPC) policy that ensures abort-safe approaches.

Contribution 1: The characterization of the passive and active abort-safe state space
using linear reachability theory and the development of a model predictive control-based

algorithm to maintain abort-safety during RPO.

1.2 Abort-Safe Spacecraft Rendezvous with State and Dynamical Uncer-
tainty

An important aspect of the viability of the algorithm for actual space missions is that
it must be able to perform well in unknown and uncertain environments [2]. The aim of
this contribution is to maintain abort-safety while being robust to unmodeled perturbations,
state uncertainty, and simultaneously, provide an increasingly fuel-efficient solution compared
to the method developed in the prior contribution. Motivated by increasingly complex
rendezvous missions such as NASA’s Lunar Orbital Platform-Gateway (LOP-G) concept
[27], this work considers rendezvous with a target body in perturbed environments while
including state or navigation uncertainty.

This contribution generalizes the prior one, which assumed unperturbed and determin-
istic states, by incorporating both dynamical, state, and input uncertainty into the abort-

safety problem. While robust control methods may be used to characterize the unsafe regions



of state space and to ensure the spacecraft satisfies any safety constraints robustly, we choose
to perform the analysis using stochastic methods because robust methods can be overly con-
servative [11, 28]. This is the case because worst-case uncertainty is often considered. In the
stochastic sense, probabilistic guarantees can be made about the safety of the system, i.e.,
the safety constraints are satisfied to a certain degree of likelihood. Stochastic methods allow
us to study varying degrees of safety, from the practically absolutely safe scenario, similar to
a robust approach, to a mildly safe one. Additionally, since GN&C algorithms ingest state
estimate information from a filter, it makes sense to use a probabilistic framework. In this
work, we are interested in ensuring that the chaser remains in the likely abort-safe region of
state space, where the probability of an abort existing is high. This implies that if an active
or a passive abort is required, there is a probability associated with the existence of that
abort maneuver. Moreover, due to the presence of navigation or state uncertainty, we want
the confidence that the algorithm is steering the chaser around the probabilistically unsafe
regions to be high as well, which is demonstrated using chance-constraints.

There is a wealth of literature on the topic of stochastic reachability, which include
forward and backward analysis using Fourier transforms [29], occupancy functions [30, 20],
chance-constraints [31], 32] B3], approximate dynamic programming [34], and particle filters
[35], among others. For active abort-safety with noise or disturbances, optimal controllers
need to be considered because such controllers provide the maximal or largest reachable sets
[36]. In our problem, an optimal controller will truly characterize where a feedback policy,
that is subjected to noise, may be safe or unsafe. A common assumption then is to assume
a Markov control policy is used for analysis and design purposes, i.e., the controller acts on
a current estimate of the state and the state follows a random process in which the Markov
property holds. Then, in theory, the stochastic reachable sets can be computed via dynamic
programming (DP) [37,138]. As stated previously though, such methods are computationally
intractable for high-dimensional systems like ours, which resulted in prior work that over and

under-approximates the sets obtained with DP [39].
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The problem of stochastic reachability of a target tube, first introduced in [40], con-
siders safety specifications which are captured via a finite collection of time-varying sets
within which the nominal state must remain [41]. This generalizes notions of the terminal
hitting-time stochastic reach-avoid [42] and the stochastic viability problems [39, 19]. A
mild modification of the target tube framework in [39] is used to characterize the regions of
state space for which the probability of a safe active abort-maneuver existing is low. These
regions are deemed probabilistically unsafe. Moreover, in this work, we additionally consider
the impact of linearization errors on these unsafe regions, which if ignored can compromise
the safety of the system even within the linearization regime of interest over longer periods
of time.

Aside from generalizing the prior contribution to the stochastic case, we are interested
in developing a method that reduces fuel consumption and yields sparse thrust signals while
maintaining abort-safety. Thruster signal sparsity implies that the on-board thrusters are
engaged less often, which is important to protect on-board instrumentation as well as for
preventing stuck-on thrusters. In the absence of state or safety constraints, one can choose to
solve the optimal AV maneuver by solving the standard optimal control problem [43], 144 45].
When convex or non-convex state or input constraints are present, a multitude of techniques
can be employed to optimize a trajectory in an online or offline manner. Some examples
include model-predictive-control [2, 25 46, 47, 48], local and global collocation [49, 50],
shooting methods [51], successive convexification[52, 53], among others. The differences
between these methods typically lie in the transcription process, i.e., the discretization of
the continuous-time system and the enforcement of constraints. Another alternative for
improving AV performance is to replace a quadratic cost function with an L1-norm [54] or
regularized linear-quadratic cost function [55].

Solving the full AV optimal control that is abort-safe requires solving a nonlinear
program with a multitude of non-convex constraints, presenting a challenge for real-time im-

plementation. If on-off control input constraints are incorporated, yielding a mixed-integer



nonlinear program, the optimization becomes increasingly difficult. This motivates an ap-
proach that yields abort-safe trajectories that can be used in an online manner while reducing
thruster on-off switches and the total AV consumed. To this end, a solution that exploits the
natural dynamics better is demonstrated by means of predictive coasting arcs, i.e., regions
where the spacecraft’s thrusters can be disengaged while moving safely towards a goal region.
The developed technique leverages passive reachability theory, resulting in a methodology

that engages thrusters less often and can reduce the total AV of the maneuver.

Contribution 2: The development of an abort-safe online trajectory generation algo-

rithm that utilizes coasting arcs for improved control performance while accounting for

state, input, and dynamical uncertainty.

1.3 Passive Abort-Safe Spacecraft Motion using Orbital Element Differences

The prior contributions focus on computing the passive and active abort-safe regions
of state space using a Cartesian coordinate description which is valid near the target or
chief spacecraft. The goal of this contribution is to characterize these sets using orbital
element differences, which are useful for arbitrary relative motion and eventually, as will be
discussed, for initial safe formation and constellation design. There are a number of reasons
for characterizing the unsafe regions of state space in terms of orbital element differences.
By construction, using differential orbital elements captures eccentric chief orbits [56]. De-
pending on the orbital element model used, the resulting passive backwards reachable sets
(PBRS) are much simpler to describe as only a subset of the coordinates are time-varying.
Additionally, the dynamics of relative states in terms orbital element differences have smaller
linearization errors compared to relative Cartesian representations [57, 58], which is benefi-
cial when propagating Gaussian uncertainty. Additionally, the linearizable domain around

the chief or target’s reference trajectory is enlarged too, which allows us to ensure safety



for even longer time-horizons compared to the Cartesian analogue. Finally, performing the
analysis in terms of orbital element differences can help facilitate formation and constellation
design as mission constraints of interest are often in terms of spacecraft orbital elements.

Given future LEO mega-constellations missions and concepts, that are placing thou-
sands of spacecraft within a constellation, there is a warranted concern for the safety of
spacecraft “near” such constellations [22]. To guarantee the safety of future spacecraft mis-
sions, several improvements in space traffic management standards need to be made that
minimize collision risk between active and inactive spacecraft [59]. It is estimated that
conjunction events will increase in frequency by the simple introduction of the upcoming
mega-constellations in low Earth orbit (LEO) [60, [61]. In the constellation design scenario,
orbits are typically chosen to satisfy mission requirements, which depend on ground obser-
vation or communications constraints [62, [63], [64]. In these instances, passive safety is a by
product of the phasing of the constellation and the number of satellites in it, since up until
recently, constellations have not been densely packed. The work in this contribution helps
inform how satellites should be organized and how many could fit in a particular regions of
state space while explicitly satisfying safety constraints or requirements. We propose using
reachable sets as a method of defining a generic orbital slot, which can inform and aid our
understanding of the safe holding capacity of the near-Earth space environment.

Not surprisingly, there is a lot of literature that discusses techniques for maintaining
passive safety using orbital element differences or relative orbital elements. From a theoretical
perspective, the related prior work in the literature usually considers passively-safe relative
motion under the assumption that the deputy and chief spacecraft have a matched period.
Some of these constrain the chosen relative orbit elements to ensure a minimum amount of
separation between the deputy and chief spacecraft in the radial/along-track plane [65] [66],
23, [67], which guarantees passive safety. The notion of walking and stationary safety ellipses
are discussed in [68], where passively-safe drifting and periodic relative orbits are used to

ensure consistent separation between a deputy and chief spacecraft. These configurations
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have the specific property of not intersecting the chief’s along-track axis or its Keplerian orbit.
For formation design, another important constraint is that the relative motion between the
spacecraft remains bounded [69], which is typically of interest for spacecraft within the same
constellation as well, as the relative geometry should remain stationary to satisfy mission
requirements.

The formulations and safety constraints in the literature are derived from orbital me-
chanics and geometry. In [23], a safe minimum separation constraint is derived which relies
on the assumption that the chief is in an unperturbed circular or near-circular orbit. While
relative orbits have been designed for chief spacecraft with arbitrary eccentricity [69], there
is limited work on generic passive safety constraints for chiefs with arbitrary eccentricity
that are subject to perturbations. This is derived and shown in this contribution as a special
case of the reachable set analysis. Moreover, the passive safety constraints in the literature
do not easily generalize to all possible kinds of relative motion around the chief, which is
possible using passive backwards reachability analysis, at the expense of more computation.

As such, in this contribution, we first characterize the regions of state space that
are passively unsafe with respect to a chief using orbital element differences. The passive
backwards reachable sets here can be directly used for arbitrary relative motion scenarios
such as rendezvous using the same algorithms in the first two contributions. We demonstrate
how analyzing slices of these sets for the sake of formation and constellation design can
help reduce the dimensionality of the problem, greatly simplifying the safe formation and
constellation design problems. Additionally, such slices of the reachable sets eventually yield
geometrical safety constraints, similar to ones in prior work. In summary, this contribution
presents initial results and insights as to how reachability theory can be used for the purposes

of maintaining safety between spacecraft in formations and constellations.
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Contribution 3: The characterization of passively unsafe regions of state space for a

deputy spacecraft with respect to a chief in terms of orbital element differences and its

applications to formation flying and initial constellation design.

1.4 Contributions and Outline

The contributions in this work focus on the applicability of reachability theory to ensure
relative motion that is inherently safe with respect to partial or full loss of thruster capability.
In chapter [2 preliminaries and background theory are introduced. Chapter [3] discusses how
backwards reachable sets are used to characterize regions of state space where a passive or
active abort allows a chaser spacecraft to successfully avoid collision with a terminal set. The
second contribution, presented in Chapter [, generalizes this concept while accounting for
state and dynamical uncertainty. Additionally, a set-based coasting arc method is presented
that can yield more fuel-efficient solutions than the nominal safe policy. Finally, Chapter
leverages a coordinate change from Cartesian to orbit element differences to characterize the
passively unsafe state space, which is useful for formation and initial constellation design.
The thesis focuses on reachability analysis to acquire the abort-unsafe regions of state space

and their corresponding application to demonstrates how such sets can be used.

1.5 Thesis-Related Publications

Some of the research leading to this thesis has appeared previously in research papers.

Moreover, this work has contributed to the development of patents and inventions, submitted

to the United States Patent Office (USPTO).
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Chapter 2

Preliminaries

2.1 Notation

R, R>o, R", N, Z, and Z; are the sets of real numbers, non-negative real numbers,
the Euclidean space, natural numbers, integers, and non-negative integers, respectively. For
intervals, we use notations such as Zyp = {2z € Z : a < z < b}. Vectors are shown in
boldface.

A reference frame, Fy, is defined at an origin and consists of three orthonormal dextral
basis vectors {z, J, 12:} The angular velocity vector of frame F, with respect to Fy is denoted
by wy/y. A derivative as seen by the inertial frame F, is denoted by (e) whereas a derivative
as seen by another frame F, is denoted by (V) Such vector derivatives seen are obtained
using the transport theorem. A vector resolved in frame Fy is denoted *(-), any unit vector
is denoted by (A) The position of a point ¢ with respect to a point b is given by 7.

Given a continuous time signal x(t) sampled with period AT, we denote the value at
time instant kAT, k € Zo,, by x, = x(kAT), and x;;, denotes the value of a predicted j
steps ahead from k. The discrete-time state transition matrix is from time index i-to-j is
denoted ®(z, j) in time-step form or ®(¢;,¢;) when using absolute times.

Given a matrix H, [H]; denotes the i™® row of the matrix and Hz denotes its matrix

square root. [, denotes the n-dimensional identity matrix. The matrix M that is a function

of 7 is enclosed with brackets and denoted [M(7)]. The Euclidean norm of a vector is given

by [ ]I-
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The hyperplane representation (#-rep) of the polyhedron P C R" is P(H, k) = {x €

R" : Hr < k} with H € RP*" k € RP. An ellipsoid centered at d € R™ with shape

matrix D, is defined as £(d,D) = {x € R" : (x —d)"D™'(x — d) < 1} or equivalently,

{D2v+d e R": ||v||, < 1}. The set of all subsets of X is denoted as 2%, and the cardinality

of a set X is |X|. The complement of a set X' is given by X°.

For two sets, X € R™, ) € R", the Minkowski sum is denoted by X' & ), and is defined

as

XoY={x+yeR':xec X yc)}
The Pontryagin difference is denoted X & ), which is
XoY={xeR":z+yec X, Vyc)}
and finally, the set difference X'\ ) is defined as
X\ YV={xecR':xcX xg)V}
Let S C R"™ be a convex set, the support function of S, denoted ps is defined as
ps(l) = max 'z

xreS

and the convex set § can be uniquely determined by the support function

S=[(V{zeR": 1"z < ps(l)}.

leRn”

The Minkowski sum of convex sets A and B, using support functions is given as

pass(h) = pa(h) + ps(h)

(2.1)

(2.2)

(2.6)

The image of the convex set C C R™ through matrix A € R"™*" is a convex set AC = {Ax €

R™ : & € C}. The preimage of the convex set C C R™ through matrix A € R™*" is a convex

set CA = {x € R": Az € C}. The indicator function of a non-empty set S is given by 1s(&)

where 1g(x) =1 if & € S and is zero otherwise.



15

2.3 Probability

The probability density function (PDF) of a random vector v is denoted as 1, € Rx.
The evaluation of the PDF at a vector v is given as 1, (v). The tilde notation is used to
denote that a random vector belongs to a certain distribution, i.e., v ~ 1,. The expected
value of a random vector v is given by E[v] and its covariance matrix is given by X¥ =
E[(v—E[v])(v—E[v])T]. If v is normally distributed, then, 1, (v) = N (v; E[v], £?). Given

a set S, the probability that a random vector v is inside set S given by

P,{ve S} = /8 o(B)dD (2.72)
= /. Vu(0) - Ls(v)dv (2.7b)
= E[1s(v)] (2.7¢)

where the subscript in P,{-} denotes the random vector used to compute the probability
measure. Note that computing the probability in generally requires performing a
numerical quadrature. When the set S is axis-aligned and v is normally distributed, this
quadrature is greatly simplified.

Without loss of generality, we denote the probability that an initial state &y at index
k = 0 reaches S in N steps, using a control policy m € M as PX"{xy € S}. Here,
xy is stochastic due to the process noise, even if &, is deterministic. The policy 7 =

[o(+), pa(+), - -+, uv—1(+)] consists of state-feedback functions u : X' — U.

24 Spacecraft Dynamics & Kinematics

Since the majority of the results in this thesis pertain to the unperturbed and perturbed
two-body problem, here, we highlight the related dynamics models. Other models used can
be found in Appendix [A] Consider a target and a chaser in orbit around a central body,
e.g., Earth. The frame F, is the Earth-Centered Inertial (ECI) frame. The chaser’s center

of mass is denoted by c¢ and has a chaser-fixed frame F.. The target’s center of mass is
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denoted by t and has a target-fixed frame F;. The target’s orbit frame F, = {%,,%4,2,} is
Hill’s frame with radial, along-track, and cross-track basis vectors. The vector 2, is parallel
to the target spacecraft position vector, 2, points in the direction of the orbit’s angular
momentum, and 2y completes the right-hand rule. The chaser is controlled and assumed to
be rigid. All external forces acting on the target and chaser are assumed to act on their
respective centers of mass. During the active abort-safety phase of the approach, we assume
the chaser frame I is aligned with the target’s orbital frame F,, i.e., wc/, = 0 due to the
presence of directional navigation sensors.

The translational equations of motion for the target and the chaser relative to the

inertial frame F, are given by

e. Tt/ fi
o= £ 2.8a
A YN ER 2
- T ¢
Foppm —p e Te (2.8b)

7l me
where 7y, 7/, are the position vectors of the target and chaser’s center of mass relative to
the center of the Earth, given by a point b, my, m. are the target and chaser masses, u is
Earth’s gravitational parameter, and f;, f. represent external forces acting on the target
and chaser, respectively. The external forces include orbital perturbations as well as control
actions.

Given a target and chaser spacecraft, and a point b coincident with the origin of the

inertial frame, the position of the chaser relative to the target is given by

Te/t = Te/b — Tt/b- (2.9)

Taking the derivative of the relative position ([2.9) with respect to the target’s orbital frame
F, yields

t. e. €.
Tce/t =Tc/b — Ti/b —Wo/e X Tejt- (210)

Taking the derivative of of the relative velocity (2.10) with respect to the target’s orbital



frame F, yields [69)]

t.. e..
Tejt =Tce/p —

e

. e. t.
Ti/b — Woje XTc/t — Woje X (wo/e X Tc/t) - 2("Jo/ex Te/t -
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(2.11)



Chapter 3

Abort-Safe Rendezvous on Generic Elliptical Orbits

3.1 Introduction

In this chapter, we construct active and passive abort-safe regions of state space using
reachability theory, which allows us to compute safe approach trajectories from arbitrary
safe initial conditions. A reachable set is the set of states that can be reached by a system,
given initial /final states, a time-horizon, a set of input sequences, and the model parameters.
Reachable sets have previously been used for spacecraft relative proximity operations and
docking. Several nonlinear reachability techniques have been developed for general relative
motion dynamics [70, 13, 16]. Of these, Hamilton-Jacobi methods in particular quickly
become computationally intractable for high-dimensional systems, while other techniques
over and under-approximate the “true” reachable sets in a tractable way [71]. Moreover,
because spacecraft proximity operations occur near the target, linearized relative motion
dynamics are often sufficiently accurate, permitting the use of linear reachability techniques
[72, 130 39, 36l [73]. In [72], backwards reachable sets of the linear time-invariant (LTT)
Clohessey-Wiltshire (CW) equations of relative motion determine successful initial conditions
for docking, whereas [30), 39, 36] compute reach-avoid sets, that is, sets of states that can be
reached while avoiding obstacle sets.

Here, we compute backwards reachable sets (BRS) that characterize the unsafe state
space in which passive or active aborts are infeasible. In order to generate abort-safe ren-

dezvous on generic orbits, we linearize the nonlinear relative equations of motion resulting
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in linear time-varying (LTV) equations. Due to the LTV nature of the system and Be-
causethe reachable set is usually non-convex over a finite time interval [74], we construct
the set as the union of convex BRS for different initial and final times along the target’s
periodic orbit. The union represents the unsafe state space to be avoided. As avoiding the
union of BRS results in non-convex constraints, we convexify the problem by computing
half-spaces that cover a local region of the BRS along the trajectory, and use the half-spaces
as safety constraints. We incorporate the safety constraints in a model predictive control
(MPC) policy to generate rendezvous approaches that remain outside of the union of BRS,
i.e., in the abort-safe region of state space, which guarantees that, in the event of various
thruster failure scenarios, safe passive or active aborts exist. The approach of separating
state space into safe and unsafe regions in the event of thrust failure distinguishes this work
from much of the literature on spacecraft collision avoidance, which occurs under nominal
thrust conditions. For nominal thrust collision avoidance using constrained trajectory opti-
mization techniques, model predictive control (MPC), or robotic motion planning algorithms,
see [, [75] 76 [77, [78]. Continuous-time reactive-control policies that use artificial potential
functions to avoid areas of state space are developed in [79]. For additional sources on MPC
for spacecraft rendezvous under nominal propulsion conditions, see [80, 47, 48| [81], [46] [’2]
and references therein.

In [83],[84] we presented preliminary research related to this contribution. With respect
to the early contributions, this chapter provides a complete treatment of the method, in-
cluding refined algorithms, for instance by constructing hyperplanes from multiple ellipsoidal
sets, and a deeper analysis, e.g., on the thrust failure effects on admissible and backwards
reachable sets and on the trade-offs between polytopic and ellipsoidal sets. Furthermore,
we provide a more complete validation, including a rendezvous mission scenario to the In-
ternational Space Station (ISS) that shows the behavior of an entire mission using different
approaches for different mission phases, and we demonstrate the robustness of the approach

to unmodeled perturbations via set inflation. Thus, this chapter presents design improve-
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ments, deeper analysis, more details and discussions, and a more precise validation in a
realistic mission scenario.

The chapter proceeds in Section with a description of the safe rendezvous problem
and an introduction of the spacecraft model and admissible control sets. Section high-
lights robust backwards reachable set theory and its use for abort safety. Section [3.4]discusses
the MPC prediction model, cost function, and the convexification of the safety constraints
for polytopic and ellipsoidal sets. Section [3.5| presents algorithmic and computational details
related to the offline and online formulation of the problem. Section |3.6| presents a variety

of simulations and results for both abort and passive safety.

3.2 Abort-Safe Rendezvous

In safe rendezvous a chaser spacecraft must approach a target in an abort-safe man-
ner such that in the event of partial or total loss of propulsion, the chaser spacecraft can
perform an active or passive abort that avoids collision with the target.

Adopting NASA’s convention for safety regions surrounding the ISS, the chaser must
first maintain passive abort-safety with respect to two regions centered at the target’s center
of mass, referred to as the approach ellipsoid (AE) and keep-out-sphere (KOS), resulting
in two phases of passive safety requirements. As seen in Figure [3.1a] the KOS is a proper
subset of the AE. Passive safety is first maintained with respect to the AE, and subsequently,
as the chaser nears the AE, with respect to the KOS. A passively unsafe state is such
that the natural unforced dynamics from such an initial state enters the AE, or, in the
second phase, the KOS, at some future time step, while a passively safe state results in a
natural trajectory that does not enter the corresponding region. During the passive abort-
safe approach, if the chaser suffers a catastrophic loss of propulsion or other system anomaly
and chooses to power off all thrusters, the chaser is guaranteed to follow a trajectory that
avoids collision with the target.

The final approach phase of the mission is initiated if no failures or anomalies occur
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along the chaser’s passively safe approach. At this stage, when the chaser is in very close
proximity to the target and intends to dock or berth, passive aborts may no longer be feasible
and active abort-safety with respect to a target region approximating the target’s physical
shape must be maintained, as depicted in Figure [3.Ib] An active abort-unsafe state is
such that, after partial loss of thrust, any trajectory from such an initial state enters the
target region regardless of the control actions applied with the remaining thrust. Conversely,
an active abort-safe state is one in which there exists at least one control sequence using
the remaining thrust that allows the chaser to avoid entering the target region. During the
active abort-safe approach, if the chaser suffers a partial thrust failure, it will be able to use
its remaining thrust to execute a trajectory that avoids collision with the target.

Passive abort-safety is classically guaranteed by designing mission-specific passively
safe trajectories offline and then tracking them online. For active abort-safety, redundant
thrusters are often engaged in a predetermined active collision avoidance maneuver (CAM)
in the event of thruster anomalies in proximity to the target [8]. In the subsequent devel-
opment, no mission-specific passively safe trajectories or CAMs are precomputed. Instead,
we characterize offline the region of state space as abort-safe or abort-unsafe, which then
enables online planning of rendezvous trajectories that remain in the abort-safe region as the
chaser approaches the target. Thus, we guarantee the existence of passive or active aborts
in various thrust failure scenarios. The characterization of state space into safe and unsafe
regions opens up the possibility of automating the safe rendezvous problem in a future where
rendezvous is frequent and routine while allowing for online computation of fuel optimized,

and often non-intuitive, safe trajectories.

3.2.1 Spacecraft Model

Substituting (2.8) into (2.11]) yields the full nonlinear relative equations of motion,

which can be linearized about the target’s trajectory when ||rq;|| < ||ryb|/, and resolved in



Figure 3.1: Passive and active abort-safety illustrations.
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the target’s orbital frame F,, resulting in [85]
1.
5ii — (2—“+h—) 5z + (“—/h) 5y — <%) 5y = L
t t t t <

i+ (% — 23) oy - (QIT—/ZMh) ou + (%) o0 = 2 (3.1)

T me

55+(%)5z=u—z

mec
where °r., = [0z 0y 62]7 € R? is the relative position resolved in Fo, 7, = [Py, b =
|71 % #t /1 || is the inertial specific angular momentum of the target’s orbit, and u £ °f. =
[uz u, u,]T € R? is the control input applied to the chaser resolved in F,.

As ry varies along the orbit, the equations of motion (3.1]) result in the LTV system

&(t) = A(t)x(t) + Bul(t), (3.2)

where & 2 [§x §y 6z 62 6y 02]" € R®. We sample (3.2)) with sampling period AT, which is

assumed to be small enough to not lose significant behavior between samples
xp1 = f(k, xp, up) = Apxy + Bruy,. (3.3)

The discrete-time LTV model is used as a prediction model for our controller and for
the reachable set calculations. The model for closed-loop simulations is obtained by time
discretizing the nonlinear relative equations , with an even finer sampling period.

While the spacecraft model used in this work is based on a Keplerian orbit around a
central body, the equations of motion are LTV and the proposed control design can be
applied to relative motion about other orbits or reference trajectories that can be modeled

in such way, e.g., perturbed or 3-body orbits.

