
E↵ective Sphere Modeling for
Electrostatic Forces on

Three-Dimensional Spacecraft Shapes

Lee E. Z. Jasper and Hanspeter Schaub

Simulated Reprint from

Adventures on the Interface of
Mechanics and Control
Tech Science Press, Duluth, Georgia, 2012, pp. 267–298



AAS 11-465

EFFECTIVE SPHERE MODELING FOR ELECTROSTATIC FORCES
ON THREE-DIMENSIONAL SPACECRAFT SHAPES

Lee E. Z. Jasper⇤ and Hanspeter Schaub†

Satellite formations utilizing Coulomb forces are being studied due to their poten-
tial for their extremely low-fuel, low-power close formation flying control. Prior
studies into Coulomb formations employ point charge or isolated sphere assump-
tions with well known electrostatic behavior. This is justified by having the custom
Coulomb spacecraft assume near-spherical shapes to minimize charge densities
for a given potential. Complex geometries, however, are the norm for existing
satellite structures. This paper develops a method to model complex geometries
as finite spheres. Finite element electrostatic field solutions are used to model the
force interactions between a sphere and a non-spherical body. The effective sphere
method is demonstrated on a sphere, a cylinder and a generic satellite structure.
Force behavior is shown to match between the finite element solution and a 3D
body’s effective sphere for separation distances beyond 3 – 4 craft radii. Dif-
ferences in the effective radii for the same non-spherical body are discussed along
principal body axes and a near-elliptical distribution of effective radii are found for
the case of a cylindrical shape. Finally, the nadir-aligned relative motion control
of a cylinder-sphere formation is considered using the cylinder’s effective radius
and a voltage control strategy.

INTRODUCTION

Formation flying of spacecraft, through use of electrostatic (Coulomb) forces, have been the fo-
cus of research for many years.1–4 Use of electrostatic forces to maintain a formation is appealing
because the formation can be maintained with minimal use of fuel (Isp values for relative motion
control can reach up to 10

13
s) and low power consumption, often less than 1 Watt.1, 5 Thus, elec-

trostatic forces allow formations to exist without the use of precious fuel and they avoid thruster ex-
haust plume impingement issues between spacecraft. Due to the cold and dense near-Earth plasma
environment, the Debye lengths are only large enough to effectively use the Coulomb forces at high
Earth and geosynchronous orbit (GEO) altitudes. However, at these high orbits, nominal minimal
Debye lengths range from 180-200 meters, allowing for Coulomb spacecraft formations to be tens
of meters in size.6

A common Coulomb formation studied is the simple two point-charge formation. This is used to
study rendez-vous and docking applications,7 virtual tethering of sensor probes to a mother craft,8

electrostatic collision avoidance,9 as well as creating virtual Coulomb structures.10, 11 The dynam-
ics for two charged craft are much simpler than the complex N charged body problem. Even with
the two-body problem the charge feedback control and stability development are challenging due
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to the nonlinear electrostatic force actuations, and the coupling with differential gravity. This paper
extends the discussion on two charged spacecraft. However, the focus is placed on finite bodies
with three-dimensional shapes instead of only considering point charge models. Electrostatic prop-
erties of spherical bodies have been studied analytically for some time. Soules creates empirical
models of the electrostatic forces between two finite spheres, including induced charging effects,
using a modified method of images.12 Experimental verification of such charge to