3.2.2 Thrusters and Failure Modes

The chaser spacecraft, depicted in Figure [3.2] has eight thrusters rigidly fixed with
respect to F. that provide thrust in lines coincident with their positions and the center of

mass of the spacecraft such that they do not impart any torque. The total force applied to
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the chaser resolved in F, is

8
u = Ofc = Z’onfc,qa (34)
j=1

where v; € [0, up, ;| is the magnitude of thruster j, u, ; is the maximum thrust of thruster

7, and ° fC,Tj is the chaser-fixed thrust direction of thruster j resolved in F,.

Figure 3.2: Chaser model and thruster configuration. The inertial, target orbital (Hill), and
chaser frames, F, F,, F. are shown.

During the execution of a rendezvous maneuver, any number of thrusters may fail.
Given the set of thruster indices Z = {1,2,...,8}, the set of working thruster combinations
is M = 2% np = |M|. The set M; € M denotes a specific set of functional thrusters, also
called a thrust mode. M; = Z indicates nominal operation of all thrusters, and M; = 0
indicates total loss of propulsion. The set of all possible failure modes is FM = M\ Z. The

admissible control set U; C R? associated with thrust mode M; € M is

| M)

U = @ {’on‘f/\cﬂ—j OTES [0>um,j]}’ (3'5)

JEM;
which is the Minkowski sum of various line (thrust) segments. As a result of the variable
thrust assumption and the positioning of each thruster, the sets U; are polytopes, for which

four examples are shown in Figure 3.3



Figure 3.3: Sample admissible control sets for different thrust modes.
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Upper left: all

thrusters functional M; = Z. Upper right: thrusters 1, 2, and 3 working, M; = {1,2,3}.
Bottom left: thrusters 7 and 8 are functional, M; = {7,8}. Bottom right: only thruster 8

is functional, M; = {8}.
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3.2.3 Problem Statement

Consider a given avoidance set S C R3, which may represent the AE, KOS, or an over-
approximation of the target’s physical geometry. The set S is lifted to include the chaser’s
admissible operational velocities, yielding S C RS. This defines a region in state space that
the chaser must avoid in the event of total or partial thruster failure.

The objective of the safe spacecraft rendezvous problem is for the chaser to approach
the target in a manner that is passively safe with respect to the AE when far, passively safe
with respect to the KOS when near, and abort-safe with respect to the target region before
docking. In the different phases, the approach is such that in the corresponding events of
total or partial thruster failures, M; € F M, at a generic time instant t.; = kpyAT there
exists, respectively, an uncontrolled (passive) or controlled (active) N-step abort sequence
such that the chaser trajectory does not enter S for all discrete times k € Zj, x4+~ That
is, there exists wp,,, ..., Uk, +N—1 € U; such that x & S for k € Zy,, k.0+n)- In practice,

N is significantly larger than what can be used for prediction horizon in a control design.

3.3 Robust Reachable Sets and Abort Safety

We enforce abort safety by maintaining the chaser outside of the unsafe region of
state space, that is, the region where, if a failure occurs, a collision cannot be avoided. We
construct the unsafe region from the robust backwards reachable sets (RBRS) of the target
set with respect to the after-failure input set, that is, the set of states that will enter the
target set regardless of the applied inputs, among those that are available after the failure.
Thus, when the failure occurs and the state is in the RBRS, no admissible control exists that

avoids collision at a specified final time.

Definition 3.3.1. Given xp1 = f(k, @, ur), a conver admissible control set U where

u € U, and final time step k¢, the N-step robust backward reachable set Ry(N; S, U, ki) of
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target region S C R" is

Rb(O;S,Z/[, k‘f) = S, (36&)
Rb(j;S,Z/{, kf) = {CC e R": (36b)
Flke — j,z,u) € Ry(j — 1,8, U, k), Yu € U},

Vi ={l,...,N}

The N-step RBRS is the set of initial conditions at time to = t; — NAT from which the
chaser will not be able to avoid the target region S at time t;, regardless of the admissible

control sequence applied.

Definition 3.3.2. The robust backwards reachable set over the discrete-time interval Z, g,

(RBRSI), where ko = kf — N, is the union of the j-step RBRS for j = {1,...,N},

N
Ry (S, U, k) = [RG5S, U k). (3.7)

=0
The RBRSI denotes the set of states Z such that from x, = &, k € Zy, 1, the chaser will
not be able to avoid the target region S at time step k¢, regardless of the admissible control
sequence applied. [[]

Next, we account for changing final time, considering that the orbit, and hence the
LTV system, is periodic. To this end, the orbit-RBRSI is the union of the RBRSI over
DLy ks)> ko = ke — N, for k¢ that varies along one orbit

m@m:ij@mm (3.8)

kukp-i-l
where £k, is the orbital period in time steps, and we assume that N < k;, due to the length of

the desired spacecraft maneuver. By taking the union of the RBRSI for changing final time

L All discrete time representations of RBRS and RBRSI are in fact approximations for the actual
continuous-time behavior. However, these approximations can be made sufficiently accurate by an ap-
propriate choice of the sampling period AT.
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around one orbit, (3.8)) contains sets of states for which there exists a time in the target’s
periodic orbit such that a collision will necessarily occur after at most N steps. The union
ensures the target state is evaluated at discrete points along an orbital period, yielding a set

of final states

rt/b (tf) 'rt/b (tf + k’pAT)
Xf:{ . ] , (3.9)
Tom (te) Tom (e + kpAT)

I.
which is equivalent to evaluating r¢,, T, at different true anomalies 6 € [0, 2], Becausek, t o

6.

Remark 1. We arrive at the construction of Ry(S,U) “backwards,” by first fiving the final
time and considering all initial times within N steps in (3.7)), and then considering all final
times within the orbit in (3.8)), which models where along the orbit the collision will occur.
An alternative, yet completely equivalent, approach is to first define the set of states that
necessarily collide with the target within N steps for a fixed initial time and then take the

union for all ty within the orbit.

Remark 2. Typically RBRS are the set of states that enter the target set for all disturbances
i a set W. Here, we use RBRS to determine the set of states where abort maneuvers that
avoid the target set do not exist. Hence, we use the control set U instead of the disturbance

set WW in the RBRS computation.

3.3.1 Abort-Safe Sets

Consider a discrete-time interval Zp, ) and a target set S constant in such an interval.

Given the state at an initial time step ko, the state at any time step k > kg is given by

where C is the controllability matrix of the LTV system (3.3), u™ = {u;c"_l . U’Zo} , and

O(k, ko) = ApAg_1 -+ Ay, is the ko-to-k transition matrix. For the sake of notation let

x, = ¢(k; o, u, ko), (3.11)
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where u € U", and, with a little abuse of notation, h > k — ko, i.e., we may include more
inputs in u even though the ones with indexes j > k& — 1 have no impact on x;. Letting
ki — ko = N, we define the safe set X5°(S,U) as the set of initial conditions that can be
made to not collide with S within a desired discrete-time interval, i.e., X3(S,U) = {x €

R™: Ja e UV, o(k;xo,u, ko) ¢ S, Vk € Z[k‘oka]}'

Proposition 3.3.1. Let xy € Ry (S,U)¢. Then, for any ko and ky = ko + N, there exists
a e UN, such that ¢(k;xo, w, ko) &S, for all k € Ly x,. Hence,

XS U = Ry(S,U)". (3.12)

Proof. By construction of and , Ry (S,U) contains all the initial conditions x
such that for all @ € UV there exists k € Lo ie) such that ¢(k; o, w, k) € S. Thus,
the complement Ry (S,U)¢ contains the initial conditions &y such that there exists @ € UV
such that for all k € Zy, k), ¢(k; o, @, ko) ¢ S, which is the desired safety condition. The
validity for any kg is due to and to including in the RBRSI for all k¢ € Zp,11,24,),
which covers all the time instants by considering that the LTV system is periodic with period

k. Thus, X32°(S,U) = Ry (S,U)". O

Due to the definition of X3¢(S,U), if the state is kept inside it, the existence of a
control sequence that avoids S in any interval Z, x,) is guaranteed.

We construct the unsafe set as the union of the orbit-RBRSI in over the input
sets . Becausesome failure modes may not need to be considered, e.g., the spacecraft
may be re-oriented to change the configuration of the faulty thrusters, the unsafe set is

constructed from the input sets (3.5)) of some pre-specified ¢ < ng failure modes of interest
. a
u=|Ju. (3.13)
i=1
Then, the set of unsafe states is the union over the failure modes of interest

xS Uy = | Ru(S.Uy). (3.14)
Z/{iEI;f
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Hence the safe set with respect to ¢ failure modes is
X308, U) = XS, U)" (3.15)

The above equations provide general expressions for the unsafe sets that rely only on a
compact target set. For actual computation of these sets, we need to assume a particular

form for the target set, e.g., a polytope or an ellipsoid.

Remark 3. The sets in U are constructed under the assumption that F. is aligned with F,.
Fven if this were not the case after a failure, the chaser spacecraft may be reoriented by
the attitude control system to align itself with the orientation used to compute Xk,?;afe(S,Z;{),
ensuring active abort-safety. Such an attitude maneuver can generally be completed much

faster than the required rendezvous orbital maneuver. For passive abort-safety, U = (), the

unsafe set X}\}?;afe(S,Z/_{) is independent of the orientation of F.

3.3.2 Active Safety based on Polytopes

When the dynamics are linear as in and the target set S is a polytope, the RBRS
is also a polytope and is computed by solving linear programs (LPs) [86]. Hence, the unsafe
set is the union of polytopes that take into account the LTV nature of the equations of
relative motion as well as well as several admissible input sets that capture multiple failure
modes. Consider the target set S £ Py = P(Hy,I;). Let the j-step RBRS from final time
tr be Ry(j;Pr,U, ke) = P(H;,1;), the j + 1-step RBRS is Ry(7 + 1; P, U, kt) = {x € R" :

Hj+1$ S lj+1}, where

Hj+1 = HjAkf—(j+1)7 (316&)
Uil = min - [L]i = [H]i Bry—1yu. (3.16b)

Redundant hyperplanes for obtaining a minimal representation of P(H,,1;) are removed by

solving LPs. In terms of set operations, (3.16)) is given by (P(H;,1;)© By U)A. BecauseS
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is a polytope, each RBRS in ([3.16)) will also be a polytope, while the RBRSI, Ry (P, U), is
a union of polytopes, which may be non-convex.
The RBRS is expected to be smaller the larger the range is of available control after a

failure, because the vehicle can perform abort maneuvers from more initial states &y € R"™.

Proposition 3.3.2. Given a final time step k¢ and two control sets U, and U,, such that

U, CU,, the RBRSs at ky — j + 1, for U, and U, satisfies
Ry (35 Pe, Uy, k) € R (5 Pr, Uy, k). (3.17)

Proof. When considering two sets, such that G C g, it follows that (.7-' S Q) C (f o Q~)
Aside from the input sets U, and U,, the RBRS at k — (j + 1) are constructed using the
same matrices, Ay,_; and By,_;. Then, the input sets affect the RBRS computation through
the Pontryagin difference P(H;,1;) © ByU. Thus, if U, C U,, then Ry(j; Pr, Uy, ki) C
Ro(J; Pr, Uy, ke). u

Additionally, if U, C U,, then Ry(S,Uy) € Rn(S,U,) due to (B.8). As such, the
unsafe region of state space gets larger as the spacecraft loses actuation due to thruster
failures.

Figure shows slices of the RBRSI for increasingly severe failure modes. The
darker the set, the fewer thrusters have failed. Slices are taken for 0z = 0y = 02 = 0 and
6z € {—1.5, 0, 1.5} x 107° km/s. Figure shows the projection of the same RBRSI sets
onto the orbital plane, dx, dy. The sets in the RBRSI get larger as the spacecraft becomes
increasingly under-actuated, indicating that a larger region of state space is unsafe. When
the RBRS is computed for total propulsion failure, i.e, M; = () and U; = (), the result is the
set of passively unsafe states, i.e., the initial conditions for which free-drift trajectories enter
S. The passively unsafe set is the largest BecauseR,(7; S,U; # 0, ke) C Ry(7; S, 0, ke).

Maintaining passive safety ensures a collision free rendezvous under the worst possible

propulsion failure mode. Spacecraft rendezvous missions are often staged to maintain passive
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Figure 3.4: RBRSI illustrations, from dark to light: we reduce the number of functional
thrusters, therefore, less safe state space.

(a) Slices of the RBRSI
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safety first, as a chaser approaches but is still far from the target, and active safety later, as
the chaser comes into close proximity to the target. Becausew = 03,1 € U", the computation
of the RBRS are greatly simplified. For this special case, the RBRS is denoted Passive
Backwards Reachable Sets (PBRS) as control is no longer considered.

Computing the PBRS is computationally much less demanding than the RBRS as no
LPs need to be solved, other than those for removing redundant hyperplanes. If k; = k¢ — 7,

the j-step PBRS polytope is

Ro(j; Pe, 0, ks) = {x € R" : Hy®(ks, ke — j)x < l¢}. (3.18)

3.3.3 Passive Safety based on Ellipsoids

For passive safety, an alternative is to consider an ellipsoidal target set S £ & = £(0, P)
centered at the origin with shape matrix P. Since & is an ellipsoid, the discrete-time

dynamics (3.3)) are linear time-varying, and u; = 0, the j-step PBRS ([3.6)
Ro(j; €, 0, k) = {x € R™ : x " ®(ke, ke — j) T P71 @(ke, ke — j) x < 1}, (3.19)

are also ellipsoids Becauseellipsoids are closed under affine transformations. The N-step
PBRSI Ry (&, 0, ke) is not an ellipsoid, but is the union of a finite set of ellipsoids. The
orbit-PBRSI Ry (&, 0) is similarly obtained by taking the union of the N-step PBRSI over

k¢ that varies along one orbit.

3.4 Abort-Safe Rendezvous Control

Next, we develop an abort-safe control policy that enforces the state to remain in
the safe set . Specifically, we develop a model predictive control (MPC) policy that
minimizes a cost function designed based on performance metrics, while constraining the tra-
jectory to remain within , and hence outside its complement where, in presence

of failures, collisions with the target are unavoidable.
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At every time step k, the MPC policy solves the finite horizon optimal control problem

Np—1
min - F(@n, ) + 2; L(xjk, wjjr) (3.20a)
o
st ik = AjrTjik + Bjjpjpk (3.20b)
9k (Tjik, wjn) <0 (3.20¢)
wj € U(k) (3.20d)
ok = Tp, (3.20e)

where N, < N is the prediction horizon length, the prediction model (3.20b)) is ({3.3),
(3.20c) is the safety constraint ensuring that collision can be averted in the presence of
propulsion system failures, and U(k) € {;}; is the input set at time step k, which depends

on the propulsion system condition according to (3.5). The MPC control law is given by
U = Kmpe(T1) = Ugyy, (3.21)
where Uy = (ug,, - - .u}*\,p_llk) is the optimizer of (3.20)).

3.4.1 Cost Function

We design the stage cost and the terminal cost in (3.20al) as

L(z,u) =2 Qx +u' Ru, (3.22a)

F(x) =z Mz, (3.22b)

where the weight matrices Q = Q" >0, R=R" >0, M = M > 0 are selected to achieve
the desired performance, resulting in a linear quadratic MPC for which is a quadratic
program (QP). The weight @ affects the primary objective, which is to approach the target,
i.e., reaching zero position and velocity. The weight R affects the secondary objective, which

is to minimize the total required propellant by minimizing the thrust. The terminal cost M
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is usually chosen to obtain stability properties, although here the main focus is on ensuring
safety in case of a thruster failure. Non-quadratic cost functions can also be used as in [55],

while still achieving active safety due to the constraint ((3.20c]).

3.4.2 Polytopic Safety Constraint

Implementing (3.20d) directly as z;, € X = X]‘\}f‘;afe(Pf,ﬂ)c renders (3.20) non-

convex and hard to solve. We convexify the problem by imposing convex constraints that

exclude ((3.14)) from the feasible space of (3.20) based on the following result.

Result 1. ([86, Prop.3.31]) Given polytopes P(Hy,ly), P2(Ha, o), then Py(Ha,lo) D Pi(Hy,ly)

if and only if there exists a non-negative matriz A such that

AH, = H,
(3.23)
All S lg.

Given a subset of the polytopes {P(HR,I®)}._, within Xpesate (P U), where HR ¢

(A1

R"i*™ we use Result [1] to construct a halfspace Pp(h,1) = {x € R": ha < 1} such that

Pu(h,1) D {P(HR IRV, Given & € R, let h*(Z), {\}(&)}._,, s*(Z) be the solution of

&hgygiﬂ - (3.24a)
st. s>0 (3.24b)
hx>1+s (3.24¢)

Ail; >0, j=1,... 0, (3.24d)

XNHE = h (3.24e)

MNE<1, i=1,...¢ (3.24f)

where X\; € R for all i = 1,...,¢. Any feasible solution of the LP ([3.24) is such
that Py(h,1) D {P(HR,I?)}_,. Furthermore, any feasible solution of (3.24) is such that

Z ¢ Pr(h,1), and the cost function (3.24a)) maximizes the clearance of & to the half space
Pr(h*,1).
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Figure 3.5: A 3D demonstration of Result . The blue polytopes represent sets to be avoided
in 3D space while the red hyperplane separates the state marked by the black cross from the
polytopes.
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At time k, we construct (3.20c|) from the optimal trajectory according to (3.20]) at time
k—1, (wakq . m?vp|k71)' Given T g, J € {1,..., N}, we select the ¢ closest polytopes in
Xpsate(Pg,U) by

d(@fy,_y, i) =minlf,_; — yl2
! (3.25)
st. ye& SZ

Then, we compute hj, = h(xj,,,_,) from (3.24) based on the selected {P;}¢_, and

implement (3.20c]) as its complement
—hjpee < —1—p, (3.26)

where p > 0 is an arbitrarily small constant, in order for (3.20c)) to determine a closed set
excluding (3.14)). BecausePy,(h,1) D {P;}¢_,, (3.26) does not intersect UL, P;.

Remark 4. If ¢ is chosen to include all polytopes of Xﬁf‘;afe(Pf,Z/_{), the feasible set of
is contained in X3°(Py,U). We allow to include only the subset of closest polytopes to
take advantage of the receding horizon nature of to reduce the computational burden
of and , and to avoid being excessively conservative. In fact, X]l\l'[?;afe(Pf,Z;{) con-
siders all terminal times around the orbit, while the final approach of the rendezvous maneu-
ver considered here terminates in a small, albeit difficult to predict, fraction of the orbital

period.

Cost function (3.24a)) is meant to increase the residual of &, , in satisfying (3.26)), so
that the chaser has more clearance to maneuver and select an optimal trajectory without

riding on or near the constraint.

3.4.3 Ellipsoidal Safety Constraint

Similar to Result [I] a half-space constraint can be constructed for avoiding ellipsoidal

sets.
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Result 2. ([87, Section 2.5]) Given j + k ellipsoids
1
E={Qiv+¢q €R" :|v]y <1}, (3.27)

where Q; = Q] = 0, a hyperplane, defined by a’x = b, that strictly separates UZ:1 & from

Ugi,];rl &; is computed by solving the second-order cone program (SOCP)

—Qlall+a"g~b>a, i=1,...,j (3.28)

IQfal:+a’q—b< —a, i=j+1,...j+k (3.29)

Given a subset of the ¢ closest ellipsoids {€(gR, QF)}., within AR (&, (), we use
Result [2[ to construct a halfspace P(a’,1) = {x € R* : a'x < 1} such that P,(a’,1) D
{€ (qzé, Q?) ¢_,. We separate ¢ ellipsoids from the state & and for each ellipsoid &;, we require
that

sup a' (Q?v +¢q;) — b < —a (3.30)

[ol<1

where the supremum argument is

v

= —. (3.31)
1Q; al
Substituting (3.31]) into (3.30)), yields the convex safety constraint for the ellipsoidal case.

Thus, given & € R", let a*(x), s*(&) be the solution of

min - —s (3.32a)
st. s2>0 (3.32b)
a'®>1+s (3.32¢)
IQfals+a’q<b—a, i=1,....¢ (3.32d)

where o = 0 as strict separation is not necessary and b = 1. Any feasible solution to the
SOCP is such that P,(a,1) D {E(qR, QR)}L,.
Thus, in the ellipsoidal case we compute a;, = a(x} ), ) from (3.32) by considering

the ¢ closest ellipsoids to the previosuly computed trajectory in a manner similar to (3.25)),
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Figure 3.6: A 3D demonstration of Result |2, The blue ellipsoids represent sets to be avoided
in 3D space while the red hyperplane separates the state marked by the black cross from the
ellipsoids.




40

and replace ([3.26]) with
—ajxjp < —1—p. (3.33)

Remark 5. In the case that a single ellipsoid is used for the safety constraint, i.e., { = 1,
the closest (more conservative) ellipsoid is used. The hyperplane can also be constructed by
projecting the current state radially onto the ellipsoid and taking the tangent at that point,

which does not require the solution of SOCPs [83]. See below for more details.

3.4.3.1 Simplifying Heuristic

An alternative approach is to let £ = 1, so that only the nearest ellipsoid is used
to convexify the problem for a particular x;;_;. The avoidance of each ellipsoid is then

described by non-convex constraints

o (QR) v > 1, (3.34)

where v represents a generic state vector here. Instead of obtaining the closest sets by solving
various QCQP, here, we approximately compute the closest set by taking a radial projection.
A half-space is constructed using the tangent at the projected point of the ellipsoid, which
removes the need to compute an optimization problem, saving computational time.

The squared radial “distance” from the state @ to the surface of the ellipsoid &; is
5. —1
PP =v"(QF) w. (3.35)
Normalizing the state v by p, results in a point on the ellipsoid’s surface

v (3.36)

D=—
p

5. —1
because v ' (QF) © = 1. The tangent hyperplane to the ellipsoid surface at © is parameter-

ized by the normal vector

a=20Q") 'z, (3.37)
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since Qf = (QZE)T Then, the hyperplane is defined by all x in the following set
{x eR®:a'x =0}, (3.38)

where b = a'v.

Given a state & at time ¢, we compute the projections » to all ellipsoids & € Xursafe(.).
Due to the possibly large number of ellipsoids, rather than imposing half-space constraints
for all of them, we only enforce the one that seems to be most conservative, i.e., the one that

is most exterior to the center of the ellipsoids, in our case the origin, by selecting ¢ such that

f[;;k = arg max ||'¢_71||, 1=1,...,n, (3-39)

where n, is the number of sets in Xursafe(& (). As before, the constraints along the MPC

horizon are updated based on these half-spaces.

3.5 Implementation and Practical Aspects

Next, we introduce practical information related to the implementation of the approach

and discuss the various safety constraints in terms of computational burden.

3.5.1 Implementation

Algorithm [I| summarizes the approach for abort-safe rendezvous, where the safe set
computation is performed offline Becauseit does not require real-time data and is compu-
tationally demanding. When the spacecraft engages the final approach phase, the safety
constraints are removed to allow for berthing or docking.

The algorithm is initialized by separating @, from the nearest unsafe sets along the
entire MPC window. Then, the constrained MPC problem is solved, and the states along the
prediction horizon are used to re-compute half-space constraints at each step k& € {0,1, ..., N—

1}. This is repeated for some fixed number of iterations, finally resulting in an initial half-
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Algorithm 1 Abort-Safe Rendezvous Control

Offline: Compute the unsafe set using polytopic or ellipsoidal target sets
1: input: x;
2: repeat
3: Select ¢ polytopes (ellipsoids) of XJ‘\‘,?;afe(S, U) closest to @), by forj=1,...,N
4 Convexify safety constraint along MPC horizon using Results [I]
5 Solve optimal control problem (3.20))
6: Apply control policy to the chaser spacecraft
7: until Final approach is activated

space constraint sequence. After initialization, the constraint sequence is iteratively updated
with the new predicted states in receding horizon.
The following proposition summarizes the abort-safe rendezvous approach using poly-

topic sets.

Proposition 3.5.1. At any time step k, let the convex safety constraint (3.20c) be (3.26))

for € such that {P;}i_, = Xﬁ‘qsafe(S,L_{). Let xy be any state such that xy = xj, for some
v=20,...,N, — 1, where {acﬂv}f]\/:po 1s any feasible trajectory of . Then, there exists
an abort control sequence u(xy) = {uj|k+v(x0)}j-v:_01 such that when applied from xq, the
trajectory x®(xo, u(xg)) = {:vj‘kw}év:o, where To|+, = To, does not enter the target set, i.e,

Lj|k+v gsa VJG{O,,N}

Proof. Since (3.26)) are such that their complement Py (h,1) D {P(HR, IR)\"=, = Xpsate(S.U),
any feasible solution of (3.20) ensures x;;, € X3°. Then per Proposition [3.3.1} for every
xo = x|, there exists at least one abort sequence u®(zo) = {w;jktv (a:o)}éy:_ol that results in

a trajectory @iz, ¢ S for all j = 0,..., N. Therefore, the chaser will avoid entering the

target set S for at least IV steps. O

In the passive safety case, {uj‘kﬂ};y:_ol = {0}"} and thus, proposition applies to the
ellipsoidal passive safety scenario using (3.33)) instead of (3.26)). Usually, ¢ < ng to reduce
the computational burden. However, by choosing ¢ large enough and selecting the sets

based on distance, e.g., (3.25), we only remove sets that are far away from the spacecraft.
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Constructing the hyperplanes or based on the closest sets often results in
separating the spacecraft trajectory also from the neglected ones so that Proposition
still holds in practice.

When the chaser approaches the border of a particular target set, i.e., the AE, KOS, or
target polytope, the next phase of the the maneuver can be triggered. These phase changes
occur when the distance to the set is below designed thresholds, that is, d(zo,S;) < d;,
where d; is the distance to the target set in phase i, and possibly, after additional checks
are done on the spacecraft. Phasing is used because the safety constraints change along the
different parts of the mission and including state-triggered constraints in the MPC [8§] is

outside of the scope of the current work.

3.5.2 Comparison of Various Safety Constraints

This chapter presents three methods to enforce passive and active safety based on poly-
topic and ellipsoidal sets. The LP and SOCP methods require solving optimizations within
the MPC loop while the heuristic for ellipsoids in rem [5]does not. In all cases, the MPC prob-
lem results in a QP. Table highlights the number and type of optimization problem
that each convexification method requires, including the determination of the ¢ closest sets
and the construction of the hyperplanes. For ellipsoidal passive safety, the heuristic may
be desirable for online application, as it significantly reduces the computational complexity
compared to its SOCP counterpart while resulting in a similar degree of safety. If separa-
tion from multiple sets is required, the polytopic approach may be more effective than the
ellipsoidal one BecauseLLPs and QPs are simpler to solve, in general, than SOCPs. Table
primarily reports the types of problems to be solved, that determine what solvers need to be
included in the spacecraft embedded computing platform. In terms of computational speed,

the size of each problem also has impact.
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Table 3.1:  Online numerical optimization problems solved at each step for the different
approaches of enforcing safety.

Variations LPs QPs SOCP
P Active safety N, ng+1 0
P Passive-Safety N, ng+1 0
& Passive-Safety 0 1 Ny + ng
& Passive-Safety Heuristic | 0 1 0

3.5.3 Approach Velocities

In the polytopic case, we construct the target set as Pr = P(Hy,l¢), where Hy =

T
{ Iy — ]6] , and l; defines the upper and lower position and velocity bounds of the set, e.g.,

-
l; = |:pm]ll><3 Umlixs Pmlixs Umlixs| - Similarly, the ellipsoidal target set is given by

& = £(0, P), where
po | %] cpo (3.40)
Osx3 By
P, = PpT = 0, and P, = P] = v,I3 = 0. As the approach velocity bounds are increased,
vm — 00, both Py and & are unbounded in the velocity subspace, resulting in RBRSI that
contain the states which enter the target set in N steps, or less, at any relative velocity

p. Practically, we select v, > 0 to include the chaser’s admissible operational velocities,

permitting the usage of Results[I] and [2| which require P; or &; to be compact.

3.5.4 Robustness to unmodeled perturbations

The safety constraints in and the prediction model are designed based
on (3.1)), which applies to Keplerian orbits, i.e, they ignore perturbations such as Earth’s
non-spherical and unequal mass distribution, air-drag effects in low-Earth orbits, third-body
effects, and more [69]. In practice, the use of exclusion regions such as the AE or KOS allow
for the effects of these perturbations to be ignored at design time, while still ensuring safety

of the target in the event of chaser propulsion failures. If the spacecraft under the nominal
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model does not enter the exclusion region, when subject to non-Keplerian dynamics for short
time-horizons, it will not collide with the target although it may enter the exclusion region.
That is, the exclusion region works as a safety margin against unmodeled perturbations.

If one wants to achieve robust avoidance of the entire exclusion area, such as the AE
or KOS, our approach provides multiple options. From a purely algorithmic perspective,
the techniques presented in Section can be extended to account for a set ¥V bounding
the unmodeled perturbations. This amounts to computing robust controllable sets, since in
order to avoid a given region in case of propulsion failures, the trajectory must not enter
the set of states for which there exists at least one disturbance sequence that results in
entering the given region for all the admissible sequences of command inputs, according to
the propulsion fault condition. However, that is numerically challenging because computing
each step in the set iteration requires projection of a set of states and disturbances, i.e., a
subset of R onto a set of states, i.e., a subset of R" [89], where the projection algorithm
has in general non-polynomial complexity even for polytopes.

A simple to implement, although suboptimal, approach is to inflate the unsafe sets
by a margin v > 1, which in turn shifts the linear constraints , that imple-
ment (3.20d). For ellipsoids and polytopes, the inflated sets are U {x € RS, TP 'z < v}
and U=, Pi(H;,vL;), respectively. The inflation parameter v can be selected in general by
high-precision orbital simulations that characterize the impact of the disturbances, although

in some cases, analytical over approximation is possible.

3.6 Simulation Results

We first present ellipsoidal passive abort safety results along with a robustness study
to determine how Algorithm [1| behaves when subjected to unmodeled perturbations. Then,
we report simulations that validate the polytopic active abort safety. Finally, the proposed

method is demonstrated on a phased, full mission scenario of abort-safe rendezvous with
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the ISS. We define an AE around the target of size [1 2 1] km in the radial, along-track,

and out-of-plane directions, and a KOS of size [10() 100 1()0] m. With approach velocities
v = 0.1km/s, these ellipsoidal sets are given by Eag and Ekos, respectively. The sampling
period AT = 30s. The mass of the chaser spacecraft is m. = 4000 kg. Each thruster can
apply a maximum thrust of u, = 0.02 kN. Where relevant, we discuss the performance
trade-off between enforcing safety and not enforcing safety using delta-V, which is the mass-
independent propellant consumption of the maneuver AV = ZkN:_Ol | Buy|| - AT. We run the
discrete-time MPC in closed-loop with the continuous-time model , resolved

in F,.

3.6.1 Ellipsoidal Passive Abort Safety
3.6.1.1 Heuristic vs. SOCP

We compare the radial projection heuristic of Remark [5| with the SOCP-based safety
constraint for a target in a circular Earth-orbit. For circular orbits, the relative
equations of motion simplify to the well-known Clohessy-Wiltshire (CW) equations
[69]. Becausethe CW equations are linear time-invariant, the RBRSI are invariant along

the orbit and only (3.7 is necessary for passive safety. The safety horizon N corresponds

3kp,

2, that is, by remaining in X3(S,0), the

to a length of three orbital periods, N =
chaser will not passively drift into the AE given by S £ g C RS for at least three sub-

sequent orbital revolutions. The target’s orbit is defined by the classical orbital elements
T

"
a e i w 0 f] = [6738km 0  51.64° 94.07° 302.37° 0°| ,see [69] to relate or-

bital elements to inertial states.

The SOCP-based method separates the chaser spacecraft from ¢ = 3 ellipsoids at every
time step in the MPC horizon, whereas the radial projection heuristic separates the chaser
from ¢ = 1 ellipsoid. Figure shows that the approaches are similar in this simulation.

Although the similar trajectories are not necessarily guaranteed for all initial conditions, the
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simulation shows the benefits of using the radial-projection heuristic as it requires much less

computation and can achieve similar safe approaches.

Figure 3.7: Comparing the approaches resulting from SOCP and heuristic-based safety con-
straints.
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3.6.1.2 V-bar Approach

Next, we consider an along-track, also called V-bar, approach such that the initial
position is purely in the iy direction (positive dy). We compare a passively safe con-
trol policy to a simulation where the passive safety constraints are removed, i.e., a pas-
sively unsafe policy. Passive safety is enforced via the heuristic of rem [5| The target

is in an eccentric Earth-orbit with the classical orbital elements |¢ e i w Q f| =

-
7420km 0.1 0.01° 0° 0° 145°| . The resulting orbital period of the target body is

t, = 106.02 min = 6361.2 s.
The number of steps in the MPC horizon is N, = 30. The safety horizon N corresponds
to three orbital periods, which is more than 20 times the length of the prediction horizon. The

safety phases with respect to the AE and KOS share the same state and control penalties,
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Figure 3.8: Passively Unsafe approach with respect to the AE from the along-track direction
for a target in an eccentric orbit. States along the trajectory enter the AE under natural
dynamics.

-2

dy (km)

Q = Is, R = 1.3 -10*I;, and terminal cost M = 10%I;. The initial state is ¢y = [poT vg} !
where pl = [0 5 0] km and v] = [0 0 0] km/s.

The results are shown in Figures 3.10, where, the initial condition is represented
by a blue circle, the trajectory of the relative position of the chaser with respect to the target
as seen in the target’s orbital frame F, is shown in blue. The sampled free-drift trajectories
propagated forward without control to verify passive safety are shown in gray. The sampled
free-drift trajectories that enter the AE or the KOS are shown in red.

As a baseline, we apply the MPC policy that does not enforce the passive safety
constraints. The resulting maneuver is shown in Figure [3.8 and requires AVjpsare = 0.0134
km/s. The spacecraft enters the AE orbit-PBRSI prior to reaching the target set boundary
and thus, sampled free-drift trajectories along the nominal rendezvous maneuver intersect
the AE and are unsafe (shown in red). Then, we run the same simulation while enforcing the
passive safety constraint, which yields the maneuver shown in Figure Clearly, enforcing
the passive safety constraints results in a passively safe trajectory towards the AE with

AVzage = 0.0206 km/s.

Once the chaser chaser is near the AE, the maneuver proceeds towards the target
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Figure 3.9: Passively safe approach with respect to the AE, in red, from the along-track
direction for a target in an eccentric orbit. Sampled states do not enter the AE under
natural dynamics within the safety horizon N.

I T~

dz (km)

10 8 6 4 2 0 -2

while maintaining passive safety with respect to the KOS. The resulting maneuver is shown

in Figure [3.10]

3.6.1.3 Robustness to Unmodeled Perturbations

In order to evaluate the proposed control policy when subjected to realistic perturba-
tions, we consider the target and chaser spacecraft to be perturbed by Earth’s oblateness,
captured by the J2 zonal harmonic acceleration, and third body gravitational disturbances
from the sun and the moon. The perturbations are nonlinear functions of the inertial posi-
tion, 7, and are denoted aj2(7), as(r), and an,(7), respectively. Though other perturbations
can be included, these are the dominant ones for most near-Earth orbital regimes. The

inertial acceleration model ([2.8)) is modified to include the perturbations,

r
r = _MW + ajo(ry) + as(ry) + am(ry), (3.41a)
t
" re u
r! = _MHT E +o - aj(re) + as(re) + an(re), (3.41D)

yielding orbits that are no longer Keplerian. While the simulation model (2.11]) is perturbed,
we retain (3.2) for constructing the RBRS and as the MPC prediction model ({3.20b)).
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Figure 3.10: Passively safe approach with respect to the KOS, in red, from the along-track
direction for a target in an eccentric orbit. Sampled states do not enter the AE under natural
dynamics within the safety horizon N.
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As discussed in Section[3.5.4] under perturbations the proposed safe rendezvous method
is no longer guaranteed to provide abort-safe trajectories that avoid the original target sets.
However, we expect the chaser trajectories to only cross the border of the exclusion zone,
hence staying away from the actual target position, so that collisions are avoided thanks to
the exclusion zone margin.

Figure [3.11] shows Ny, = 55 closed-loop simulations of passive safety with respect
to the AE, where the total loss of propulsion occurs close to the boundary of the AE. In
Figure [3.11] the portions of the approach where the propulsion system operates nominally
are shown in blue, while the free-drift trajectories after the failures are in black. The black
marks show the states at which the thrust is fully lost, and the trajectories that enter the
AFE are shown in red.

Figure shows the results for various random initial conditions when the nominal
PBRSs are used, i.e., v = 1. In this case, 3 out of 55 simulations result in trajectories that
enter the AE. However, such trajectories cross the AE near the edge, clearing the target by
kilometers. As expected, the AE provides a sufficient margin to avoid the target, when used
in conjunction with our proposed approach.

As discussed in Section to ensure that the trajectories remain outside of the
exclusion zone even under perturbations, the unsafe sets can be inflated, while still using the
nominal safe controller. Figure shows the trajectories for the same initial conditions
and failure times as in Figure where the RBRSs are inflated by a factor v = 1.1. In
these cases, none of the trajectories enter the AE, showing that a relatively small inflation and
minor modification to the nominal sets, allows us to retain the same RBRS computation and
nominal controller while maintaining robustness of the entire exclusion zone in the presence

of perturbations.



Figure 3.11: Closed-loop simulations of rendezvous in presence of perturbations.

(a) Approaches from various initial conditions with
nominal prediction model and nominal RBRS, i.e., v =
1. Passively safe approaches (blue), free drift trajecto-
ries (black), failure events (black marker); 3/55 trajec-
tories entered (briefly) the AE (red).
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(b) Approaches from various initial conditions with nominal pre-
diction model and inflated RBRS, v = 1.1, roughly 4.9%. Pas-
sively safe approaches (blue), free drift trajectories (black), failure
events (black marker). No trajectory is entering (even briefly) the
AE.
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3.6.2 Polytopic Active Abort-Safety

For active abort-safety, the weight matrices in the cost function (3.20a]) are @ = 103 I,

T
R = I3, M = Q. The target set is defined by a polytope P(Hy, l;) where H; = {]6 _[6} and
T
Iy = |:pm]ll><3 Umlix3 Pmlixs vmﬂlxg} . pm = 0.02 km, and v, = 6.0 x 1073 km/s. The
T
target initial conditions are defined by the classical orbit elements [a e i w 0 f} =

{7420km 0.1 0.01° 0° 0° 1400} T, which yields an orbital period of 106.2 min. The
number of steps in the MPC horizon is IV, = 8. The safety horizon is a quarter of the orbital
period, N = [;A—"TW +1 = 54, almost 8 times larger than N,,. The failure occurs at t;, when
the state is zy,,, , so that for k < kg, wi € Uy, which corresponds to M, £ 7. ie., nominal
control. For k > kgq, u, € U; where M; € FM, i.e., some thrusters have failed, where we
recall the thruster layout in Figure For k > ke we set QQ, M = 0Ogxg so that the only
objective is to avoid the target.

Next, we show the behavior of the safe controller that enforces & € X5(Pr, U)
and compare it with a standard design, called the unsafe controller, that only enforces
x ¢ Pr. We show two cases with differing thruster anomalies. We compare the behavior of
the controllers before and after the failure time, tp; = 240s. In these simulations ¢ = 1 so
safety is only maintained with respect to one failure mode in each approach.

In the first case, only thruster 7, fails and thus My £ T\ {1} € FM. Initially,
u, € U;, where U; is the nominal control set. After the failure occurs, u, € Uy for the

T
remainder of the simulation. The initial state in the target’s Hill frame is &g = [poT v(ﬂ

where p! = | =757 95.1 —54.7| x 1072 km and v] = [1_0 ~11 0.7] x 1073 kms™! for
both controllers. The trajectories for the safe and unsafe controllers are shown in Figure
while the control histories are shown in Figure [3.12h Indeed, while the unsafe con-
troller cannot avoid colliding with the target, when the safe controller is used, an avoidance

maneuver is possible. The command of the unsafe controller after the failure time saturates
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while attempting but failing to avoid collision. Not surprisingly, the safe approach is more

costly in terms of delta-V since AV = 5.8 x 1073 km/s and AV ygare = 2.8 x 1073 km/s.
The same behavior is observed when only thruster 73 remains functional after fail-

ure, i.e., Mg £ {8} € FM. Then, after the failure occurs, u; € Us, which is a sin-

T
gle line segment. The initial condition for both controllers is @, = {pg vg} where

pl=1-328 —83.0 —177.1| x107?km and v} = {0,3 0.9 2} x 1073 km/s The trajecto-
ries for the safe and unsafe controllers are shown in Figure |3.13al, while the control histories
are shown in Figures [3.13D] respectively. Indeed, while the unsafe controller cannot avoid
colliding with the target, the safe controller can. Again, this comes at the cost of increased
propellant consumption, as the AV for the safe controller, AVu = 1.8 x 1072 km/s, is larger

than the unsafe controller AVyygate = 1.0 X 1073 km/s.

3.6.3 Varying Initial Conditions

For simplicity and clarity, we consider a scenario of a planar rendezvous, 6z,0% = 0.
Here, the failure mode considered is defined by M3 £ {8} € FM, such that thrusters
71 through 7 simultaneously fail. In these simulations, the failure occurs at kgy = 0,
and as a consequence u;, € Us, for all & > 0. We generate random initial conditions
= NI (Pr,Us) and xS e R (P, Us, ks) C XN in a small region around the
target.

Figure shows that all of the initial conditions within the safe set can use the
remaining thruster to stay away from the target for the remainder of the simulation. For
comparison, Figure shows the resulting trajectories when the unsafe controller attempts
to only avoid the target set, i.e., x;i & Pr, Vj = {1,..., Ny} given initial conditions within
the unsafe set 7~2N(73f, Us, k¢). In this case, the unsafe controller is unable to avoid the target

polytope due to the unsafe initial conditions, as expected by the construction of ((3.6)).
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Figure 3.12: Comparison of the safe and unsafe controllers when only thruster, m, fails, i.e.,

My =T\ {1}.

(a) Approaches to the target set, in black, for the
controllers. The black circle and marks are the the
initial and failure states, respectively. Dashed and
solid lines are states before and after attempted

abort.
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Figure 3.13: Comparison of the safe and unsafe controllers when thrusters 7 — 7 fail, i.e.,

M; = {8}.

(a) Approaches to the target set, in black, for the
controllers. The black circle and marks are the the
initial and failure states, respectively. Dashed and
solid lines are states before and after attempted
abort.
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(b) Control histories for the controllers. Vertical
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Figure 3.14: Various initial conditions for the case when only 1 thruster remains functional
after the failure, i.e., M3 = {8}.

(a) Simulations with safe controller for multiple safe initial
conditions, &g € X ]S\?ﬁe(’])f,ug). Collisions with the target P
can be avoided.

(b) Simulations with the unsafe controller, which attempts
to avoid P¢ at all times, for multiple unsafe initial condi-
tions xg € X}\}fllsafe(Pf, Us). The chaser cannot avoid entering
target set Pr.
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3.6.4 Full Mission Simulation - ISS Rendezvous

We consider a realistic mission scenario where the chaser rendezvous with a target
in a circular low Earth orbit. In this scenario, the mission incorporates both passive and
active safety in a a phased sequence. Initially, passive safety is necessary with respect to the
approach ellipsoid. As the chaser closes in on the AE, the next phase where passive safety
is maintained with respect to the KOS is initiated. Upon closer proximity, the active safety
phase is initiated. We consider a target representing the international space station (ISS) in
a circular orbit with orbital elements given in Section [3.6.1.1] Active safety is maintained
with respect to all thruster failure combinations, yielding ng = 255 failure modes. As a
result of the LTI dynamics, all of these failure modes can be considered concurrently since
ng = 2527, while it would be much larger in the LTV case.

-
We consider the relative initial state xy = {poT 'vg} where p] = {() 5 ()} km and

vy = [0 0 0} km/s. As before, passive safety is maintained in both the AE and KOS
phases of the rendezvous simulation. Figure shows the corresponding approach with
the annotated mission phases. Starting from the left, the first green circle shows the initial
state and where passive safety is maintained with respect to £xp. Immediately to the right,
at 0y ~ 2km, the mission progresses to the next phase and passive safety is maintained with
respect to Ekos. Then, the active abort-safety phase begins. Finally, the green circle closest
to Ekos shows the activation of the final approach, i.e., where the chaser converges to the
origin,  — 0.

We can confirm that safety is maintained with respect to the various phases by checking
if any of the states along the approach are inside each phases’ corresponding unsafe sets.
Figure [3.16| shows that the chaser only enters the prior phases’ unsafe sets after the phase
switching times, i.e., after it has permission to advance to the next phase. These transition
times are shown by the black dashed vertical lines. Similarly, the phases switches are evident

in the history of the MPC control signals in Figure |3.1
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Figure 3.15: Safe approach for a full mission scenario with annotated safety specifications
per phase. Each phase begins at a green circle.
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Figure 3.16: States only enter a particular phase’s unsafe sets after explicitly being com-
manded to do so.
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Figure 3.17: Control over the various phases of the mission.
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Chapter 4

Fuel-Efficient Abort-Safe Spacecraft Rendezvous with State and Dynamics

Uncertainty

In the previous chapter, a deterministic abort-safe rendezvous model predictive control
policy and analysis is presented. In this chapter, the focus lies on improving control perfor-
mance in terms of AV to develop more fuel-efficient solutions. Additionally, we generalize
our prior work on abort-safe rendezvous to consider stochastic disturbances in the dynamics
as well as input uncertainty. Though we focus on the rendezvous problem in this chapter,

the methods developed are applicable to general formation flying scenarios.

4.1 Introduction

As discussed in chapter 3] fail-safe spacecraft rendezvous can be cast as a trajectory
generation and control problem that avoids unsafe regions of state space in which collision
is guaranteed under total or partial thrust failure. The unsafe regions can be characterized
using reachability theory [84] 86l [00]. Recall that spacecraft missions often seek to minimize
AV, which provides a measure of the total propellant consumed throughout a maneuver
[54]. When introducing non-convex safety constraints, it becomes difficult to solve for the
optimal AV maneuver in a computationally efficient manner [91]. As such, the non-convex
constraints are often locally approximated as convex constraints, yielding a feasible sub-
optimal solution that remains fuel efficient. These convexified constraints have been exploited

to maintain passive safety using MPC [9, 5], 83], 84]. Moreover, thruster on-time may be
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reduced by incorporating thruster on-off integer decision variables in the optimization [92].
Combining safety and thruster on-off decision variables requires solving a non-convex mixed-
integer program, which is challenging for on-board implementation. Thus, a computationally
tractable approach that satisfies the safety constraints while improving performance in terms
of AV and reduced thruster on-time is desirable. For shortness, we call an input signal where
thrusters are off more often, per given time, than another input signal, one that is sparser.

As mentioned in the introduction, chapter [I}, stochastic reachability analysis has been
studied extensively in the literature [29, 30, 20] B3], 32) 33] 34]. When analyzing active cases,
a common assumption is to assume that a Markov control policy is being used for the sake
of reachability and design purposes. This allows for the theoretical characterization of the
active stochastic reachable sets via dynamic programming (DP) [37,138]. As stated previously
though, such methods are computationally intractable for high-dimensional systems like ours,
which motivated prior work that over and under-approximates the sets obtained with DP
[39]. We leverage such work in this chapter to characterize the probabilistically unsafe regions
of state space. Moreover, the impact of linearization errors in the dynamics function is also
considered. This is particularly important for longer duration missions because ignoring
these errors can compromise the safety of the system, even within the linearization regime
of interest.

Here, for the initial approach where passive safety is typically required, we propose
a solution that can improve fuel-efficiency by leveraging natural orbital dynamics using
stochastic PBRS (SPBRS). The resulting methodology allows the chaser to enter a coasting-
arc during which no control is required to safely coast toward the target of interest. This
expands our prior work on passive and abort-safe spacecraft rendezvous about time-varying
reference trajectories in chapter |3| by improving control performance and reducing thruster
usage. First a goal set is defined near the original avoidance set. Then, offline, the backwards
reachable sets of the goal set are computed, resulting in the sets of states that naturally drift

into the goal set in a certain number of time-steps. We call these (S)PBRS emanating from
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the goal set coasting sets. An MPC policy is then developed that targets the appropriate
coasting set in an online manner, so that once the correct set is entered, the chaser can
disengage its thrusters and passively coast toward the goal set. In the stochastic case, the
coasting and unsafe sets are computed under the assumption that the dynamical uncertainty
is modeled as additive white gaussian noise (AWGN). To compensate for state uncertainty
due to imperfect measurements and process noise, chance-constraints are utilized [93].

The results in this chapter focus on a rendezvous mission concept for a target orbiting
a single central body. However, we provide an example of how such a framework is used
for a target in NRHO. Prior work for NRHO rendezvous has considered the design of safe
approach trajectories in an offline manner [94] [05]. As for online trajectory generation,
stochastic and robust MPC has been applied using chance-constraints and tube-MPC [96],
[82]. This work however does not consider safety with respect to failure modes and also do
not use high-fidelity NRHO target references. Our simulations demonstrate a reduction in
maneuver AV and a significant reduction of thruster on-time compared to our prior work.

This chapter is structured as follows. Section introduces the spacecraft model and
dynamics. Section presents the relevant reachable set theory and its relation to safety,
while in Section [£.4] nonlinear reachability analysis is performed under some particular
assumptions. In Section [4.5] the coasting set method is presented. Section discusses how
the stochastic passive-unsafe and abort-unsafe sets are used to develop the stochastically
safe rendezvous control policy. Finally, results of the approach are shown in Section

hp2sec:simulatioN Ap2
4.2 Stochastic Model

As before, the spacecraft are assumed to be rigid bodies such that all exogenous forces
act on their centers of mass and the target spacecraft is assumed to be uncontrolled. In the
two-body case, the nonlinear relative equations of motion as seen by the target are linearized

while including perturbations [69]. The linearized equations of relative motion are provided
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in Appendix [A] Theses include some perturbations of interest, though more can be added
following the same methodology. In the NRHO scenario, discussed later, the equations of
motion are derived and expressed in the Synodic frame Fg and the related dynamics are also
given in Appendix [A]

Here, we denote the target’s inertial state by z(¢) and the chaser’s relative state with
respect to the target as @(t), as in Chapter [3| The stochastic nonlinear equations of relative

motion are of the form
&(t) = f(x(t), 2(t)) + Bu(t) + Bou(t) + q(t) (4.1)

where f(z(t), z(t)) are the natural continuous-time dynamics of the system, the input or
control uncertainty is given by du(t) ~ N(E[du(t)],X*(t)), and q(t) ~ N(E[q(t)],X9(¢))
is the dynamical process noise in the system. The uncertainty in control may be modeled
using thruster misalignment or magnitude errors as well as attitude errors. We also assume
that the input uncertainty and process noise at different time steps are independent and
uncorrelated, i.e., white noise.

Because linearized dynamics dominate around some nominal trajectory, we approxi-
mate the relative motion of the chaser with respect to the target about the target’s

nominal trajectory using the resulting LTV system
&(t) = A(t)z(t) + Bu(t) + Bou(t) + q(t), (4.2)

where u £ °f. is the chaser’s control input expressed in the target’s orbital Hill frame F,.
Here, the linearized domain around the chief’s nominal trajectory, where the rendezvous
is performed, is denoted by X C R". In this work we consider a discrete time formulation
of with sampling period AT, which is assumed to be small enough to not lose significant

behavior between samples, yielding

1 = Apzy + Bi(uy, + dug) + qy, (4.3)
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where duy ~ N (E[dui], %) and gy ~ N (E[gx], X7) is the discrete-time process noise. The
stochastic discrete-time LTV model (4.3)) is used as a prediction model for our controller and
for the reachable set calculations. For simplicity, in the active or controlled case, we combine

the process noise and input uncertainty, yielding
L1 = Ak.’Ek + Bkuk + wyg, (44&)

where wy, ~ N (E[wy], V), E[wy] = ByE[du] + E[gi] and ¥} = X 4+ E#. In this work, we
assume E[du;] = 0 and E[wy] = 0. The relative state covariance or uncertainty at step k is
denoted X%, and depends on prior state, control, and process noise. This is used for future

covariance propagation using the Kalman recursion
T T
x T w
= A2 A + s

because Z;‘Tk = BNCE;j kB}Ik + E}I‘ - Though not shown here, a filter is used to get a-posteriori
mean and uncertainty estimates as well. This model allows us to combine uncertainty in
the target and chaser’s inertial states in a way that either both bodies or one of them can
be considered stochastic. That is, either both vehicles or one of them is modeled using
stochastic dynamics, resulting in a random relative state vector.

In this work, we assume that the target’s trajectory is well understood such that the
linearized relative dynamics are accurate to first order. This assumption is made because
any significant uncertainty in the target vehicle’s state or dynamics results in uncertainty
in the model matrices Aj, and Bj,. Hence, any error in the estimates of z; result in error
matrices of the form AA; and ABy, which can be absorbed by a new process noise model,
e, W, = wy + AAgxy + ABg(ug + dug). In this work, we assume that such errors are
small and that the a-priori knowledge of the system matrices are accurate to first-order.
Any deviations of the target from it’s nominal trajectory are captured through the nominal

process noise q.
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4.2.1 Problem Statement

We consider the problem of driving a spacecraft safely to a target location while avoid-
ing a known region around the target, using minimum fuel. The maneuver is performed
using a receding horizon control framework where the relative state of the chaser is par-
tially observable through measurements. In order to account for unmodelled perturbations
as well as sensor limitations, the dynamics and sensor outputs are perturbed by stochastic
disturbances. For both the passive and active abort-safe scenarios, we construct over (outer)
approximations of the stochastically unsafe regions of state space, which include an assumed
form of dynamical uncertainty, i.e., process noise. Such regions are computed under an as-
sumed probability of collision. Avoidance of this region of state space guarantees that a

passive or active abort maneuver exists with a minimum amount of probability.

4.2.2 State Estimation and Cost

A model predictive, receding horizon, control framework is used with a planning horizon
N,. At every step k € N of the receding horizon control, an estimate of the chaser’s random
state is available, which has distribution @y ~ N (E[xk], X¥). The mean and covariance are
updated by means of a Kalman filter, though the a-priori and a-posteriori estimates are not
explicitly differentiated in the notation. In the absence of measurement and process noise,
we obtain the deterministic abort-safe motion problem. The cost of the mission is denoted
J XN xUN — R, is a function of the trajectory and controller. The cost of interest
here attempts to reduce fuel-consumption while having desirable closed-loop or coasting

properties.
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4.2.3 Thruster Configuration

As shown in chapter [3], for given a thruster configuration, we can construct a general

polytopic and compact admissible control set
U={ueclkR: Hu<k,}, (4.6)

where 0 € U. For simplicity, in this chapter the control vector is constrained only by lower
and upper bounds, u; and wu,, respectively. Hence, k, in is completely determined
by u; and w,. Let k,; correspond to the admissible control set ¢;. When accounting for
safety with respect to partial or total loss of thrust, it is sufficient to consider distinct k,, ;
for different failure modes. The set of possible failure modes, F M is therefore given by
FM = {ky1,...,kung}, where np = |FM]| is the total number of failure modes under
consideration. We let U; denote the admissible control set corresponding to failure mode
FM; € FM. These failure modes are used to construct the set of states for which all

control actions lead to collision with a polytopic terminal set [84].

4.3 Stochastic Reachable Sets

The introduction of stochastic noise into the computation of the unsafe regions of
state space requires extending the work done in chapter |3l We characterize the abort-unsafe
regions of state-space that include dynamics model uncertainty in both the passive and
active abort scenarios. In the active abort-safety scenario, uncertainty in the control itself
impacts the safety of possible abort maneuvers. When characterizing the passive abort sets,
uncertainty in the control is not required as once the chaser ceases to engage its thrusters,
the uncertainty in the state is purely driven by the nominal process noise injected into the
system. For both cases, these sets define regions in which the probability of entering a final
set § is above some threshold, i.e., the probability of collision is lower-bounded.

In this chapter, we introduce some new notation that will simplify the descriptions of

the unsafe regions of state space. Most of the prior work computes controlled stochastic
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backwards reachable sets based on the following one-step controlled backwards reach set

[18, 40, )86, 97].

Definition 4.3.1 (One-step controlled backwards reach set). The one-step controlled back-

ward reachable from a set S C X, using admissible controls U, is defined as
Rip(SU)={x € X:Fucl,IycS,y=Awx+ Byu}. (4.7)

This defines all of the states that can reach a set S using a control action from U without

any noise.

Unlike the controlled reach set above, for abort-safety, we compute the set of states for

which all controls enter a set . This set was introduced in chapter |3 as the RBRS.

Definition 4.3.2 (One-step RBRS). The one-step RBRS, i.e., abort-unsafe backward reach-

able set, is defined as
Rip(SU)={xec X :Vuecl,FycS,y=Ax+ Bu}, (4.8)

which we have seen in (3.6)), and yields states for which all control actions result in entrance

of 8, without any noise.

4.3.1 Abort-unsafe Sets Given a Fixed Final Time

Before computing the unsafe stochastic sets for the generic LTV system , we
characterize the regions of state space for which all controls enter a set S at a specific final
time t; or time-step N, with some probability. For simplicity, we use the acronym SBRS
to indicate the stochastic version of RBRS. We use the method in [39] to characterize such
regions. For the sake of the SBRS computation, the process noise at a step k is treated as a
disturbance belonging to a bounded set W, such that P{w; € Wy} > a. Because the noise
is assumed to be AWGN here, the disturbance set is constructed based on the super-level

sets of a Gaussian PDF. Thus, the set WV is an a-probability ellipsoid and we recall that if w
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is AWGN, then w; and w; are independent Vi, j. Treating the process noise as a disturbance
greatly simplifies the SBRS computation.

The set of states that enter S at a specific final time step N can be obtained from
dynamic programming [39]. In this case, it is assumed that the vehicle uses a stochastic and
Markov feedback control policy m € M, where M is the set of Markov control policies and
M C U. Such policies are used to characterize the SBRS. Then, the probability that an
initial state @y at index k£ = 0 reaches S in N steps using a Markov policy 7 € M is given
by the probability measure PZ0"{xy € S}.

In [39], the probability measure PZ0"{xy € S} is maximized as the objective is to find
a control policy that has a high chance of satisfying the reachability goal. This results in
doing a conventional stochastic controlled reachability analysis, which leverages . In the
abort-safety case, we want to obtain regions of state space which enter S with some minimum
probability, which will leverage . Successful avoidance of these probabilistically unsafe
regions then ensures that an abort maneuver exists with a minimum probability. Such
probability thresholds are left as design variables that depend on the application of interest.

In summary, we seek to find the policy 7 that minimizes PZ0™{xy € S}. We denote
the minimum probability of reaching set S under optimal policy 7* as P {zy € S}.
Using dynamic programming, the 3 super-level stochastic reachable set consists of all states
at a step k that satisfy the reachability objective, i.e., entering S at step /N, with minimum
probability of 3. The set of states at index k that enters S at N with at least 5 probability
is then given by

LT (B,S) ={xr € X :P*»™ {xy € S} > (). (4.9)

These sets are theoretical in nature for high-dimensional systems due to the previously
mentioned computational intractability. Naturally, letting £k = 0, yields the set of initial
states @y that enters S at N, which is given by £3 (3, S).

Leveraging the prior work in [39, O7], we construct over-approximations of (4.9) to
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ensure safety in the “right direction” while ensuring computationally tractability. Here, we
over-approximate the sets at variable k € Zj n}, where N represents the safety horizon.
In this work, we over-approximate the sets £ (3,S) with a set denoted Reach} (S, N).
The latter is constructed using set-based (Lagrangian) methods to characterize the over-

approximation of the true reach set [I8, 39], which we used in chapter [3]

Definition 4.3.3 (SBRS). The SBRS over-approximation over the discrete-time interval

Zyo,n) are given by the backwards recursion
Reachy (S, N) = X N Ry (Reach’k:l(S, N) @ (=Wy), L{), (4.10)

where Reach(S,N) =38 and k = N —1,...,0. Starting from the final time step, we work
our way to the initial time step. While (4.10)) explicitly depends on W), and U, the dependence

1s dropped for notational simplicity.

Proposition 4.3.1. The set Reach; (S, N) over-approzimates the set LT (3,S), i.e., LF (3,8) C
Reach) (S, N).

Proof. The proof follows from [39, Thm. 2]. Let x; € X \ Reach} (S, N). We need to show
that
x, € X \ Reach (S,N) = =z, € X\ L} (3,S). (4.11)

The set in (4.10) is given by

Reach) (S,N) = {x € X :Vj € Zyn_1),YVu; € U,Jw; € W}, (4.12)

i1 = Aj:cj + Bjuj + w;, TN - S}
The admissible complement of (4.12)) is

X \ Reachj (8, N) = {x € X : 3j € Zyn_1), Fu; € U,Yw; € W;, (4.13)

Tt = Aj:z:j + Bj’U,j + Ww;, TN g S}
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This set defines the regions outside of the over-approximating SBRS. The set X'\ L} (5, S),

is given as
X\ LT (B,S)={xecX: inf P7"{ay € Slar} < B}, (4.14a)
={xcX: :IreM, Pi*»"{xy € S|z} < B}, (4.14b)
={xeX:IreM, P»"{xy ¢ S|z} > 1— [}, (4.14c¢)

that is, X \ LT (3,S) is characterized by the set of states for which there exists at least one
Markov control (feedback) policy that does not enter the final set S in N steps, with at least
probability 1 — .

Let the the augmented disturbance vector w € W = W, x ---Wxy_;. Then, we
expand the term PZ+™{xy ¢ S|z} in using the law of total probability to consider
disturbances sampled from inside and outside of W in the analysis. As such, the probability
that a state € X \ Reach} (S, N) does not enter S at step N using a policy 7 € M, is

given by

Py {xN ¢ S|z} = (4.15a)
P2y & S|z, w € W} - Pyu{w € W} + P2 {xy & S|zp, w & W} - Py{w ¢ W}
> ]P)ikﬂf{w]v §é Slwkau_) € V_V} : ]P)w{'u_J € W} = Pw{u_} € V_V}

because P2+ {xy ¢ S|z, w € W} = 1. We can truncate the augmented stochastic noise

vector using a probability threshold 3, such that P, {w € W} =1 — 3, and thus,
P2 {xy ¢ S|z), € X \ Reach; (S, N)} > 1 - 8. (4.16)

This indicates that states that are outside Reach; (S, N) are less likely to enter S at step N

than states outside of £ (3,8, ), which completes the proof. ]

In summary, the probability that a maneuver can avoid entering S at N in the region

X \ Reach (S, N) is greater than or equal to 1 — 3. From (4.16)), it follows that P+ {xy €
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Slz), € X \ Reach] (S, N)} < 5. As 8 — 0, we obtain a high degree of active abort-safety

with respect to a specific final step V.

Remark 6. If U = (), then the resulting sets characterize the passively unsafe states, i.e,

where passive abort-maneuvers are unsafe using probability level 3.

For a linear dynamics model (4.4a), the over-approximated stochastic backwards reach-
able sets (4.10)) are given by

Ry (Reachy1(S, N) @& (=W,),U) = (4.17a)
{x € X :Yu € U,y € Reachy 1(S,N) & (—Wk),y — wy, = Arx + Bru}
={x e X : Ayx € (Reach;,1(S,N) & (-W,)) © BiU} (4.17b)

= X N ((Reachg1(S, N) @ (= Wy)) © Bild) Ay, (4.17¢)

for all k = N —1,...,0. These define the sets of states that enter S under disturbances
contained in Y, no matter the admissible controls U, at step N. We enforce abort-safety
by maintaining the chaser outside of this over-approximated unsafe region of state space.
Because the sets in are computed using 4 DO M, this analysis holds for general
control policies, which include which include Markov feedback controllers.

Taking the union of these sets along an interval of interest yields the SBRSI.

Definition 4.3.4. The stochastic robust backwards reachable set over the discrete-time in-

terval Zio, Ny (SBRSI) is the union of the j-step SBRS for j = {0,...,N — 1},

N
UnionReach® (S, N) = U Reach; (S, N), (4.18)

j=0
which denotes the set of states &, = &, k € Z n) for which the chaser will not be able
to avoid the target region S at time step IV, regardless of the admissible control sequence

applied, with probability .
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4.3.2 Abort-unsafe Sets for Varying Final Time

Above, we computed the sets of abort-unsafe states given a fixed final time step, that is
we found probabilistically unsafe regions that enter S at a specific future time step. Here, we
generalize this to varying final times due to the LTV nature of , because a perturbed
target orbit is not in a periodic orbit. To this end, the LTV-SBRSI is the union of various
SBRSI for variable horizon N € Zg ), where k¢ defines the full safety horizon of interest.

Thus, we introduce the set

ke
UnionReachLTV(S, k) = U UnionReach™ (S, N), (4.19)

N=0
which provides the union for increasing time horizons so that safety is maintained with

respect to the LTV system. If only a single control set U; is considered, then,
SafeSet = UnionReachLTV(S, ki), (4.20)

and naturally, UnsafeSet = UnionReachLTV(S, k).
As in chapter [3] to be safe with respect to various failure modes, the union of the LTV-
SBRSI has to be taken over various input sets. The abort-unsafe sets are constructed

from ¢ input sets as

q
UnsafeSet = U UnionReachLTV (S, k; (4.21)

=1

e

where the correponding failure mode controls U; are used. The safe set with respect to ¢

failure modes is then simply given by
SafeSet = UnionFail°. (4.22)

The above expressions for abort-unsafe are general and rely only on compactness of the

terminal set.
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4.3.3 Fixed Final Time Under-approximation of the SPBRS

It is of interest to compute under-approximations of the passive SBRS, such that, no
matter the disturbance set W affecting the system, the initial states contained in the under-
approximation will enter a desired target set, denoted G C X, with some probability. That
is, the states are likely to enter the desired set, regardless of the disturbances affecting the

system.

Definition 4.3.5. Given x, 1 = Arx, + Bruy and final time step N, the j-step under-

approximation of the passive SBRS from a goal set G C X is

Reach; (G,N) = {z € X : Vw; € W), Ajx + w; € Reach;,,(G, N)} (4.23a)

= (Reach;,1(G, N)} © Wj) 4; (4.23b)

where j = {N — 1,...,0}. Such sets yield states that have a likelihood of entering G in the

N-step horizon.

Definition 4.3.6. The inner-approrimations of the passive SBRS over the discrete-time

interval Zy Ny (passive SBRSI) is the union

N
UnionCoast™ (G, N) = U Reach; (G, N). (4.24)

§=0
If zy € Reach, (G, V), and the augmented disturbance set W = Wy x - - - Wy, then by

the law of total probability

Plxy € S|xg) =
P(xy € Glzo,w € W) -P(w € W) +P(zy € Glag, w ¢ W) -P(w ¢ W)  (4.25a)
> P(xy € Glzg,w € W) -Plw € W) (4.25b)
>P(w e W) =5, (4.25¢)
because Reachy (+) was constructed using W and thus, P(zy € G|zo,w € W) =1, Vav € W,

xy € G. As such, the higher the lower bound 3, the higher the probability of naturally
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coasting into the set G. As the set W gets larger, the passive SBRS inner approximations

become “smaller” and thus the odds of entering G under natural dynamics are higher.

4.3.4 Over-Approximation of LTV Abort-Unsafe Sets

In general, a large number of sets characterize the union in UnionReachL.TV(S, ks).
For a single control mode U, the number of abort-unsafe ng throughout an N-step horizon

is at most the sum of consecutive integers

s max = w (426)

In the passive case, ng = N max, While in the active case, ng < ngmax due to the Pontryagin
difference. In chapter |3|and [84] we used ¢ nearby sets to compute a local convex constraint,
but this still requires computing n, QPs at every step in the MPC horizon to understand
what unsafe regions are near the predicted state. Hence, the number of sets n, strongly
affects the computational tractability of the online approach, i.e., as N increases significantly,
maintaining safety becomes intractable.

We briefly discuss a method used to over-approximate the number of passive sets
such that only NV + 1 sets are needed to cover UnionReachLTV(S,U), greatly reducing the
computational load for online separation of a vehicle from the unsafe regions of state space.
The proposed algorithm applies generally but is most accurate for cases where the dynamics
matrix A, = A;.

In an N-step horizon, the j-steps SBRS are computed N —j times. We over-approximate
the j-steps SBRS with a single set using support functions. The result is a single set
Reachf ) U]-Reachj(S,N — j) that over-approximates the relevant j-steps SBRS. This
allows us to cover UnionReachLTV(S, k¢) with N + 1 sets.

Given a matrix H € R™*™ of direction vectors with n, rows, the over-approximation
is given by

Reach? = () { [H];z < max Preactit () (i) }- (4.27)
i=1

J€Zo,N)
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Then, we compute the over-approximation UnionReachLTV# (S, k) = Uj:OReaChj’£ which
consists of N +1 sets that cover the unsafe region of state space. Naturally, for LTV systems,
UnionReachLTV#(S, k¢) D UnionReachLTV(S, k) while for LTI systems, the resulting sets
are identical, i.e., UnionReachLTV#(S, k¢) = UnionReachLTV(S, k). Algorithm [2| shows

the logical flow of this over-approximation.

Algorithm 2 Support function-based over-approximations of UnionReachLTV for LTV
systems
1: Input: H,S, Wy, U,k =0,..., N,
2: Output: UnionReachLTV#
3: repeat
4: For variable j, compute all j-step Reach] (S, N — j) using (4.17).
5
6

Compute Reach}# by retaining maximum p.y([H];), i.e., solving (4.27).
: until All j-step SBRS are computed for all k

4.4 Nonlinear Reachability: Linearization Error Compensation

Though the LTV dynamics model is generally accurate in X', the accumulation
of the model errors due to linearization can compromise the safety of the system. We are
interested in compensating for such errors when characterizing UnSafeSet to ensure that
safety is maintained despite the neglected higher order terms in the dynamics linearization.
This is particularly important for the far-rendezvous portion of a mission, where in the event
of a failure, feedback can not be used to maintain safety. Essentially, the goal is to ensure
that the chaser is safe under the full nonlinear dynamics model .

Similarly, in the coasting scenario, we want to guarantee that the nonlinear system
enters the desired goal set at the final time. As will be shown, neglecting such errors can
result in the chaser missing the goal set G. In [71], forward reachable sets are computed
for generic nonlinear dynamical system by over-approximating the instantaneous Lagrange
remainder, which is the linearization error of the multivariate dynamics function, and treating

these errors as an input in a conventional linear reachability analysis. That is, the nonlinear
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problem is analyzed from the perspective of a linear one in addition to some “extra” input
that corresponds to the possible linearization errors.

In this work, we first specify a region of interest, namely &X', which represents the allow-
able domain of the chaser. In this region, the worst-case linearization errors are estimated
for a chaser spacecraft in X', which is the case for rendezvous and other formation flying
missions. By first specifying the domain X', we can correctly over-approximate the lineariza-
tion error of interest, and then utilize the method in [71] to characterize the unsafe region
of state space.

We denote the solution to the state equation using nonlinear and linear dynamics under

a control signal u(t) for ¢t € [t,tf] as

x"(t) = ¢"\(t; 20, to, u(t)), t € [to, t/] (4.28a)

x'(t) = @' (t; T, to, u(t)), t € [to, ty] (4.28b)
and the error between the system models at ¢ as
e(t) = z"(t) — z'(t). (4.29)

Due to the affine control and disturbance in (4.1)), the control and process noise do not
contribute to the linearization errors under this model. For each row 7 of the multivariate

dynamics function f (+), the Lagrange remainder represents the exact error, and as such
(&™) = [A)]iw(t) + [B#)]aw(t) + [w(t)]: + Li(x(t)), (4.30)

meaning the i'" component of the dynamics belongs to a set made of the linear model and

the error term L£;(t), which is given by the Lagrange remainder.

Definition 4.4.1. Let the continuous-time state and linearization point for (4.1)) be x(t)

and x(t), respectively. The Lagrange remainder, or linearization error, for basis component
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1 at a state x is given by

L) = (o) T g (431)
_ 1 TaQ‘]Ei(g?z)
=3T —5, T (4.32)

where &, = 0,1, & = v,y € [0,1].
Remark 7. Here, we linearize about the origin of the Hill frame, thus, @, (t) = O,x1.

Generally, the point at which the remainder is exactly computed, & is unknown, and
hence has to be estimated. The state-space dynamical systems considered in this chapter
are such that the first n/2 dynamics are simply the velocities i.e. f; = v;, i = {x,y,2}.
Consequently, their Hessian matrices are zero-matrices, % = Opxn SO that there is
no need to compute the Lagrange remainder for half of the Cartesian basis components of
interest.

To obtain a conservative estimate of the remainder, we follow the reasoning in [71],

where we seek to maximize the remainder’s norm L;(x) = ||£;(x)|| in the region X for each

basis component ¢ at an instant in time ¢

Li(x") = max ‘%mTW&' : (4.33)
st.x e X,ye|0,1],
which is bounded by
0< Lia) < S| ZHOZ Dgert, (4.340)
Li(a) = S| ZE0Z 2 M (1.31h)

Because the continuous-time nonlinear dynamics are linearized and then discretized with
sampling period AT and the Lagrange remainder over-approximation only holds at an in-

stantaneous time ¢, we require an over-approximation L; of Lagrange remainder £;(x(t))
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over an interval of time 7 € [t, tx, + AT, i.e,
LY (z(1)) < Ly, V7 € [ty, ty + AT] (4.35)

Such an over-approximation of the Lagrange remainder in the interval of interest in (4.35)

can be found numerically. Then, we can obtain a vector of worst-case linearization errors
T

L = [N/4(tk) f/5(tk) [~/6(tk) . These errors are used to create a fictitious disturbance set

E). which can be incorporated into the linear reachability analysis to make claims about the

nonlinear system. The over-approximating error set in interval [t, tx41] is constructed using

E,={yeR™ : Hy<k,)} (4.36)

where, H, = [I,,, —I,,]" and k. = [L], L]]".
Finally, as in [71], the over-approximating linearization error set F} at t), is incorporated
as a known disturbance on the original linear reachability analysis. As such, the nonlinear

reachable states are related to the linear ones by

" (tp1) € {Arx + Bi(u + er)}, e, € B (4.37a)

™ (ty11) € {®'(tey1)} © BiEy, (4.37b)

where By FE) is the error disturbance mapped into the state space. Here, provided the linear
and nonlinear trajectories remain in X, so that the errors are correctly accounted for, the
reachable states of the nonlinear system are correctly captured. No guarantees can be made

if the state leaves X as the linearization errors are then unaccounted for.

4.4.1 Over-Approximation of the Nonlinear Abort-Unsafe Sets

In the absence of stochastic noise, treating the linearization error as disturbance can
result in having to perform facet and vertex enumeration, due to the Minkowski sum, which

is computationally not desirable [86, 89]. Instead, we again use support functions in the
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backwards recursion to compute an over-approximation of the passive and active abort-

unsafe sets of the deterministic nonlinear system.

Definition 4.4.2. The N-step over-approzimation of the nonlinear RBRS from a setS C X

15 given by

Reach}"*(S,N) = {x € X :Yu € U, Te;, € Ey, Ayx + Bru + e}, € Reach, (S, N)}

= ((Reach (S, N)} & (—Ey)) ©U) Ay, (4.38a)
where again Reachy ™ (S,N) =8 and k= {N —1,...,0}.

Figure [4.1] shows how the PBRS from a set S that include the linearization errors
are larger than the ones obtained through the nominal linear analysis. Here, the sets are
projected to the along-track and radial plane of the target’s Hill frame. The set S is shown

in red, in the center.

Figure 4.1: Projection of the inflated PBRS compensating for linearization errors and the
nominal linear PBRS in the x — y plane. The nonlinear sets over-approximate and envelop
the linear ones.
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4.4.2 Combined Linearization Error and Process Noise

Generally, because the true dynamics of the system are nonlinear, it is difficult to assert
probabilistic statements about the safety of the stochastic nonlinear system. A nonlinear
transformation of a random vector is required when propagating the current PDF of the
chaser’s state forward or backward in time, thus a PDF that is initially Gaussian will no
longer remain so. However, because the linearization errors are small, the chaser’s estimated
PDF in X is well-approximated by a Gaussian distribution, despite the linearization errors.

We briefly discuss a couple of methods that satisfy the probabilistic safety constraints
we desire for the original nonlinear system. First, we naively assume the linearization errors
have negligible impact on the chaser’s PDF, that is, the nonlinearities do not affect the PDF
propagation. The second method incorporates the linearization errors as additional process
noise to the stochastic linear model. These methods provide good approximations for the
nonlinear system but have no guarantees due to the issue raised above.

Due to linearity, the linearization errors can be incorporated by modifying the distur-
bance set W,. We define a set Wk £ W, @ E}, that accounts for both stochastic disturbances
and linearization disturbances in the original reachability analysis. Let w;, = wy + ey, wy €

Wy, e, € B, = w € Wk = W, @ E}, where

P{a@), € Wi} = P{wy + ex € Wy}, (4.39)

— P{w;, € W,}, (4.40)

because the linearization error is treated as a deterministic disturbance and stochasticity
enters through W;. Then, to be safe with respect to both random noise and linearization
errors, we avoid the sets Reach21’+(8 , N) computed with the new disturbance sets such that
Pz {xy ¢ Slzy € X \ Reach]""(S,N)} > 1 — 3. Similarly, we can under-approximate
the passive backwards reachable set by replacing W; in with /I/I\% The tightening
effect of the linearization error compensation compared to the nominal deterministic coasting

sets is clear in Figure [£.2] where in the nominal case some trajectories miss the goal set G
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altogether.

An alternative method for compensation of the linearization errors is to model the
linear process noise based on the linearization errors. Specifically, the linearization error
can be modeled as a random vector with an assumed distribution, e.g., e, ~ N (0, X¢) with
covariance

v = diag([L], L3, Lg)), (4.41)

such that the support of the corresponding probability ellipsoid sufficiently captures the

linearization error. Then, the expected value of the state is

Elzjiu] = E[Ajpxjik + Bjpwg + wji + Bjrejrl, (4.42a)

Bl i) = AjnElz;i] + BjnEu;u), (4.42b)
and the state uncertainty is

~§'8+1\k = Ajlsz\kA]T\k + By (X + Z?m)BjT\k + Z?W (4.43)

which accounts for control uncertainty, process noise, and linearization errors in the system.
By modeling the process noise in this way, we lose theoretical guarantees about the nonlinear
reachability of the system. However, in practice, the process noise can be appropriately
tuned such that the support of the noise sufficiently captures the linearization errors as well
as alternative sources of process noise. Another benefit of this approach, is that we do not
have to compute the SBRS as if an input was acting on the system. Doing so results in less
conservatism compared to modelling it as an explicit input, as shown in Figures |4.344.4. In
these figures, the stochastic forward reachable sets from an initial condition in the positive
along-track direction are computed using the two linearization error compensation methods.
It is clear that adding the linearization error into the process noise results in much less
conservatism, the validity of which is confirmed in Figure 4.5l Figure [4.5| shows, in black,
states that are propagated using the nonlinear dynamics with AWGN, which remain inside

the projected confidence ellipsoids calculated using (4.43]).
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Figure 4.2: Initial states, shown by the green and blue squares, that enter and miss the desired
goal set with stochastic coasting arcs relative to a target in LEO. In blue: trajectories that do
not compensate for linearization error and process noise and miss the goal set G;. In green,
trajectories that are robust to noise and linearization error and enter G¢. The trajectories
are for a time-horizon of t; — ¢y, = 50 min., roughly half an orbital period of a target in LEO.
Safe initial states not considered here.
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Figure 4.3: Comparison of the stochastic forward reachable sets when the linearization er-
ror is incorporated as an additive disturbance vs. as process noise to the nominal model.
Propagation time is 40 min, about a third of the target’s orbital period.

(a) In blue, the stochastic passive forward reach
sets from an initial condition using the additive
disturbance method. In black, the expected tra-
jectory is shown.

dz (km)

dy (km)

(b) In blue, the stochastic passive forward reach
sets assuming the linearization error is incorpo-
rated into the process noise. In black, the expected
trajectory is shown.

oz (km)

5 0 -5
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Figure 4.4: Comparison of the nonlinear stochastic forward reachable set: additive distur-
bance or process noise over longer horizon. Propagation time is 80 minutes, about a third of
the target’s orbital period. After 80 minutes, the additive disturbance method shows that

the entire position subspace X is reachable.

(a) In blue, the stochastic passive forward reach
sets from an initial condition using the additive
disturbance method, which occupies the entire po-
sition subspace of X.

10+

dx (km)
o

-10 ¢ ! ! ! |
10 5 0 -5 -10
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(b) In blue, the stochastic passive forward reach
sets assuming the linearization error is incorpo-
rated into the process noise. In black, the expected
trajectory is shown.

4
3,

oz (km)
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Figure 4.5: Sample trajectories propagated forward in time using the nonlinear stochastic
model based on X7 + X¢. All trajectories lie well within the 0.95 confidence ellipsoids, thus,
linearization erros can be incorporated as process noise.

dx (km)
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4.5 Safe Coasting Arcs

Section [4.3.3|introduced how under-approximations of the stochastic passive backwards
reachable sets are obtained. We call such sets coasting sets for obvious reasons, we desire to
enter such a set to exploit the natural dynamics, leading to possible reductions in maneuver
AV and thruster on-time. In summary, we define the goal set as G, and we desire that
the chaser arrives at G in at most N, coasting steps, i.e., xy, € G. For the deterministic
nonlinear case, it is sufficient to compute Up° Ry x(G, Ex) to obtain the sets of states that
enter in IV, steps or at a specific final time step k., no matter the linearization errors present.
The stochastic version is highlighted in and for simultaneous compensation of the
linearization errors and the process noise effects, we can again use sets such as Wk =W,DE}

in the backwards recursion. In summary,
CoastingSets = U;y:“OReaCh;(g, Ne). (4.44)

The goal set is defined such that its intersection with S is empty, i.e., G NS = 0.
Naturally, the states in Reach, (G, N.) need not be passively safe. That is, for some ¢ > 0,
there may exist a state (t) € G such that x(t + dt) € S or vice-versa, there may exist a

state (t) € S such that (¢t + 6t) € G. In general then,

G N Reach; (S, N,) # () (4.45)

= Reach, (G, N.) N Reach; (S, N.) # 0. (4.46)

Note that if Reach; (G, N.) N Reach; (S, N.) = 0, then one can drive the chaser into
Reachy (G, N.) without passive safety constraints. Because this is not the case for spacecraft
dynamical problems, as is in general non-empty, we formulate a method for the chaser
spacecraft to enter the passively safe portion of CoastingSets, denoted as SafeCoastingSets,
where

SafeCoastingSets = CoastingSets \ UnSafeSet. (4.47)
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However, for computational reasons, we wish to not compute this set difference explicitly.
SafeCoastingSets is made up of a union of passively safe coasting sets that arrive at G in NV,
steps or less. If the rendezvous approach is constrained to be passively safe for N steps, we

require N, < N for the resulting coasting-arc to have a safety-horizon N At.

Remark 8. Provided the Pontryagin difference (Reachjjrl(g ,N.)© Wj) # 0, which appears
in (4.23b)), then there exists a coasting arc of at least jAt seconds.

4.5.1 Linear Time-Varying Case

To obtain a successful coasting arc, we specify a fixed final coasting time k. at which
we seek to enter the goal set G. The coasting maneuver is planned such that the maximum
duration it can be is t,,, = t. — to, where t; is the initial time. We generally pick ¢, < ¢ such
that there is an additional amount of time after the coasting is complete in which the safety
of the vehicle can be guaranteed. Then, the resulting maximum number of coasting steps is
N, = iﬁT. This is a time-dependent problem where the relative state of the chaser xy,_; has
to enter Reachy, (G, N.) to ensure a successful coasting arc from an initial time step N.—j to
a final time step of interest N.. That is, if zn,; & Reachy_ (G, N.) there are no guarantees
that xn, € G due to the LTV nature of the system because the coasting sets from two
different final times k; and k;, are not the same, i.e., Reach; (G, k;) # Reach; (G, k;), Vki, k;.

Thus, to enforce a coasting arc, we require
x; € Reach; (G, Nc), j €1{0,...,N. —1}. (4.48)

Because initially g ¢ Reach, (G, N.), the constraints (4.48)) are softened to avoid infeasibil-
ity. Once (4.48)) is satisfied, the chaser has entered a coasting set for step j and then it will
passively coast to G in N, — j steps with a probability associated with the construction of

the sets 17\//
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4.5.2 Linear Time-Invariant Case

For a linear time-invariant (LTI) system, there is additional flexibility in designing a
coasting arc from an initial time to a specified final time. Though the same method as in
section is applicable, where a fixed final time is chosen, the LTI dynamics allow us to
relax the timing problem above, yielding a free final time method. That is, because A, =
A, Vk, given any two final times k; and k;, the coasting sets are identical, i.e., Reachg (G, k;) =
Reachy (G, k;), Vk;, k;. Thus, if ; € Reach; (G, N.), the chaser is guaranteed to enter the G
in N, steps even though j # k. — N., which is not the case for an LTV system. Though this
does not apply for eccentric orbits or general perturbed trajectories, it does apply to targets
in unperturbed circular orbits and may yield a good approximation for near circular target

orbits over short horizons.

4.6 Rendezvous Control

Next, we develop an abort-safe control policy that enforces the state to remain in
SafeSet. Specifically, we develop a SMPC policy that minimizes a cost function designed
based on performance metrics, while constraining the trajectory to remain within SafeSet,
and hence outside its complement . For the entire rendezvous mission, we consider two
controllers: the first one steers the spacecraft from the initial position towards the target
while enforcing passive safety and exploiting coasting arcs. The second controller is engaged
when the spacecraft enters the final approach corridor while enforcing active abort-safety.
Both controllers are implemented using SMPC, where the only the imposed constraints are
changed.

Because the SMPC prediction model used is LTV, it does not capture the effects of
any linearization errors. As such, additional process noise is given to the SMPC policy based
on to further tighten any constraints of interest, e.g. safety and coasting constraints.

Alternatively, we could use nonlinear SMPC to obtain nonlinear state updates, but in doing



89

so we may lose convergence guarantees.

4.6.1 Stochastic Optimal Control Problem

The non-coasting SMPC policy yields a constrained trajectory that is safe while driv-
ing the chaser to approach the target. Conversely, the coasting SMPC, appends the coasting
set constraints in the initial rendezvous phase to the non-coasting SMPC formulation. At

every time step k, the SMPC policy solves the finite horizon optimal control problem

Np—1
min E[F(zn, i) + ;O S(@jes wjie)] (4.49a)
st xipe = E[Ajpz;k + Bjjkw;)x] (4.49Db)
P{gi (i, wjx) <0} > o (4.49¢)
u;k € U(k) (4.49d)
xor = Elx] (4.49¢)

where N, < N is the prediction horizon length, the prediction model is ([(£.3),
(4.49¢|) is the chance constraint ensuring that collision can be averted in the presence of
propulsion system failures as well as the coasting constraint, if desired. U(k) is the input
set at time step k, which depends on the propulsion system condition, i.e., before or after a

failure. The MPC control law is given by
Uy = Kmpe(Elx]) = ugy, (4.50)

where Uy = (ug, - .- u}y, ;) 1s the optimizer of (4.49).

4.6.2 Cost Function
We design the stage and terminal cost in (4.49al) as

S(z,u) =2 Qx +u' Ru, (4.51a)

F(x) =z Mz, (4.51b)
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where the weight matrices Q = QT >0, R=R" >0, M = M > 0 are selected to achieve
the desired performance, resulting in a linear quadratic MPC for which is a quadratic
program (QP). The weight @) affects the primary objective, which is to approach the target,
i.e., reaching zero position and velocity. The weight R affects the secondary objective, which
is to minimize the total required propellant by minimizing the thrust. M is usually chosen
to obtain stability properties, although here the main focus is on ensuring safety in case

of a thruster failure. Non-quadratic cost functions can also be used as in [55], while still

achieving active safety due to the constraint (4.49¢]).

4.6.3 Constraints

Here, we briefly discuss the relevant constraints of the SMPC problem.

4.6.3.1 Safety

For both passive and active abort-safety, we impose these constraints on the state to
remain outside of the abort-unsafe sets UnionReachLTV (S, k) by computing a half-
space that excludes UnionReachLTV(S, k¢) based on Result 1 in Chapter [3] Specifically,
a set of nearby polyhedra {P(H;, k;)}_, C UnionReachLTV(S, k¢) are used to construct a
halfspace Py (h,1) = {& € R* : hTx < 1} such that P, (h,1) D {P(HR, kR)}_,. That is, a
half-space that contains a subset of UnionReachLTV (S, ki) is constructed and its complement
is used to maintain abort-safety. Given & € R", the required half-space normal h*(Z) is ob-
tained by solving a linear program [84, 86]. These half-space constraints are computed based
on the previously predicted state trajectory, given by the MPC policy. Let (xoj—1 ... TN, k1)
be the trajectory computed at time k — 1, we compute half-space normal vectors hj;_1, and
use this at the next MPC iteration such that h;ﬂkflmﬂk <1, Vj=0,...,N, For passive
abort-safety, we use passive system to compute UnionReachLTV(S, k) while we use the

active ones for active abort-safety.
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4.6.3.2 Navigation Uncertainty

When constructing the UnionReachLLTV(+), initial state uncertainty is neglected, be-
cause only the effects of process noise are considered to compute the unsafe sets. In reality,
the chaser will have initial state uncertainty as a result of uncertain measurements and dy-
namics, i.e., Ty ~ ¥4 (x) is a random vector. Incorporating state uncertainty for the general
controlled or linearization error compensated backwards reachable sets is difficult, but is
more easily done in the purely passive case. Incorporating initial state uncertainty results

in a predicted covariance of
5% = (5. k) 5 2(j, k)T + 5, (4.52)

where Eﬁk is the component purely due to process noise. Moreover, because the state
uncertainty changes throughout the course of a maneuver, it is preferable to compensate for
any state uncertainty in a way that does not require a full re-computation of the unsafe or
coasting sets. This motivates the use of chance-constraints, which provides a measure of
confidence for the satisfaction of a constraint under state uncertainty. Thus, we arrive at

the following condition for safety

P{x ;. ¢ UnionReachLTV (S, kf)} > « (4.53a)
= Pz, € Ui{pinBﬂk <qit>a (4.53b)
= maxP{z;;. € {p/ ;i < }} > a (4.53¢)
= Plz;, € {pjxjp < q}}>a, i (4.53d)
— (%ﬁ) >a, i (4.53¢)

(piTEﬁkpz'
= I Elaju) < g — Oy (@) (0] S%,pi)2,  Ji (4.53f)

which suggests that we have a confidence « that the true chaser state satisfies the locally
convex safety constraints. Recall that when outside of the unsafe region of state space, a safe

abort will exist with a minimum probability of 1— /. Thus, we can claim to have a confidence
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that we are safe with probability 1 — 8. Additionally, if 25 = Onxn, L€, we have no state
uncertainty, we recover the original safety constraints pZ-T]E[:I:ﬂk] <qg = piT:vj‘k < g.
Generally, the chance-constraint pushes the chaser away from the unsafe region of state

space, reducing the effective probability of collision.

Remark 9. Computing the effective probability of collision from a given state using o and
1—p is not readily possible; the set UnionReachLTV itself contains states with varying degrees

of safety and without further analysis, the actual measure of safety is unclear.

4.6.3.3 Coasting Arcs

The coasting constraints throughout the horizon are given by (4.48). We let G =
P(Hg, k) be a polytope such that the passive SBRS are given by polytopes. Given the

current time step k, the appropriate coasting set is targeted by enforcing

z;. € Reach; (G, No), (4.54)
for j =0,..., N,, which is a linear constraint of the form
HCZIZj|k S kc + ]]-Sj|k (455)

where the slack variable s, is used to avoid infeasibility because x ¢ Reach; (G, N.). The
cost function penalty on the slack variables s;; minimizes the infeasibility, which results in
driving the chaser into the coasting set. If navigation or state uncertainty is included, then

as before, a chance-constraint is utilized such that

P{x;s € Reach;, ;(G, No)} > « (4.56a)
= Plaji € N{[He)] zjp < [ki}} > o (4.56b)
— ([kc]i — [HC]JE[%'{"]> >a, i=0,...,n, (4.56¢)

(LTS3, 1))

[N
-~
I
=
S
3
—~
=~
ot
D
Q.
N

= [H]] EBlzjp] < [keli — Coqe(a) ([He]i Sfiy[Heli)?,
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which suggests that we have a-confidence that the state x;; € the coasting set Reachy, ; (G, N.).

4.6.3.4 Line-of-sight

A LOS constraint is added for the final active abort-safety phase which maintains the
chaser spacecraft within a corridor that leads to an assumed docking port on the target.
This constraint requires the state of the chaser to remain within a cone A < bigs.
Additionally, the goal set is constructed to be contained within the LOS cone, i.e., G C

P(Alos, bios)- Again, when incorporating state uncertainty, we utilize a chance-constraint.

4.6.3.5 Control

As shown in [84], for given a thruster configuration, we can construct a general polytopic

admissible control set at step k
UK)={ueR’: Hu<k,} (4.57)

The set U(k) can present nominal control or for example a back-up set of thrusters, which

will be assumed in the active safety phase of the approach.

4.6.3.6 Summary

Because the coasting-arc is useful when the chaser is far relative to the target, these
coasting constraints are only used in the initial rendezvous phase where passive safety is
required. Conversely, the LOS constraints are only necessary when the chaser is heading
towards a docking port. Thus, for the initial approach, we can write the passively safe path
constraints, g, as

_h;ﬁkwﬂk +1+ @ (a) (p;rZﬁkpi)%

G (ks Sji1) = <0.
chj|k — ]13]'|k — kc —C
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where, [c]; = CDC_dlf(a)([HC]iTZﬁk[Hc]i)%. When a coasting set is entered, control is switched
off, so the passively safe control policy is summarized by

Empe(Elzk]) € U, E[xi] ¢ Reach, (G, N.)
wy, = (4.58)

0 € R?, E[xz,] € Reachy (G, N.)
For active safety, we replace the passive safety constraints with the abort-safety constraints.

Additionally, the coasting constraints are exchanged for the LOS cone, yielding

—hT x4+ 1+ Ok (a) (pTS2, p)3
ga(wﬂk) _ jlkLilk ar () ( ilk ) <o (4.59)
Alosmj|k - blos —1

where [l_]% - q)c_dlf(oo([Alos];rzﬁk[Alos]i)%‘
4.7 Results

Now, results pertaining to the safe SMPC, with and without coasting, are presented.

4.7.1 Stochastic Rendezvous with Near-Earth Targets

We consider a target in a near circular target orbit with e; = 0.0001 and a semi-major
axis of 7578km. In this simulation, we include .J5, lunar, and solar third body effects on
both the chaser and the target. We compute the passively unsafe regions of state space
with a safety horizon of 3 orbital periods. The deputy is initially in the negative along-track
direction from the target. In the loop, we update the relative states and PDF of the chaser
with respect to the target using a simple linear Kalman filter with noisy relative position
measurements.

Initially, passive safety is maintained with respect to a polytopic set & while a coasting
set is targeted. The developed method is compared to a non-coasting MPC policy in terms
of maneuver AV and input signal sparsity. The total AV of a maneuver is given by AV =

Zf\:ol [|B(-)u;|| - AT. In the simulations, a sampling time of AT = 30s is used, and the
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nominal admissible control set U,,, i.e., without any loss of thrust, is such that w, = —u; =
1341 - HON. Passive safety is maintained with respect to a polytopic set of size where 1.5 x

3.5 x 1.5 km? in the position subspace and we consider impact velocities of up to 100m/s.

4.7.1.1 No Coasting

First, we consider the case where the safe SMPC method is used. Here, the chance-
constraints are used to ensure the chaser does not enter the passively unsafe regions of state
space. The resulting approach is visible in Figure{4.6| The expected states along the approach
trajectory are sampled and propagated forward passively to confirm passive safety, which is
clear because none of the trajectories enter S, shown in red. In Figure samples are taken
from the relative state’s distribution at a particular time index and propagated forward in
time, yielding a “tube” shown in black. None of these samples enter &, which indicates
the chance-constraint is working as designed and expected. For the chosen parameters, this
SMPC uses a total maneuver AV = 27.7463 m/s. The expected relative position, velocities,

and corresponding control signals are given in Figure .8

Figure 4.6: Passively safe rendezvous without a coasting arc. The expected SMPC trajectory
is shown in blue while the expected passive failure trajectories are shown in black.
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Figure 4.7: Passively safe rendezvous without a coasting arc. The expected MPC trajectory
is shown in blue. In black, random samples at t; from N (E[z;], £¥). The samples are from
a 0.99 confidence ellipsoid around the mean.
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Figure 4.8: Relative position, velocity, and control trajectories for a passively safe non-
coasting rendezvous maneuver.
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4.7.2 Passively safe coasting

Next, we consider the case where the coasting safe SMPC method is used to obtain
coasting arc of a quarter period in duration. Here, the chance-constraints are used to ensure
the chaser does not enter the passively unsafe regions while simultaneously targeting the
interior regions of the coasting sets of interest. Once inside the coasting set, the chaser turns
off it’s thrusters and coasts into G. The geometry of interest is shown in Figure The goal
set G is an enlarged version of the approach polytope S. This allows for the SMPC to consider
multiple approach locations around the target. The resulting approach is visible in Figure
4.9 where the expected states along the approach are sampled and propagated forward
passively to confirm passive safety, which is clear because none of the trajectories enter S.
After only three steps, the chaser enters a coasting set and arrives at G approximately a
quarter period later, as designed. In Figure [4.10, samples are taken from the relative state’s
distribution at the third index, after shutting off the thursters, and propagated forward in
time. None of these samples enter §, which indicates the chance-constraint is working as
designed and expected, i.e., passive safety is maintained while the goal set is reached even
when subjected to unmodeled accelerations (process noise). Figure shows the expected
relative position, velocity, and control of the chaser for the rendezvous approach, where the
initial short burn required at the beginning is visible. This maneuver saturates the controller
at BON. Then, after entering the coasting set, the thrusters are disengaged. This solution
has a total maneuver AV = 3.7061 m/s, which is clearly much more fuel-efficient than the

conventional safe SMPC method.

4.7.3 Active Safety

The active abort-safety scenario considered here is one where the chaser is assumed
to start in the center of an approach corridor in the positive along-track direction from

the target, as is frequently done in current missions [8]. The corrider is given by a LOS
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Figure 4.9: Safe rendezvous with a coasting arc. The expected SMPC trajectory is shown
in blue while the expected passive failure trajectories are shown in black.
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Figure 4.10: Safe rendezvous with a coasting arc. The expected SMPC trajectory is shown
in blue. In black, random samples at ¢; from N (E[x;],X¥). The samples are from a 0.99
confidence ellipsoid around the mean.
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Figure 4.11: Relative position, velocity, and control trajectories for a passively safe coasting
rendezvous maneuver.
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constraint, as shown in Figure .12} We aim to be active abort-safe with respect to a
polytopic set P, which is a box that tightly over-approximates an assumed target’s physical
size. The resulting abort-safe trajectory is the one shown in Figure where the chaser
essentially cancels out deviations from the along-track direction, as designed with the SMPC
weights. The resulting relative states and control are visible in Figure High penalties
have been placed on dx and 0z deviations, the consequences of which are seen in Figure 4.13]

where the chaser predominantly moves along dy.

Figure 4.12: Actively-safe rendezvous in the LOS cone. The expected MPC trajectory is
shown in blue while the expected passive failure trajectories are shown in black.
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At a point just over 50m from the surface of the avoidance region Py, we assume
a failure occurs with the primary thruster system, such that the back-up thrusters must
perform an abort-maneuver which has not been planned for. By remaining inside the safe
region of state space, the SMPC is able to find an abort-maneuver that avoids the set Py.
At this assumed failure time, samples are drawn from the chaser’s relative state distribution,
and aborts are simulated for each one to determine whether or not the chance-constraints
ensured that the majority of the chaser’s PDF remains in the safe part of state-space. As

is shown in Figure all of the drawn samples successfully avoid the set Py. The abort

maneuvers for each sample are pretty similar as shown in Figure [4.15]



101

Figure 4.13: Positions, velocities, and control during an actively-safe rendezvous.
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Figure 4.14: Abort trajectories for various samples drawn from the posterior distribution at
an assumed failure time. The states are sampled from the 0.99 confidence ellipsoid of the
distribution. All states are in the abort-safe region of state space and thus miss the target,
represented by the red polytope Py.
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Figure 4.15: Abort control for all samples drawn from the posterior distribution at an
assumed failure time.
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4.7.4 Deterministic Lunar Gateway Rendezvous

We additionally demonstrate some results of the developed approach for a target in
NRHO, representing the Lunar Gateway, and a chaser spacecraft that aims to rendezvous
with the target. These results were first presented in [08]. The dynamics are assumed
to be deterministic and the full state is known. The deterministic case is studied here to
understand more about abort-safe rendezvous missions to NRHO targets. The equations of
motion of the target in the resulting near-stable quasi-periodic orbit are linearized, resulting
in a linear-time varying (LTV) system from which the passive-unsafe and abort-unsafe sets
are computed. Initially, when far from the target, passive-safety is maintained and coasting
arcs are exploited. Once the chaser enters a final approach corridor given by an LOS cone,
abort-safety with respect to an assumed failure mode is considered.

The target NRHO used in this work is constructed using a full ephemeris model and
dominant perturbations [99], which yields a more realistic, i.e., lower maintenance-energy,
orbit. The NRHO is defined by a 4 : 1 sidereal resonance, i.e., one for which the target com-
pletes four orbits for every lunar orbit around the system barycenter. The trajectory in the
Synodic frame is shown in Figure [4.16] For additional works related to orbit navigation and
maintenance about NRHO, see [99, 100], and references therein. At perilune, the dynamics
along the NRHO are the fastest and coupled in all three Cartesian directions, resulting in
non-intuitive coasting trajectories. At apolune, the dynamics are slow and the dynamics
resemble a double integrator. The passive BRS, when projected onto the position subspace,
using dynamics at apolune are shown in Figure 4.17, The double integrator-like dynamics
result in the sets being approximately “concentric.”

Initially, passive safety is maintained with respect to an ellipsoidal set £y while a
coasting set is targeted. After coasting into the goal set, abort-safety is maintained with
respect to a polytopic set P;. The developed method is compared to a non-coasting MPC

policy in terms of maneuver AV and input signal sparsity. In the simulations, Atyipc =
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Figure 4.16: Target NRHO quasi-periodic orbit with 4:1 sidereal resonance, as seen in the
Synodic frame Fs, with radius of perilune R, = 4000km. Moon visible in gray, Earth
neglected for illustrative purposes.
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Figure 4.17: Projection of the coasting sets (blue) and the passively unsafe sets (red) onto
the 3D position subspace for an NRHO target.
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Atrgrs = 30s, and the nominal admissible control set U,,, i.e., without any loss of thrust, is
such that w, = —u; = 1 - 30N. Passive Saiety is maintained with respect to an ellipsoidal
set where P = diag(|22. Tiys 0.12- 1.4 ), i.e., an ellipsoid with position and velocity of
major-axes of 2km and 0.100km/s, respectively. The goal set G is a box with +1.5km in
the positions and £5m/s in velocities. The coasting maneuver is ¢,, = 6 hours. The initial
condition is randomly sampled from the safe region of state space and is also outside of the
computed coasting sets. The initial conditions are shown by red marks in the subsequent

plots, the projection of the goal set G onto the position subspace is shown as a green polytope,

while the LOS cone, which is a superset of the goal set G, is shown in light blue.

4.7.4.1 Passive Abort-Safety at Perilune

The resulting approach trajectories are shown in Figure [£.18 the solution without
coasting in red, and the solution with coasting arc in blue. The corresponding control signals
are shown in Figures [£.19al[4.19b For the case with coasting arc, only two input steps are
required to enter a nearby coasting set. This results in an impulse-like input as shown in
Figure [£.19a], leading the chaser into a coasting arc after two discrete-time steps. The states
and entire passively safe control signal for the duration of the coasting arc are visible in
Figure 4.20 The resulting trajectory is almost entirely driven by the natural dynamics
and the chaser enters G with an approach velocity well below the designed approach velocity
limits. Moreover, Figure |4.21|shows samples along the controlled-arc of the maneuver, which
are propagated naturally for the considered safety-horizon, to show that the chaser is indeed
passively safe. Once the chaser has entered a coasting-arc in a safe manner, the coasting-arc
will also be safe, see the trajectory of Figure that enters G, shown in green. Conversely,
Figure shows the resulting control signal for the non-coasting MPC solution. The
resulting maneuver length is much shorter; it takes roughly 1.2 hours to enter a bounding
box around the &; with control or thrust being required at all times. The benefit of the

design introduced here is clear as the coasting-arc safe MPC gives AV = 2.657m/s, while
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Figure 4.18: In red, the MPC solution without a coasting arc while, in blue, the MPC with
a coasting arc. Both are passively safe.
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Figure 4.19: Comparison of the safe MPC input signals.
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(a) Safe control signal with coasting arcs; only 0.2 hours shown out of the almost 10 hour signal.
Resulting AV = 2.657 m/s.
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(b) Safe control signal without coasting arcs. Resulting AV = 9.6914 m/s.
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the standard safe MPC approach gives AV = 9.6914m /s, yielding a 72.5% reduction in fuel
consumption. In addition, the coasting-arc solution has a control signal that is much sparser
in time, which is preferable for spacecraft thruster management to reduce propulsion system
failures.

For the standard MPC to obtain a trajectory similar to the one with coasting arc, an
extremely large prediction-horizon IV, would have to be considered. This would come at the
cost of computation as the entire QP-MPC would be much larger and the safety constraints
convexification will also involve many more steps. Thus, the coasting-arc MPC that can

utilize much shorter N, seems much more practical for on-board use.

4.7.5 Passive Abort-Safety at Apolune

At apolune, the state transition matrix is close to the identity and control heavily
dominates the dynamics. The resulting coasting trajectory and control signal are shown in
Figures [£.22]{4.23] respectively. In this scenario, ¢,, = 6 hours. The coasting-arc consists of
near straight-line motion as seen in Figure [£.22] At apolune, as a consequence of the state
transition and control effect matrices, rendezvous approaches are likely safe as long as the
relative velocity direction does not point towards S. This phenomena is shown in Figure
[|.22 If G is placed between the given initial condition and &y, passive-safety would only be
possible if the chaser did not approach directly from +4dy. Based on the simulations above,
a natural question to pose is where a spacecraft mission should rendezvous with the lunar
Gateway. Typically, the chaser is injected into the NRHO at apolune. This, combined with
the fact that that control dominates the slower dynamics suggests it is much simpler to

maintain safety at apolune, as the PBRS and RBRS are “smaller” compared to perilune.

4.7.6 Active abort-safety at Perilune

Once the spacecraft enters G, the abort-safety phase is initiated. Here, the chaser has

to remain outside of the RBRS, constructed with a hypothesized failure mode (additional
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Figure 4.20: The position, velocity, and control signal for the initial approach toward an
NRHO target with a roughly 6 hour long coasting arc.
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Figure 4.21: Demonstration of passive safety by sampling and propagating states (pre-
coasting) along the controlled portion. None enter the red avoidance set.
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Figure 4.22: A passively safe coasting arc when rendezvous occurs at apolune.

Figure 4.23: Safe control signal with coasting arcs. Only 0.2 hours out of 6 are shown.
Resulting AV = 1.3019 m/s.
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failures can be easily included), such that in the event of a failure, a feasible abort maneuver
exists. The incorporation of the LOS constraints severely limits the feasible abort maneuvers
and approaches. As seen in Figure the LOS extends towards —dy. The assumed failure
mode is such that u, = 0, 0 < u, < 30N, 0 < u, < 30N, i.e., only positive y and z thrusts
are available after a failure time tg;;. The chaser is able to avoid entering the RBRS while
getting close to the target as seen in Figure and as such, a viable abort-maneuver exists
from tg,; onwards. The resulting control signal is shown in Figure A small impulse is

applied to avoid collision.
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Figure 4.24: Comparison of the safe MPC input signals.

(a) Abort-safe approach from the initial condition in the goal set G to a state near the terminal
polytope Py. Simulated abort in red.
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(b) Control for the abort-safety phase and the simulated abort at tg..
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Figure 4.25: The control sequence for the abort-safety phase of the approach. The safety-
constraints result in an unsteady control signal.
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Chapter 5

Passive Abort-Safe Spacecraft Motion using Orbital Element Differences

5.1 Introduction

In this chapter, we focus on the problem of passive safety but from a slightly different
perspective to the those discussed in chapters In the prior chapters, we characterized
sets of states that passively drift into a convex set S using Cartesian coordinates. The
dynamics are used correspond to relative states as seen by a target frame, i.e., the sets are
computed using the relative equations of motion in the chief or target’s orbital Hill frame.
Here, we characterize the regions of state space that are passively unsafe with respect to
a chief in terms of a different coordinate description, namely, by means of orbital element
differences. The orbital elements provide inertial state information of the each spacecraft and
their difference yields a relative stat. The passive safety description remains the same but the
relative state vector is now different, as seen in Figure [5.1 While the same techniques and
algorithms discussed in chapters could be used with these “new” BRS, in this chapter,
we focus on using such sets for passively safe formation and constellation design.

The limitation of this description is that both spacecraft must be orbiting a single
central body, while the Cartesian representation can be used for general dynamics models,
i.e., N-body problems. Moreover, by using osculating orbital elements, we can characterize
the passively unsafe regions of state space in this new coordinate space while also accounting
for known perturbations. However, in this chapter, we will focus on deriving the BRS

for the Keplerian dynamics model and the first-order Js-perturbed mean orbital element
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dynamics model. Such models are often used for preliminary design and in the Jo-perturbed
mean orbital element representation, the secular effects of the Jy-perturbation are captured
[69, 10T, 102], which is particularly important for spacecraft in LEO.

For formation flying and constellation design applications, the inclusion of the J; secu-
lar effects is vital as it greatly improves the accuracy of any preliminary trajectory solutions;
tracking or maintaining these “mean” trajectories also has the added benefit of reducing
station-keeping or trajectory regulation fuel consumption [69]. These considerations are ob-
viously important in the design of any orbit of interest. The usage of the “mean” element
dynamics is useful for controlling the secular drift between satellites in a formation, but does
not however, describe the actual motion between spacecraft, due to mapping errors. As such,
this model is mostly applicable for formation flying or constellation where highly-accurate
positional knowledge is not required. Such a model may not be suitable for active abort-safe
rendezvous, where the deputy and chief are closer to each other, but it is useful for station-
keeping, general analysis, and design of formations or constellations [103], as will be shown
later.

Figure 5.1: Illustration of a passively unsafe and passively safe state. In the former, natural
dynamics leads to entry of S while in the latter, the spacecraft naturally stays clear of S.
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5.2 Models

In the general perturbed case, Gauss’ variational equations are used which maps the
effects of perturbations to the dynamics of each orbital element [69, 104]. In this chapter

though, we focus on using classical Keplerian and J,-perturbed mean orbital element dy-
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namics models to further analyze the BRS using models that capture some of the dominant
perturbations in LEO, where most of the mega-constellations will be [59]. The equations of
interest are available in Appendix [A] Such equations are linearized about a reference, given
by the chief’s trajectory, and discretized for the computation of the BRS. We denote the
relative state in terms of the difference between the deputy and chief’s orbital elements, i.e.,
doe = oeq — ce.. When mean orbital elements are used, we use the bar notation, so that
0ce = aeq — e, represents the difference in terms of mean orbital elements.

While in the Cartesian case the domain of interest is given by X C RS, when using
orbital elements, the domain is a strict subset of the 6-dimensional Euclidean space. This
is because of the presence of constrained angular quantities, and we denote this domain as
X® C RS, Typically, at least one orbital element is given as an angle that is constrained to
belong to a specific interval, e.g., mean anomaly M € [0,27). The space X* then consists of
the Cartesian product of various intervals, which in general, depend on the orbital element
description used, e.g., Keplerian, semi-singular, equinoctial, etc. Since we are considering
near-Earth applications, that is, none parabolic and hyperbolic orbits, we constrain the

osculating eccentricity and semi-major axis by e < 1 and 0 < a < oo, respectively.

5.2.1 Keplerian Dynamics

Suppose the following osculating orbital elements are chosen oe = [n,e,i,Q,w, M|T.

The relative dynamics are then simply given by dce = [01x(n—1),dn]T, where [69]

3 [u

and the corresponding plant matrix is

Onflxl Onflxnfl

A(t) = : (5.2)
1 01><nfl

which is an time invariant and nilpotent. Under this description, the state transition matrix

B(tpyr, ty) = et = [ 1+ AAT, because A? = Ogyg, and AT =ty — 4.
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5.2.2 Jo-perturbed Mean Orbital Element Dynamics

A large part of the LEO region, where the majority of the upcoming mega-constellations
will be [59], is predominantly affected by J perturbations. It is convenient then to analyze
the “gross” motion of such orbits with mean orbital elements that capture the secular drift
due to Jy perturbations [69]. Using mean orbital elements and the mean J, perturbations,
only Q, @, and M change with time. Their rates of change are nonlinear functions of the other
mean elements @, e and 7. In [69], the nonlinear dynamics of the mean orbital elements are
linearized about a reference ce,, yielding a plant matrix [A(ce,)] that is LTI and nilpotent.
The linearized equations of motion in continuous time are dce = [A(ce,(t))]dce. In discrete-

time we have the following dynamics

(5(_Bk+1 = (I)(tk+17tk)5(%k, (53&)

q)(tk—i-l; tk) = G[A(Oer(tk))]AT =1+ {A((E,«,k)]AT, (53b)
where the dynamical plant matrix is

O3x3 O3x3
Ae,)] = | 5.4

[A21( k)] Osxs

The block matrix [Ag; (e, k)] is a matrix function of a,,é,,7. and is given in [69]. The
algorithm in [69, Appendix F] which retains the first-order J, terms is used to map from

osculating to mean orbital elements and vice versa.

5.3 Coordinate Transformations

As in the preceding chapters, we utilize avoidance regions around the chief spacecraft
again which are defined by convex sets. Recall that S C X, which represents an avoidance
region around the chief and in the Cartesian space. It represents a set of relative positions
and impact velocities which the chaser has to avoid entering. Since the avoidance region of

interest is defined in X', this set has to be expressed in terms of orbital element differences
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some how. That is, the set itself has to be mapped from relative Cartesian space to orbital
element space.

In [69], an invertible linear mapping between relative states in the chief’s Hill frame
and orbit element differences is derived using semi-singular orbit elements. This orbital
element set is particularly useful when analyzing inclined near-circular orbits but suffers
from singularities when the chief’s orbit is equatorial, i.e., 7. = 0. The linear mapping is
described by the matrix function [A(oe.(t))] and transforms orbit element differences into
a Cartesian relative state vector expressed in the chief’s Hill frame, i.e., = [A(oe.(t)]0ce.
These types of linear mappings are particularly useful as the image or pre-image of a convex
under a linear mapping remains convex.

Without loss of generality, let g : X* x X® — RS be a mapping that given ceq and
®,, yields a Cartesian relative state vector expressed in the chief’s orbital frame F,. Such a

mapping is usually nonlinear and is given by the following nonlinear vector function
T = g(ceq; cec). (5.5)

Note that this mapping is invertible, i.e., ceq = ¢~ '(x;0e.). We can uniquely recover the
deputy’s orbital elements given the Cartesian relative state and knowledge of chief’s inertial
state. The deputy’s state in terms of orbit elements of the chief is given by oeq = oe. + doe;

substituting this into ([5.5) while performing a first-order approximation yields

x = g(ce. + doe; ce,) (5.6a)
9g(cec; cec

x = g(oe.; 0e.) + %5&3 + O(dce) (5.6b)
9g(ce.; cec

x =~ g(oe.;oe.) + %50{3 (5.6¢)

where g(ce.; 0e.) = 0,41, i.e., the relative state of the chief with respect to itself is zero. As

such, the first-order mapping is given by the Jacobian matrix

dg(ce.; ce.)

[G(cee)] =S D000

(5.7)
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As discussed earlier, such a matrix is provided in [69] for semi-singular elements. This
approach generalizes to all orbital element descriptions, including the ones of interest in this

Chapter provided the chief’s state is not near a singularity.

5.4 Passive Backwards Reachable Sets

We enforce passive safety by ensuring that the deputy remains outside of the passively
unsafe region of state space, that is, the region where natural dynamics results in the deputy
entering or “colliding” with §. The set S, when expressed in orbital element differences, is
clearly dependent on the chief’s state at any given time. As such, we slightly change the
notation compared to the prior chapters for the purposes of simplification. The set & is
the S expressed in terms of orbital element differences doe given the chief’s state oe. at
index k. The subscript highlights the explicit dependency on time, that is, expressing S in
terms of doe will yield different sets which depend on the chief’s state oe. . Since the chief’s
trajectory is assumed to be known a-priori, we parameterize the set as a function of time.

We can now introduce the BRS computation using orbital element differences.

Definition 5.4.1 (Backwards Reachable Sets). Given a discrete-time dynamical system
deep1 = f(k,dcer), and final time step ke, the N-step backward reachable set Ry(N;S)

of S® C RS, is found using the backwards recursion
Ry(0; S) = Si, (5.8a)
Ry(j; SE) = {0, € R®: fke — j,6eer) € Ry(j — 1;88)}, j={1....,N}. (5.8b)

Here, the discrete-time dynamics function f(-) may in general be nonlinear or linear. In

the latter case, convexity of the BRS is preserved.

The function f(-) represents the relative dynamics of the deputy with respect to the
chief, which can be nonlinear and include perturbations. Such a nonlinear discrete-time

function can be obtained using various numerical quadratures. Alternatively, this dynamical
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function may also be a discrete-time version of the first-order approximation of the relative
Gauss’ variational equations with perturbations, linearized about the chief’s trajectory. In
this case, f(:) is given by a sequential state transition matrix, obtained by integrating a
perturbed Jacobian matrix, similar to that constructed in (A.13). The N-step BRS is the
set of initial conditions at time ty = t{ — NAT from which the deputy will not be able to

avoid entering S§° at time ¢, or k¢, under natural dynamics.

Definition 5.4.2 (Backwards Reachable Sets over an Interval). The backwards reachable set
over the discrete-time interval (BRSI) Zy, k), where ko = k¢ — N, is the union of the j-step
BRS for j ={1,...,N},

R(N,S8f) = U Ri(5; SE). (5.9)

The BRSI denotes the set of states @ such that from x, = &, k € Zy, 1, the deputy
will enter the avoidance region around the chief, S, at time step k; under natural dynamics.
Next, even if the target is in a periodic orbit, we must account for the LTV nature of

the linearized dynamics. To that end, we introduce the following sets.

Definition 5.4.3 (Periodic orbit-BRSI ). The periodic orbit-BRSI is the union of the BRSI

over Lk, ks, where kg is varied along one orbit

2k
XN = | R(IV.S), (5.10)
kf:k‘p—‘rl

and ky, is the orbital period in time steps. This represents the sets of states that enter S in

N steps or less, no matter where the chief is in its periodic orbit.

In the general perturbed case, the chief’s orbit is no longer periodic, and thus we

introduce the following set.

Definition 5.4.4 (Non-periodic orbit-BRSI). If the the chief orbit is not periodic, then, the

non-periodic orbit-BRSI is the union over an interval Zy, ) s given by

N
X0 o (N) = RG:SE ). (5.11)

J=0
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The union s carried out for increasing final times so that safety is maintained with respect
to the LTV system over a safety-horizon of N steps from the given initial time step kg, i.e.,

the safety-horizon is NAT from the assumed initial time.

As in chapter 3, when the linear dynamics model and a convex terminal set are used,
we are able to compute the BRS by performing simple linear-affine transformations of the
original terminal set.

Suppose that S C R® represents a region in the 6-dimensional Euclidean space around
the chief. To first order, this set can be represented in terms of dce by computing the

pre-image of S with respect to [G(ce.)], that is, S = S[G(cec)] " or
S® = {de € X*: 0 = [G(ce.;)| 'z, = € S}. (5.12)

Because oe.;, is a function of time step, and is discrete in this work, we denote the set §°
as the set & expressed in dce at time step k. Because is a first-order approximation,
the set can be inflated to account for any errors in the mapping such that there exists a
set S® O S,Se’nl, where Sp° " is the non-convex set obtained using the nonlinear coordinate

transformation. This set, is given by
S = [foe € X*®: foe = g~ (m;0804), ® € S). (5.13)

The inflation is done by quantifying the errors in the mapping, constructing an error set
E C RS, and letting S® = S® ¢ E.

If the terminal set S = {x € R : Wa < w}, then the set is equivalently expressed in
terms of dce as

S§F ={de € X*: W|[G(0e.x)]0ce < w}, (5.14)

using the linear mapping. Evidently, the matrix function [G(ce.x] is a function of the
osculating orbital elements of the chief. As such, the set S will vary depending on where
the chief is in its orbit, in both the unperturbed (Keplerian) and perturbed cases. These

“terminal” sets represent the set of doe which impact with the chief at variable t; or k.
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Figure 5.2: Illustration of the avoidance set S along the chief’s orbit at two ¢; and ¢;. The
set S is equivalent to two different sets in terms of doe at different ¢; and ¢;.

§ = [Gloec,)I5F

Moreover, suppose one has the BRS expressed in terms of Cartesian Hill frame coordi-
nates, as obtained in chapter [3] The Cartesian j-step BRS Ry (j; S, k) in terms of doe, and

vice versa, is given by the inverse and affine linear maps

RE(j3 S&) = Raljis S, ki) [G(cee(ty — jAT)] (5.150)

Ro(J; S, ke) = [Gloee(ty — JAT)IRG (55 S7), (5.15b)

and as such, the sets (5.10) and (5.11)) can be described in terms of dce if the BRS are
computed using Cartesian coordinates and STM. However, as will be discussed later, because
there are angular quantities in X', one must be careful when mapping the Cartesian sets

naively to X'®.
5.5 Passive Reachability Analysis: Orbit Element Differences

For general nonlinear systems that are conservative in nature, the solution to the
discrete-time dynamics function f(k,dce;) can be represented by 6 constants of motion,
where one is time-varying [I05]. The impact on the BRS computation is that only a single
variable is changing backwards or forwards in time, leaving n — 1 time-invariant quantities,
simplifying the BRS analysis and computation.

In the Cartesian backward reachable analysis done in [83, [84], the terminal set is not
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updated because the Cartesian relative equations of motion are used. Here, we are interested
in a set that is defined in the chief’s Hill frame expressed in terms of dce.
For Keplerian dynamics, the chief’s orbit is periodic and thus [G(oe. ] is also periodic.

Let k, be the number of AT steps in a chief’s orbital period. Then,

[G(oec k] = [G(eee ki, )], (5.16)

For the purposes of passive safety, we wish to characterize the unsafe regions in terms of dce
around the chief. This is achieved by discretizing with sampling period AT, and evaluating
S for k=0,..., N, where N is the safety horizon of interest. Given a fixed initial time k

and N = k¢, we introduce the set

which consists of a union of terminal sets, representing all of the avoidance regions in the
safety horizon considered. The set S captures all possible dce along an interval of the possibly

perturbed chief’s orbit. The BRS using orbital element differences will be of the form

Ry(N; SF) = XE NS d(ty, to) (5.18a)

= X®ND(ty,t) 'S, (5.18b)

that is, the sets are described by an affine or an inverse affine map using the state transition

matrix.

5.5.1 The Effect of the Modulo Operator

The angular orbital elements are defined within specific intervals of interest, e.g. [0, 27)
in the anomaly angle case, which has important consequences for the BRS computations.
The admissible domain of the BRS is given by A'* and therefore we take the intersection
of Rp(+) with X* to obtain the admissible reachable states. However, in some cases, the
dynamics of certain orbital element angles is one with constant rates, e.g., Keplerian or-

bital elements with mean anomaly or Jo-perturbed mean orbital elements. The relative
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angles grow monotonically with time and then wrap around the domain of interest using the
modulo operator.

In such cases, the BRS will inevitably leave the admissible domain as more backwards
steps are taken, that is, Ry(-) N X*® # (. The part of the BRS that spills out of X'*® is
given by Ry(-) N (X*)°. As will be shown later using some concrete examples, when this
occurs, the BRS is effectively split by the modulo operator into the union of convex regions.
Denote X' = {doe € X* : [doe|; > 0, i = 1,...,n} as the positive side of the admissible
orbital element difference domain, while X* = {doe € X* : [dee]; <0, i = 1,...,n} is the
negative side of the admissible domain. When the magnitude of the orbital element angles
are larger than the maximum allowable difference, e.g. larger then 27 for anomaly angles,
the BRS effectively cross into the inadmissible domain (AX'®)¢. The j-step BRS at this point
need to be adjusted due to the effect of the modulo operator. We consider here the case
where the backwards analysis results in a single crossing into the inadmissible domain. In

this scenario, the corresponding BRS is given by given by

Rui52) = (Reon =) U (R0 ) @ (-0 ) U (R0 =) 0 3 ) (619

where 7,7, € RS are the necessary offsets to re-align the portion of the BRS that left X'
about the origin. That is, the BRS is the union of its original component in the admissible

domain and the regions affected by the modulo operator.

Remark 10. If the backwards time-step is sufficiently large, there can be multiple crossings

of this boundary and as such, the BRS is made of the union of many more convex sets.

Put differently using the vertex representation (V-rep) of the BRS, the single crossing
BRS is more simply understood because the modulo operator acts on elements of a vertex
(vector) as it is propagated backwards in time. The vertices that make up Sg°, denoted V' (ks)
may have significantly different da, which in turn results in different amounts of relative drift

between the vertices of the BRS and the chief itself. This naturally affects the propagation of
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vertices to the initial time, which is denoted V' (kg). As such, different vertices will be affected
by the modulo operator at different times, resulting in the above-mentioned problem. The

vertex representation of the BRS after the modulo operator is given by

Ry(j, Spe) = conv(Vi,) U conv(Volut) U conv(Vfut), (5.20a)
Vin = {wi(to) € X"}, (5.20b)
Ve = {85(t0) € XYy, (5.20¢)
Vour = {9;(to) € X&), (5.20d)
0;(to) = v;(to) (mod 2) (5.20e)

where ni,, nt,, n,,, are the number of BRS vertices inside and outside of the admissible

out»
domain X'* along the positive and negative regions. The total number of vertices are n, =
Nin + Ny + Ny Because of the intersection operation Ry(+) N X'®, the number of vertices

Vin will necessarily increase. The modulo operator is applied element-wise on v;(t) using

the limits z, which depend on the orbital elements considered.

Remark 11. The resulting BRS is not simply the convex hull of the vertices after the modulo

operation is carried out because this operation does not preserve the convexity of the set.

An illustrative example considers Keplerian dynamics where an anomaly angle effec-
tively describes the relative state. When the anomaly difference is either more or less than
27, the modulo operation is required. Beyond this point in time, one obtains states that
are unsafe in more than one relative period. A deputy state belonging to the BRS has
essentially wrapped around the chief’s orbit. Despite its proximity in state-space, it would
only enter S after more than one relative period. Given the sets S assumed in chapters
and a chief orbiting in LEO, the inadmissible domain is reached in just under 3 days.

In summary, given a sufficiently large backwards time-step, the BRS become non-
convex due to the modulo operator and are expressed as the union of the original admissible

BRS along with the re-centered component of the BRS that left the admissible domain. It is
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for this reason that polytopic sets may be of interest when computing the BRS using orbital
element differences as the intersection of a polytope with another yields yet another polytopic
set. In the ellipsoidal case, such a set would be difficult to express. In this thesis, we avoid
having to compute the non-convex effect of the modulo operator on the BRS using
by considering scenarios that have not yet reached this point in time during the backwards
analysis, e.g., by limiting the relative mean motion of the spacecraft.

One of the benefits of using Cartesian coordinates for the BRS computations is that

this issue is avoided entirely.

5.5.2 Keplerian Dynamics and Orbital Elements

We provide the analytic BRS given a deputy and chief subject to Keplerian dynamics
whose states are expressed using Keplerian orbital elements. This results in only the mean
anomaly difference varying with time through the following relationship: dM = dn(t —to) +
0 My, while all other orbit elements are time-invariant. For the orbit elements assumed above,

the N-step BRS at kg = kf — NAT is given by

Ry(N; i) = {00 € X% 1 HO(ty,t9)0ce < k} (5.21a)
= {0ce € X*: (H+ HA(ty —t9))dce < k}, (5.21b)
where H = W[G(0e.,)] and the nilpotent matrix A “isolates” the n'® column of H, denoted

h,, yielding HA(t; —to) = [hy(tf — t0), Onx(n—1)]. Therefore,
Ry(N; Sp) = {0ce € X : Héce < kY, (5.22a)
H=H+ |hy(t; —t)) Ops(uon| - (5.22b)
The column vector h, and H are fixed and defined at the final time based on (j5.14)) from
which the polytopic BRS are acquired analytically. Similar properties can be derived for an

ellipsoidal terminal set §. This makes computation of the BRS particularly simple using dce

as the only ce that is time-varying is the mean anomaly d M.
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However, as discussed in Section , care must be taken because 0M € [—2m,27).
Since 6 M cannot span the entire real number line, the modulus operator has to be incor-
porated into the set calculation. This eventually yields a non-convex representation of the
BRS at a particular time step as illustrated in Figure [5.4], which can be expressed as a union

of convex sets as seen in ([5.19)-(|5.20)).
Suppose that H = [I5, —Is|T € R?*6 in (5.21]), such that,

S® = {de € X*®: [Is, 1| "dce < k} (5.23)

then each element in dce is bounded from below and above, as given by the rows [k];.
Additionally, assume that the set S is symmetric about the origin, that is, [k|; = [k]i+n.
Using the the Keplerian case, this amounts to 2n — 2 time-invariant constraints if ce =
n,e,i,Q,w, M]T. As such, the BRS polytope only has two inequalities that change as the

considered time-horizon (¢; — ¢y) changes, namely, the ones corresponding to 6, given by

on(ty —to) + My < 6 Mpax (5.24a)

6n(tf - to) + (SM() Z 5Mmin‘ (524b)

These inequalities characterize the BRS when the modulo operator is not required. This
constrains the initial dM, to be within a certain interval while the mean motion difference
on is itself constrained by ong;, < 0ng < 0nma.x. Because the terminal set is centrally
symmetric, we have 0nyiy, = —0Nmax and 0 My = —0My.x. Here, dng is a variable that is
bounded from below and above, but for every dn, there’s a specific interval constraining the
unsafe 0 My. It is clear that as dng — 0, the time it takes for the modulo operator to be
used increases.

The outer-limits or maximal M, at any time are found by substituting the minimal

and maximal dn into ([5.24)), yielding

5MO S 5Mmax — 5nmin(tf - to) (525&)

5M0 Z 5Mmin — 5nmax(tf — to), (52513)
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since 0Npyin and dny., maximize and minimize the upper and lower bounds, respectively.

These maximal bounds increase monotonically with the backwards time-horizon considered.
When [0 M max,min} — 07 {min,max} (tf — t0)| = 27, the modulo operator is used, resulting in a
non-convex BRS.

Above, we assumed that S° was box-like. Even if it were not, any convex set S can be
over-approximated by a bounding box or hyper-rectangle B. As such, this property can be
leveraged to simplify the analysis of the BRS of §;°. By using B D §F, we obtain a set of the
form in , defined by the shape-matrix H = [I5, —Is]T. By construction then, B yields a
measure of the maximum spread of the set S in each doe direction. In the Keplerian case,
B maximizes the quantities |6 Max|, |0 Miminl, |07max], [07min|. Then, the longest backwards
time-horizon that can be considered prior to the modulo operator taking effect on the BRS,

i.e., when [0M| > 2, is given by

271' — maX(‘(SMmaX’a ‘5Mmin’)

b 5.26
f 0 maX(|5nmaX|7 |5nm1n|) ’ ( )
and thus the time at which the modulo operation is needed is given by
27 — max(|0 Max|, |0 Mimin|)
tmod A _ ? . 5.27
0 max(wnmaxl, ‘5nmln’> ( )
The number of backwards steps before the modulo operation is required is then
ty — tmod
Nypoy = ‘ 5.28
. e (5.28)

Figure shows an illustration of the BRS splitting as a result of the modulo operator.
We let the time-invariant subspace of doe be denoted by doer. Here, doer € R®. The sets
are shown at different doez for ease of illustration, but they should be aligned. Here, the
original BRS R, (+) is split into Ry(-)® and Ry(+)?, i.e., the new effective BRS is given by
Ro(-) = Ry(-)* UR(-)?. In this illustration, the original portion of the BRS that is in the
admissible domain is R;(-)* while the shifted portion that crossed into the inadmissible one

is given by Ry(-)".
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Figure 5.3: Initial states for a passively-safe constellation of 5804 spacecraft distributed along
two intersecting orbital planes. A subset of the BRS and PFRS are shown for a single final
time. We go backwards and forward for 40 chief periods, i.e., 3 days, and then the crossing
of +2m occurs.
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(a) Projected BRS onto én and dM plane where the BRS projections cross the (—2m, 27) domain
in terms of 0 M. These sets require re-initialization after the crossing.

100+
£ o0
3
w0
-100 + - ‘ : ! !
2T m 0 - -2
dM (rad)

(b) Projected PFRS onto dn and 0 M plane where the PFRS projections cross the (—2m, 27) domain
in terms of 0 M. These sets require re-initialization after the crossing.

Figure 5.4: Tllustration of the effect of the mod(+) operation on the BRS, yielding a union of
two convex sets.
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Again, in this work, we consider scenarios before this problem occurs and hence the
BRS are simply given by . In general, the modulo operation issue can be alleviated by
reducing the size of § for example. Reducing the position bounds and impact velocities will
result in one being able to perform a longer backwards analysis prior to having to deal with

non-convex BRS.

5.5.3 Mean Elements with J; Perturbations

This Jo-perturbed mean orbital element difference STM used to compute the BRS from
a generic terminal set S% is given in . Now, only three of the orbital element differences
change backwards in time, yielding yet another subspace along which the BRS change. Since
the § is originally defined in the Cartesian Hill frame of the chief, the set is mapped first to
osculating orbital element differences and then to mean orbital element differences using a
first-order mapping available in [69], based on the work by Brouwer and Lyddane [101], [102].

For mean elements, the N-step BRS at ¢ty =ty — NAT is given by
Ry(N; S2) = {dce € X* : (H + H[A(ce,)|(NAT))dce < k}. (5.29)

Similar to the Keplerian case, here, the BRS modulo operation can occur with the dw, 62,

and 0 M relative angles.

5.6 Passive Safety Trajectory Design

In equations and , we defined the periodic and non-periodic orbit-BRSI,
which characterize the unsafe regions of state space within a time-interval of interest. The
former computes the set of states that enter the region S in NV steps or less at any point in
the chief’s orbit. As such, if a spacecraft is outside of this region, then the spacecraft will
not enter S in at least N steps. The non-periodic orbit-BRSI are similar but only consider
states that enter S within the next N steps from an initial time step. A state that is outside

of these regions will be safe for the following /N steps. In this section, we demonstrate how
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the derived BRS and BRSI can be leveraged to guarantee long term safety. Importantly,

methods to reduce the dimensionality of the design problem are presented and discussed.

5.6.1 Infinite-Horizon Safety

Using Cartesian relative states expressed in a chief’s Hill frame, one can characterize
the unsafe regions of state space for a finite time-horizon. Without additional analysis, it
is not clear how the methods developed in chapter 3| and |4 can be exploited to guarantee
longer term, or infinite-time, safety without computing more sets and increasing the safety-
horizon N. When using orbit element differences, such analyses are greatly simplified. This
coordinate description allows us to merge classical orbital mechanics and formation flying
theory with passive reachability theory, where relative orbits which are safe for a possibly

infinite time, for example, fall out as a special case.

5.6.1.1 Keplerian Dynamics

In the Keplerian case, infinite-time safety can be guaranteed by constraining a subset
of the deputy’s orbital elements, i.e., by considering a subspace of the BRS. We denote the
time-invariant subspace of Keplerian orbit elements as Z C R>, which is five-dimensional in
nature as the anomaly angle is the only time-varying quantity, that is, [n,e,4,Q,w]" € Z.
By projecting the BRS onto the subspace Z of orbital element differences, an interesting
property emerges that allows us to guarantee safety for an infinite amount of time in the
Keplerian case.

We introduce the projection of a set S onto a lower dimensional subspace here,
namely, the time-invariant subspace of orbital elements Z. Projecting the terminal set onto
7 yields

projz(S®) = {y € B| y = Ca,@ € S} (5.30)

where every vector in S is multiplied by a matrix C' = diag(l5x5,0). This effectively

"marginalizes” the relative anomaly angle.
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Suppose the V-rep of S is given by the matrix V (k) € R™*™, defined at a final time
of interest. The columns v; of V(k¢) are the vertices of S° whose convex hull defines the
terminal set, that is,

conv(V (ks)) = Sp°. (5.31)

Then, the BRS is given by propagating each vertex backwards in time using ®(kg, ko) ™!,
yielding an initial matrix of vertices V' (ko) = ®(kg, ko) 'V (k). Taking the convex hull of
these vertices, under the assumption that the modulo operator is not required yet, the BRS
is given by Ry(N;Sfr) = conv(V (ko). The projection of the BRS onto the time-invariant
subspace of orbit elements is Vz(ty) = CV (ky), i.e., the linear map C' is applied on each

vertex. As such,

Rf(N;S,‘:) = projI(Rb(N;S,Sf)) (5.32)
= projz (conv(V (ko))) (5.33)
= conv(CV (ko)) (5.34)
= conv(Vz(to)) = conv(Vz(ts)) (5.35)

because C'V(kg) = CV(k¢). As a result, one obtains that the projected BRS onto the
subspace Z is equivalent to the projection of the terminal set Sg° onto the same subspace,
that is, RE(N; SP) = projz(SiF), for all ko < k.

This projection can be applied to a sequence of sets S° where k € Zjg,), that is, the
regions S are evaluated around the chief’s periodic orbit, to a certain discretization accuracy,
as shown in Figure [5.2] Typically, one evaluates the BRS from a given final time step and
works backwards to characterize the sets of states that enter an avoidance region in a certain
number of steps. Using orbital element differences, however, we can project the BRS onto
the subspace Z, which is simply R (N; S,ﬁf) = projs (S,Sf), Vkt € Zjo ), to characterize the
regions of the time-invariant orbital element subspace that enter S at any point in time.
By projecting onto Z, the anomaly difference is marginalized from the passive reachability

analysis, yielding the time-invariant orbital element differences which would have entered &
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at some future time-step. If a state is outside of this region, it will either not enter S or it
will do so at an impact velocity that is higher than that used to construct S.

The projected sets are evaluated at all times around the chief’s orbit and we use the
union of these sets

kp

St = U projI(S,‘f), (5.36)

k=0
to characterize the regions that a deputy’s time-invariant orbital elements must remain out-

side of to not enter S;° at any future step k. This is analogous to characterizing the orbital
elements that intersect a solid-sphere that is swept through the chief’s orbit in the position
subspace, and has particular impact velocities at any point along it in higher dimensions.
Thus, if the deputy’s relative state with respect to the chief is given by dée, Cdce ¢ Sr and
oce € X, then the deputy is said to be passively safe for an infinite amount of time, as its
own periodic orbit does not intersect the chief’s periodic orbit at any future time.

Such a constraint is conservative as it requires the Keplerian orbits of the chief and
deputy to never intersect. Using Cartesian relative Hill coordinates, constraining a trajectory
to never intersect the orbit of the chief is quite difficult. Figure[5.5/shows randomly generated
initial states e that satisfy the following constraints: Coée” ¢ Sy and dée” € X, These
states are then propagated forward in time and as shown in Figure [5.5; none of the resulting
trajectories intersect the orbit of the chief, locally shown by the horizontal black lines in the
chief’s Hill frame. The safety ellipse, discussed in [68] is also a solution that satisfies this
projection constraint, provided the in-plane and cross-track amplitudes are large enough to
avoid S.

While this projection constraint may seem impractical and inaccurate, if the deputy
and chief have similar physical geometries and are close to each other, then the perturbations
acting on both spacecraft are similar in the relative sense and approximately cancel out. As
such, this constraint can be used because doe — 0, ag — a..

When perturbations are neglected, there is another specific case that results in passive
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Figure 5.5: Initial states that are outside of proj;(S®) propagated forward for an orbital

period. No trajectory enters S or proj;(Sg®), resulting in no intersections of the along-track

axis when close to the chief spacecraft.
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safety guarantees for an infinite amount of time. This is the case when the deputy spacecraft
is in a relative orbit with the chief that does not enter Sg°, VEk. This occurs as a result of
da = 0, i.e., the deputy and chief have matched-periods.

We can design relative orbits or trajectories that do not enter S° by considering sec-
tions or slices of S, the union of S for different £ in , when én = 0. When perturba-
tions are neglected, we can design such trajectories that do not intercept S without ever com-
puting the BRS. We denote such slices as S | smeo- When we constrain on = 0 using Keplerian
orbit elements, the BRS cease to change. Slicing Ry(+) along dce, = [0, de, 6i, 69, dw, SM|T

yields

Ro(j; SE)|,.. = {0ces € X : Hice, < k} (5.37a)

doe

= {doe; € X* : Hioes < k} (5.37b)

which is a time-invariant set because én = 0 (recall the Keplerian plant matrix in (5.2))).
As such, for Keplerian orbit elements, only S | Sces has to be evaluated as all Ry(j; S®) =

>, Vj, k. This is easily verified because the orbital element differences at any future time,
given this orbit element set, are doe(t) = (I + A(t — tp))dces = does. In summary, for
unperturbed systems using Keplerian orbit elements, safety with respect to the original set

S is also achieved for an infinite amount of time if
N
0 & | ) S see. (5.38)
k=0

where doe; = [0, de, di, 082, dw, dM|T. This will be leveraged for the purposes of formation
design in a later section.

This simplication is possible because of the inherent structure of the BRS when consid-
ering the orbital element set used here. If one uses semi-singular orbit elements [69], letting
da = 0 will not result in this property as the BRS depend on other orbit element differences
due to the usage of true latitude. The dynamics Jacobian matrix for semi-singular coordinate

description depends on variations of true anomaly expressed in terms of the other variables.
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In that case, letting da = 0 =~ 6 = 0, and as such, slices along da = 0 of the BRS do not

have the same impact as those just shown.

5.6.1.2 Mean Elements with Js

For discussion purposes, we briefly mention how infinite-horizon safety is achieved
under two-body motion with J; perturbations. This method, however, does not make use
of the BRS analysis and computation done in the rest of this chapter. Beacuse the chief’s
mean a, e and 7 elements do not change with time under this orbital element set and model,
and Q, @, M vary at a constant rate, the “mean” reachable set of positions can be obtained
by performing a volume integral of the changing elements. Without accounting for short and
long periodic oscillations, the chief’s orbits can be swept for variable , @, M. In this chapter
though, we map the terminal set S from the Cartesian Hill frame and express them in terms
of ce. Under such an analysis, a large number of time steps needs to be considered to fully
capture the union UZ‘;OSSE of the unsafe regions of orbital elements, that is, performing the
volume integral above with the nominal approach would require a lot of computation.

Suppose that we evaluated the terminal sets for a large enough time-horizon, k¢ > 0,
such that S is swept across all possible Cartesian states of the chief. Then, following the
logic in Section [5.6.1.1] one can compute projections onto the new time-invariant sub-
space Z C R3, which is 3-dimensional in nature and made up of variable [a,e,i]T € Z.
The resulting projections are equivalent to projecting the terminal sets onto Z, hence,
RE(N ;Sp) = projI(S,’jf), for all kg < k¢. Then, as before, the projected sets are eval-
uated at all times around the chief’s possible inertial Cartesian positions and we use the
union of these sets Sy = Uz": o PIojz (S,?’) to characterize the regions that a deputy’s time-
invariant orbital elements must remain outside of to not enter §° at any future step k. This
yields orbital elements that intersect the entire orbital shell of the chief, an example of which
is depicted in Figure 5.6 Thus, if the deputy’s relative state with respect to the chief is

given by dce and if Cdé ¢ Sy and dée € X, then the deputy is said to be passively safe
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for an infinite amount of time with respect to the secular effects of Js. Such sets could be

inflated to account for variations between osculating and mean orbital elements.

Figure 5.6: The orbital shell resulting from the effects of J, perturbations for a near-circular
chief in LEO.
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There are other ways of achieving infinite-horizon safety which include constraining
a deputy’s period to be an irrational multiple of the chief’s orbital period, which when
coupled with a phase difference, at least in the two-body model, results in the spacecraft
never intersecting. For the Keplerian and Jo-perturbed models, avoiding the reachable set
of positions, which makes up the orbit and shell, respectively, is a sufficient condition for
passive safety that is very conservative. For generic formation flying or constellation design,
such constraints are not preferable. Intersection of the position reachable sets is possible as

long as some phasing-offset is present, as will be shown later.

5.6.2 Finite-Time Safety

In the general case, the sets of states that are unsafe given perturbed and non-periodic

orbits in a finite amount of time are found via AP . (N). Constraining a spacecraft to be
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outside of X" . (N) results in a finite-time passive safety constraint between the deputy

and the chief.

5.7 Utility for Space Traffic Management

In general, enforcing such safety constraints between numerous spacecraft is challeng-
ing, which is why formations and constellations are designed with simpler geometric con-
straints and dynamical arguments. Given the safety constraints derived in this paper, one
can use them for a variety of situations, provided the chosen orbital element set makes sense.
In this chapter, we focus on the impacts of these constraints on formation and constella-
tion design and organization problems, which is motivated by the space traffic management
problem. BRS provide a framework in which regions of state space can be attributed to
different spacecraft, like a slot, which can help maintain the safety of orbiting assets and
reduce conjunction events.

As mentioned before, one of reasons for expressing these passive safety constraints
in terms of doe are that the linearized dynamics in these spaces are much more accurate
than the corresponding Cartesian ones. In fact, in some models the dynamics in terms of
orbital elements are simply linear as seen above and therefore there are no linearization errors.
Additionally, constellation design is already done with such coordinate sets in mind, and thus,
it may be helpful to assess intra and inter-constellation safety using such descriptions. Solving
the general passive safety problem that considers multiple spacecraft is quite challenging, if
not intractable, and requires the satisfaction of numerous non-convex constraints. One way

to constrain N, spacecraft to be passively safe for N-steps is to enforce

Xmate V)] oo, N Xomare(V) | . =0, (5.39)

unsafe . unsafe
i J

Vi£j=1,...,N,

This requires N, non-periodic orbit-BRSI to be disjoint with strict separation, for passive-

safety guarantees. This constraint does not allow for overlap of spacecraft avoidance zones,
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ie., S, NS, = 0.

As passive safety of multiple spacecraft with respect to each other is desired, we denote
the avoidance region around a spacecraft’s state ce., as the set S(ce,). Instead of enforcing
non-overlapping regions in state-space as seen in , in this work we propose a simpler

passive safety constraint given by

unsafe

e, & X (o(N)| Vi#j=1,...,N, (5.40)

which allows the avoidance zones S(-) to overlap but constrains the spacecraft to not enter
each other’s “terminal” sets. That is, for a pair of spacecraft o and (3, we enforce ce., &
XD (N )}oecﬁ and ce., & X" (N )}oeca to ensure the chief does not enter the deputy’s
avoidance zone S, and vice versa. For instance, when the chief and deputy have matched
periods and are not perturbed, i.e., da = 0, the deputy may be placed infinitesimally close
to the set S(ce.) with an along-track offset and remain safe for all time. Using the non-
overlapping constraint in , the same can be achieved but the deputy must have a
larger anomaly offset to ensure the avoidance sets do not overlap.

In the remainder of this section, we pose the general formation and constellation design
packing problems as well as a new definition of an orbital slot. The packing problems are

quite complex and as such, we do not present direct solutions to this problem and leave such

analyses for future work.

5.7.1 Formations

In this section, we discuss how the derived safety constraints can be used in the for-
mation design process. When fully perturbed dynamics are considered, closed relative orbits
that are periodic are not possible to achieve. One can design quasi-periodic orbits by trying
to match the deputy’s semi major axis ag with that of the chief a., such that da = ay—a. = 0.
In practice, da # 0 as the perturbations between the spacecraft are not identical. However,

for spacecraft with similar physical geometries and attitudes, as well as cases where doe — 0,
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one obtains da ~ 0 that can be managed with active station-keeping capabilities. Another
strategy is to design relative orbits that are “invariant” to perturbations of interest. This
can be done for example using mean orbital element differences between spacecraft that are

invariant to the secular effects of J, perturbations [69)].

Remark 12. The passive safety constraints discussed here can be added to the Js-invariant

ones to obtain relative orbits that do not intersect S.

The formation design problem can be thought of as an optimization problem whose
cost is a function of all spacecraft orbit elements. To guarantee passively safe solutions, one
incorporates the safety constraint as well as the matched-period constraint. If the orbital
element difference between spacecraft ¢ and j is denoted doe; ;, then letting the cost function
be J(dce;;) = ||0oe;;||?, results in minimizing the deviation of the orbital elements from
each other. Such a cost function can be considered for a formation packing problem, i.e.,

attempting to pack a number of spacecraft as close together as possible.

Definition 5.7.1 (Formation Packing). We pack a variable number of spacecraft Ny such
that they belong to the same formation and have bounded relative motion in the short term,

while maintaining passive safety for N steps, by considering solutions to

N
s, ; eI (5.41a)
st e & XN, . (5.41b)
da; = daj, (5.41c)
@, € X, (5.41d)
i,j=1,...,N,, i#j. (5.41¢)

If N, is fixed, this problem is no longer mixed-integer, but it remains nonlinear and
non-convex. The inclusion of (5.41b]) presents some challenges. These BRS are functions

of the current optimization iteration and as such require recomputing within the actual
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optimization itself, which can be computationally burdensome for large safety-horizons. If
Keplerian dynamics are used, then this problem is greatly simplified as the da; = da; re-
sults in the BRS collapsing to slices of the terminal set, as described earlier. That is, the
problem dimensionality is reduced from six to three dimensions. Formation design with such
constraints is much more tractable as only slices of §;° need to be “separated.”

In the event that Jy-invariant orbits are desired, we swap with the constraints
that result in the spacecraft having matching mean orbit element rates, which then avoids
relative secular growth between the spacecraft in the formation. The simple method to
achieve such invariant orbits is by letting da = de = 02 = 0, but this restricts the admissible
geometries. Other geometries can be considered by constraining Qd = Qc and ]\de + g =
]\ZC + &, following the work in [69], which yields two equations and three unknowns or design

variables.

5.7.2 Constellation Design

The general constellation design problem is particularly challenging, even with using
the methods developed in this chapter. This is because when considering intersecting con-
stellations, the potential impact velocities are on the order of km/s. As a result, mapping the
set S from the Cartesian Hill frame to the orbital element difference space, §;°, is non-trivial.
In this case, the nonlinearities cannot be neglected, which is done in the formation flying
and design cases above. Given the rising interest in LEO constellations, there is a clear need
to understand how densely a given constellation or a region of space could be packed while
satisfying safety constraints. The general constellation packing problem, which aims to fit
as many spacecraft in a constellation as possible while satisfying passive safety constraints,

is defined below.

Definition 5.7.2 (Constellation Packing). The general N-step passively-safe constellation
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packing problem is given by

N
i ;1 J(0ee; ;) (5.42a)
s.t. oe., & X;;{’safe(zv)\wcj, (5.42b)
c(e.;) <0 (5.42¢)
. € X" (5.42d)
i,j=1,...,N, (5.42¢)

where the number of spacecraft in the constellation N; is variable and J(dce; ;) can be
a multi-objective function that weighs various mission objectives and ¢(ce.;) < 0 represents
miscellaneous constellation constraints. As before, when J(doe; ;) = ||d0e; ;||?, the spacecraft
orbital element distances in X'® are minimized, which places them in orbits that are very
close to each other. Solving this problem allows one to fit as many spacecraft as possible
into a region of state-space, given the passive-safety constraints. When Ny is fixed, this

problem is non-convex and nonlinear, and when it’s variable, it is additionally a mixed-

integer problem, which is computationally difficult to solve. Note again that X " . (N)

unsafe e

J

is itself a function of oe;, and as such, reachable set computations are embedded into the
optimization problem.

Constellations that are designed using are inherently going to be safe for a time-
horizon of NAT. The problem above also serves as a primer to the space traffic management
problem where inter-constellation safety is paramount. Generally speaking, the spacecraft

considered need not belong to the same constellation.

5.7.2.1 Mean Elements: Matched period, Eccentricity, and Inclination

Here, we consider a special case where da = dé¢ = 67 = 0, that is, the mean semi-major
axis, eccentricity, and inclination of the chief and deputy are the same. By considering slices

along da = e = 67 = 0 of the perturbed BRS with .J; using mean elements (5.29)), i.e., using
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doe; = [0,0,0,09, 6w,0M]T, one finds that for these design variables, the BRS collapse to
slices of the terminal set again.

This yields a set a 3-dimensional set, which resides in R°

Ro(N; S5 s, = {0005 € X® : Hoce, < k} (5.43)

and as a result of the slice, Ry(N; S =S¢ ‘ se.» Which holds for both the nonlinear and

s,
linearized equations of motion for the mean orbital elements with J; secular effects. Then,
it becomes simple to design safe relative motion when matched mean period, eccentricity,
and inclination by constraining
N
Méees & | ¢ s (5.44)
k=0
where M is a selection matrix, that isolates the last three components of does. This di-

mensionality reduction can be used to simplify (5.42)), for example, and is leveraged for the

purposes of constellation design later.

5.7.3 Orbital Slots

One of the main difficulties in space traffic management remains that of organizing con-
stellations that already or will exist in such a way that passive safety is a strict requirement.
To make the analysis and understanding of such problems more tractable, we introduce a

new definition for an orbital slot that is based on the BRS.

Definition 5.7.3 (Orbital Slot). An orbital slot is a region in state-space, given by a convex
set S around a spacecraft of interest whose state is given by ce., and its associated passively

backwards reachable sets, i.e., X.> . (N)

e’

Defining a slot in terms of the BRS in X or X'® guarantees then that no other spacecraft
collide with this one for a certain number of time steps, i.e., at the very least short-term

passive safety is guaranteed. A spacecraft may be designated a slot prior to launch or even
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after, as these will have to be continuously updated due to perturbations and station-keeping
requirements pertaining to the mission. As a consequence of the perturbing forces spacecraft

are subjected to, orbital slots themselves have to be time-varying or dynamic.

Remark 13. Embedding reachability analysis into the slot definition allows for the safe
traffic management to be predictive or constructive rather than reactive, and as such, should

be considered in future work.

5.8 Results

5.8.1 Formation Flying

Characterizing the BRS in terms of orbital element differences is mostly beneficial
for the formation flying problem because small orbital element differences are considered.
This in turn makes the usage of the linear mapping to express the set S in terms of dce
accurate to first order because high impact velocities, which need to be required in the
constellation design problem, are not considered. The benefits of computing these sets in
terms of doe are that the linearization errors are smaller compared to the Cartesian Hill
representation, making linearization domain larger. This has two interesting consequences,
the first being that if one assumes additive white Gaussian process noise as in chapter [4] the
true uncertainty of the relative states remains Gaussian for much longer, which ensures that
both the stochastic unsafe sets and chance constraints are more accurate. Here, instead of
repeating the work in chapter 4l we provide a few examples as to how these sets can be used
for formation design.

Figure[5.7|/demonstrates a relative orbit that is safe for an infinite amount of time under
a Keplerian dynamics assumption. Here, da = 0, which results in bounded and repeating
relative orbits in the Keplerian case. If da # 0, the safety ellipse in [68] is obtained, which is
also safe for infinite time in an unperturbed environment. Similar observations are made in

[24], where it is noted that having relative orbits that do not intersect the along-track axis
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aid in maintaining passive safety. While such a relative orbit is not guaranteed to be safe
for an infinite amount of time if perturbations are included, provided the shape properties
of the deputy and chief are similar, such that non-conservative perturbations like differential
drag or SRP are similar, the relative orbit may still be passively safe for a long time because
as ||0oe|| — 0, then ||aq - a.|| = 0, where a4 and a. are the exogenous accelerations on the

deputy and chief, respectively.

Figure 5.7: A safe relative orbit constrained by x(ty) € proj;(S®), resulting in no intersec-
tions with the chief’s orbit and along-track axis.

10 5 0 5 10
dx (km)

-10 5 0 5 10

dy (km) 0 dz (km)

In Figure [5.8] we present various relative orbits that do not enter S, shown in red,
by considering slices doe, = [0, de, 87,09, dw,IM|T and constraining Joe, & 5“"5&5. All of
these relative orbits are generated by sampling in the safe region of the slices, which require
sweeping S along the chief’s orbit. Then, a single point solution in terms of doe results in
a relative orbit that does not intersect S as shown in Figure [5.8] Such an approach is a
promising way of tackling the formation packing problem (|5.41)).

Lastly, we consider a scenario using mean orbital element differences such that the

deputy has a mean semi-major axis that is smaller than the chief’s, resulting in a along-



146

Figure 5.8: Relative orbits with random initial states outside of the union matched-period
sets, i.e., does & S®| ., resulting in no intersections of S.

dz (km)
& & N o N s oo

track flyby of the chief that does not enter §. We select an initial condition such that
doe ¢ X0 . (N), which is constructed with BRS using mean orbital element difference and
Jo secular effect, i.e., Ry(N; S®). The initial condition is by design close to the unsafe region

and as such, its trajectory barely misses the set S, shown in[5.9] Here, the safety horizon N

corresponds to two orbital periods, and as shown in Figure the flyby is passively safe.

5.8.2 Constellation Design

While the BRS derived in this chapter are mostly applicable to formation flying scenar-
ios, we consider a special case that allows us to utilize these sets for the sake of constellation

design.

5.8.2.1 LEO Walker Constellation Design

Motivated by LEO Walker constellations such as SpaceX’s Starlink constellation, we
consider a case where the chief is in LEO with the orbital elements shown in Table[5.1l In this
case, the deputy is a spacecraft on the same orbital plane as the chief or on an intersecting
orbital plane. Both spacecraft have an orbital slot as defined in the prior section. The special
case where d0a = d¢ = 97 = 0, which is desired for many upcoming LEO constellations, results

in the deputy’s time-varying mean elements changing at the same rate as that of the chief,
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Figure 5.9: A safe initial condition ce ¢ XP . (N), given by the mark on the right with
respect to a near-circular chief e, = 0.05. Here, da < 0 and in blue is the resulting trajectory
after two orbital periods. The deputy passively drifts from right to left underneath the
chief despite the effects of the J, perturbations.

. -1.5

2 .{\/ L

& o

2 25 L ‘ . \_/

20 10 0 -10 -20
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ie., Qd = QC, W4 = W, and ]\Zd = ]\Zﬁ;. In this instance, the element drift rates are the same
in both the nonlinear and linear ([5.3) dynamic models. Because 5Q = 6 = 6M = 0, we

have time-invariant orbital element differences, i.e., dGey 1 = doe.

Table 5.1: Mean orbital elements of a near-circular chief in LEO

ac (km) €c 7 (°) Q. (°) @ (°) M. (°)
6920.136 1078 53 0 0 0

Satisfaction of the constellation passive safety constraint is done via con-
straint , where the minimum safety horizon N = k, — k¢ corresponds to the number of
time steps in the chief’s osculating period. Now, because the deputy and chief have matching
periods, letting N > k, — ko allows for the two craft to at least have two points of close
approaChH

We perform the preliminary design of the constellation using mean elements with J,
perturbations, which along with the two-body acceleration term, comprise the dominant
forces acting on the spacecraft in the LEO regime of interest in Table [5.1l To this end,
though in practice one uses N > k, — k¢ for multi-period safety, here, we simply enforce

the constraints on the deputy to be safe for the following period, i.e., N = k, — ko, which

! Due to the geometry of the deputy and chief here, the the union of slices in (5.44) contains many
redundant constraints since in this constellation configuration, the deputy and the chief have two points of
close approach.
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limits the amount of sets used to characterize AT .

(N). Then, by virtue of the chosen
orbital elements of the chief and deputy, to first order, the relative states are Jo-invariant
[69]. The implication of this, in the safe constellation design case, is that the minimum
distance between the craft is approximately the same for t > t3, and thus, the deputy is
passively safe for longer than the designed safety horizon N.

As seen in various LEO walker constellations, we let the deputy spacecraft have orbital
elements such that da = d¢ = 62 = dw = 0. As such, doe, = [0,0,0,0,0,0M]", which
simplifies the structure of the non-convex constraints for safety to be maintained. For the
constellation design scenario, we do not map the set S to the orbital element difference space
because of the difficulties of the high impact velocities, which can occur at about 12 km/s
in this LEO Walker example. However, we do note that if we had the non-convex set S in
this case, the slices along da = de = §i = 0 would still yield a BRS that is identically equal
to slices of the terminal set S, by virtue of the dynamics model. This insight is then used
to obtain a set of constraints that need to be satisfied to ensure passive safety of spacecraft
within a constellation.

Recall that the set S is defined as S = {x € X : Hx < k}. When one maps this
set from Cartesian Hill frame relative states to mean orbital element differences is given
by h(xz,t;) : X — X*®, such that, dce = h(x,t;). Then, using the inverse mapping,

h=1(dce,ty) : X® — X, the non-convex set in terms of dce is obtained
S® ={deec X*: Hh '(dce) < k}, (5.45a)

which is not known analytically. This mapping is required for the general constellation
passive safety scenario as the impact velocities are extremely high compared to formation
flying scenarios. A constellation designer often selects a set of orbital planes via € and 7 to
satisfy mission, sensor or payload constraints, and as such, we assume such orbital planes
have already been selected. Because five of the six mean orbital element differences are

constrained, the passive safety between spacecraft in the constellation then depends on the



149

relative phase M, that is, the mean anomaly differences need to be chosen to avoid collisions
between potentially intersecting orbits.

Instead of characterizing 8% via samples or through approximations, in this work, the
indicator function is used to determine the dce that are contained in the Cartesian set S. In

this case,

1, £ = h™(dce,t;) € S,
Is(z) = (5.46)

0, z=h"'(0ce,ty) €S,
and if dce = dce, such that dee, = [0,0,0,~,0,5M]T, where 7 is a selected mean ascending
node difference, then dce, represents a 1-dimensional manifold in X* that depends only on

SM. Then, the set of unsafe §M is given by all dce, that satisfy
ls(h™t(0ce,t)) =1, 3k € {ko, ..., kp}. (5.47)

Consequently, the deputy’s relative state does is said to be passively safe with respect to the
chief if
ls(h™(0ce, ty)) =0, Vk = {ko,...,kp}, (5.48)

which is a M phasing constraint.

5.8.2.2 Packing LEO Walker Constellations

In summary, instead of solving safe constellation design optimization directly as
a non-convex optimization problem, we consider a special scenario where the spacecraft in
the constellation all have natched period, eccentricity, inclination, and argument of periapsis.
This results in the passive safety constraint . We then pack the orbital planes under
consideration as densely as possible using these phasing offets to obtain a Walker constellation
that is passively safe for a long period of time. In this example, we have two intersecting
orbital planes given by §Q = 7. This choice of the deputy’s orbital elements results in the

deputy and chief’s inertial orbits approximately intersecting at two locations, at M. = 0 and
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M. = 7, shown in Figure

As noted in (5.48), a single deputy’s relative phase §M must be sufficiently out of
phase with the chief’s mean anomaly to prevent it from entering S. The unsafe M for a
deputy spacecraft on the same mean orbit as the chief, i.e., 62 = 0, are shown in Figure
, where x(6M) shows the explicit dependence of the states considered on the anomaly
angle difference. In particular, Figure - Figure show the indicator function given
variable M and the corresponding relative states in the chief’s Hill frame. The unsafe
states clearly span the along-track direction of S as expected. The unsafe M for a deputy
spacecraft on a different orbit plane than the chief, i.e., dQ = 7, are shown in Figure
5.11 Figure - Figure show the indicator function given variable M and the
corresponding relative states in the chief’s Hill frame. The unsafe states predominantly span
the out of plane direction.

The minimum anomaly separation for the in-plane and out-of-plane cases are found
using the analysis provided in Figures - From here, these phasing constraints can
be used to pack satellites (deputies) in both orbital planes of the constellation, the results
of which are shown in Figure The phase differences allow us to pack the orbits with
a total of 5804 spacecraft, maximizing the amount of spacecraft that fit in each orbit plane
while respecting each others safety constraints. All of the spacecraft in this constellation are
propagated forward in time and the minimum distance between spacecraft are monitored to
check for safety, as shown in Figure |5.13] The minimum distance evolves over time but is
predominantly around 4.5km and at times may be as high as 8km due to osculating effects.
Figure 5.13| confirms that none of the spacecraft enter the avoidance regions S of other
spacecraft in the constellation.

Such a solution can be interpreted as a feasible one for the constellation packing prob-

lem, given a specific set of orbital planes, and generalizes to more intersecting planes. The

2 The orbits intersect exactly at two locations if they were circular and Keplerian dynamics are assumed,
but in the near-circular and Js perturbed scenario, they have two points of close approach.
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more planes there are, the larger the mean anomaly difference offsets have to be for the
spacecraft in the constellation to be safe with respect to each other. From a traffic man-
agement point of view, as such orbit planes are increasingly packed, intersection of these
planes becomes harder, which may not be desirable for launch services or for other missions
that would need to be in similar areas of state-space. There is a clear trade-off between the

density of a constellation and the “usability” of space for other spacecraft in the vicinity.
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Figure 5.10: The unsafe §M given a deputy in the same mean orbit as the chief, i.e., 6Q = 0.

(a) The interval of M that are contained in the set S.
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(b) The unsafe relative states, as a function of the mean
anomaly difference &(§M), for a deputy in the same mean
orbit as the chief is shown in blue in the chief’s Js-perturbed
Hill frame.
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Figure 5.11: The unsafe §M given a deputy in a different mean orbit than chief, i.e., 6Q = 0.

(a) The interval of JM that are contained in the set S.
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(b) The unsafe relative states, as a function of the mean
anomaly difference x(§M), for a deputy in a different mean
orbit than the chief is shown in blue in the chief’s Js-
perturbed Hill frame.
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Figure 5.12: Initial states for a passively-safe constellation of 5804 spacecraft distributed
along two intersecting orbital planes. In blue, the first orbit plane where each craft’s orbital
elements given by ce = [6920.136km, 1078, 53°,0°,0°, M?]T. The second orbit plane, in red,
has e = [6920.136km, 1078, 53°, 180°,O°,M;’]T. M; and M; depend on the spacecraft and

satisfy the passive safety constraints.
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Figure 5.13: The minimum distances between spacecraft in the two orbit plane constellation
when propagated with J, over a week. The minimum distance is always larger than 4.5 km

by design, and as such the passive safety and slot constraints are satisfied.
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Chapter 6

Conclusions

6.1 Passive and Active Abort-Safe Spacecraft Relative Motion

We develop an abort-safe control policy that is robust against hypothesized thruster
failures in a spacecraft rendezvous mission for targets on generic elliptic orbits using robust
backwards reachable sets and model predictive control. A fundamental contribution of this
work is the demonstration of the existence of active or passive abort maneuvers outside of
abort-unsafe sets, which is particularly novel in the active abort-safety scenario. Then, three
convexification methods are presented, which are used to constrain the chaser to be outside
of the unsafe region of state space. This guarantees, to the time-discretization used, that
collisions with the target can be avoided through the use of a powered-abort or simply via
natural motion. Several closed-loop simulations are presented for different failure scenarios,
showing that the approach performs as predicted. Importantly, the algorithm works for

generic LTV systems, resulting in its utility in other domains.

6.2 Fuel-Efficient Passive and Active Abort Safety

A safe rendezvous strategy that increasingly exploits the natural dynamics is presented.
The work considers targets in near-Earth orbits as well as on NRHOs. A chaser spacecraft
is steered into the constructed coasting sets, which contain the set of all states that have
a high probability of naturally coasting into a specified goal set, while maintaining passive-

safety. Stochastic passive backwards reachable sets are used to characterize the coasting



156

sets as well as the abort-unsafe state space; this contribution generalizes the prior one by
incorporating random noise. The developed coasting arc approach reduces both the amount
of propellant used and the required thruster on-time, important for thruster management
and thruster fault mitigation during rendezvous and formation flying missions. In summary,
a general and novel guidance and control algorithm is presented for future space missions,

which is fuel-efficient, and is robust to disturbances.

6.3 Passive Abort-Safety using Orbital Element Differences

In the last chapter, the passively unsafe regions of state space with respect to a target
set are obtained in terms of orbital element differences. This representation has smaller
linearization errors making the derived PBRS more accurate and the linearizable domain
larger. Such sets can be used with the methods in Chapters to enhance the domain of
the RPO algorithms developed. Moreover, by considering particular projections and slices of
these sets, the dimensionality of the safe trajectory design problem is greatly reduced. Here,
formation and constellation safety constraints are derived, which can inform how future
constellations can best make use of certain regions of state space, and how these regions can
be organized. A new orbital slot definition is also presented and illustrative design solutions

are presented.

6.4 Broader Implications

While lots of work related to reachability theory has been done in the literature, the
developed notions of abort-safety are novel and quite useful at large. How such sets can be
used operationally is frequently not touched upon in the literature. In this thesis we devel-
oped algorithms that utilize and exploit such sets to guarantee, in discrete-time, the safety
of the system under consideration. From an astrodynamics and astronautics perspective,
the developed approaches can be used to verify future algorithm safety. By using convexifi-

cation in the MPC, we further enable the algorithm’s applications for on-board usage. The
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solutions acquired can also be used as initial guesses to non-convex trajectory optimization
solvers to improve the performance and safety of mission trajectory designs, with regards to
RPOD, formations, and constellations.

The applications of abort-safety in general are not limited to spacecraft applications
and could be of interest to general aerospace, robotics, automotive, maritime and potentially
even biomedical industries. Naturally, motion-planning techniques at large can benefit from
the safety constraints derived in this work. In such cases, abort-safety may guarantee colli-
sion avoidance between aerial or ground-based agents and can guarantee a boat’s abort-safe
entrance into a harbor. In the biomedical realm, an interesting application of such methods
are in anaesthesia delivery and control, where we could guarantee the safety of the patient
by ensuring that anaesthetic “aborts” exist so that dangerous regions of the pharmacological
state space are avoided. In all of these cases, understanding where the abort-unsafe regions
of state space are can result in improvements of system performance, and most importantly,
safety. While control is often used as a feedback mechanism to optimally or correctly steer
systems to exhibit desirable behaviors, it also makes sense that formal approaches are con-
sidered such that safe recovery of a system can be guaranteed with the control actions that

one has.

6.5 Future Work

There are many potential future work directions that are directly related to this thesis.
In the presented methods, stability of the safety constrained model predictive controller was
not investigated. It would be interesting to consider approaches that incorporate reachabil-
ity and stability constraints on the chaser to guarantee that the target is reachable under
the available admissible control, despite the presence of the abort-safety constraints. While
model predictive control was used as the algorithm of choice for the motion-planning and
constrained feedback control in this thesis, alternative algorithms can be considered such

as sampling-based methods. Such algorithms may be more effective in guiding the chaser
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spacecraft into the coasting sets while avoiding the abort-unsafe regions of state space since
the convexification approach used in this thesis can at times impedes the chaser from advanc-
ing towards the coasting sets. Moroever, the presented work could directly benefit RPOD
mission planning by using the resulting trajectories from the MPC approach as an initial
guess the full non-linear abort-safe optimal control problem, which would be particularly im-
portant in the passive abort-safety phase. Additionally, continuation methods could be used
in conjunction with such approaches to obtain optimal solutions that tend from a quadratic
cost function, as is used in this thesis, to an L1-norm cost function to optimize AV directly.

With respect to the final chapter, work needs to be done on describing the terminal
sets S in terms of orbital element differences using the nonlinear mapping for cases with
very high impact velocity, which are pertinent to the space traffic management and more
general constellation design problem. This could for example be done by approximating
the set S® using a union of convex sets, similar to how Gaussian mixtures are used to
approximate multi-modal PDFs. From here, the PBRS could be computed which would
yield a more accurate, albeit non-convex, PBRS. Such sets could be used to obtain optimal
or sub-optimal solutions to the packing problems presented in the last chapter. Lastly,
formal optimization or alternative heuristic-based solutions to the packing problems should

be investigated to advance the state of the art in space traffic management.
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Appendix A

Alternative Dynamical Models

Al Linearized relative equations of motion for perturbed chaser and target

in target’s Hill Frame

Perturbations can in general be added the nonlinear Cartesian equations of relative

motion, as seen by the target. Recall that

Te/b = Tt/b T P (A.1)

where p = 7./, For now, we neglect attitude-dependent perturbations and consider conser-

vative forces. The relative acceleration as seen by the target is then

t.. 1. 1. 1. t.

P =Tom+ac+ U — (Tiyp +a)— Wije XP — 2wy e X P —wi/e X (Wiye X p) (A.2)

t.. r r I. b

p . H C/b3 +a.+u.+ ,U/—t/bg — ai— wt/e Xp — 2wt/€>< P _wt/e X (wt/e X p) (A3)
“’rc/b” Hrt/bH

t.. UTc /b U/ I. t.

P = ——/3 + a. +u. + —t/g —ay — [wyge]xp — [2wise]x P —lwise]wise]xp (A4
[7eml 7o/l

Note that since the target is no longer in a Keplerian orbit, its Hill frame angular velocity
is
h, ST

Wi/ = + h:-a Ab
Ve = ronlE T TR ) (4.5)

We need to take the inertial derivative of this quantity to derive the perturbed Cartesian

relative equations of motion. In this thesis, we considered cases where the target and the
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chaser are subjected have luni-solar and J2 perturbations, that is,

ay; = aj2+ Qupaer + Asolar, (AG)
a. = aj2+ Quupar + Asolar- (A7)

Note that the perturbing acceleration on the target is included in (A.5) such that the

time-derivative of the perturbing accelerations (i.e. jerk) is required. That is, we also need

I. I. I. I.
ay = Qjo + Qunar T Asolar - (AS)

The linearized relative perturbed equations of motion are then obtained by taking the Ja-
T
cobian of (A.2)) with respect to variations in the relative state {p ;)] . Since the relative

acceleration is given as

t. HTc/b

o — KTt /b I t.
[rell?

we take partial derivatives of this expression with respect to the relative position and velocity,

yielding,
t..

ap o) < T ) da. I y

9p  Op + _weX_weXwexeRX A].O

o0 = “ap\lirplF) T ap ek~ vl (A.10)
at..
—f = —2[wyye]x € R¥ (A.11)
op

Our perturbations are only chaser position-dependent. Since we linearize about the

target’s perturbed trajectory we obtain

(1) = A(t)z(t) + B(t)u(t) (A.12)
where,
5 Oss I
SR W (2 ) + 3 — i — ey =2l oo
(A.13)
By = | (A.14)
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A.2 J2-perturbed Mean Orbital Element Dynamics

The equations of motion for the mean orbital elements of a spacecraft under the effects

of J2 and two-body accelerations:

a=0 (A.15a)

e=0 (A.15Db)

1=0 (A.15¢)

= 3 oo \ 2

Q= —§J2 <$> ncosi (A.15d)
3 Teq \

W= ZJQ (f) n(5cosi? — 1) (A.15e)

3 Teq \

M=n+ ZJ2 (—q) ni(3cosi® — 1) (A.15f)

p

where n = /L, 1 =1 — €2
A.3 Cislunar Dynamics

Consider a target and a chaser in orbit around two primary bodies, e.g. Farth and
the Moon, denoted e and m, respectively. The frame F; is the Inertial frame, b is an
unforced particle, assumed to be collocated with the Earth-Moon barycenter in the three-
body problem. The Synodic frame is given by Fy = {1, js, I%s}; s points from the primary
to the secondary body, k, is parallel to the system momentum, and js completes the right-
hand rule. The chaser and target’s center of masses are denoted by ¢ and t, respectively,
and have spacecraft-fixed frames F. and F;. In the two-body problem, the target’s orbit
frame F, = {%,,29, 1} is Hill’s frame with radial, along-track, and cross-track basis vectors.
However, since no other angular velocity is of interest in this paper, the angular velocity of
the orbital frame relative to the inertial frame will be denoted w for convenience. We assume

the chaser is controlled and its fixed-frame is aligned with the Synodic frame, i.e., wes = 0.
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This is done for simplicity and since the attitude dynamics and control are faster than the
corresponding translational dynamics and control. The spacecraft are assumed to be rigid
bodies such that all exogenous forces act on their centers of mass and the target spacecraft
is assumed to be uncontrolled.

Recall that the position of spacecraft i relative to a point j is given by 7;/; = r;—r;. The
relative position of the chaser spacecraft with respect to the target is denoted r¢/y = rc/p—7¢p
while ];“'C 7= #c/b — 'f*t /b —WK/1 X Ty is the relative velocity vector as seen by a frame Fy,

where b represents the barycenter of the inertial frame Fy. Similar to before, the relative

acceleration is given by

k. I.. 1 1

To=Tcb — Ti/b — WK/ XTojp — Wi/ X (Wk/1 X Topp) — 2wi1 X ke, (A.16)
where
I.. eTi/e m7i/m i
O L L (A.17)

el riml T m
are the inertial accelerations on spacecraft i € {c,t}. The vector f; represents perturbing
forces acting on spacecraft ¢, which include orbital perturbations as well as control. In this
work, we choose to realize the relative equations of motion in the Synodic frame Fg.

Note that if the lunar gravitational acceleration in (A.17)) is neglected, F; £ F, m; <<
me, and F, 2 F,, we obtain the nonlinear relative equations of motion about a target orbiting

a single primary body, seen in the target’s orbital frame.
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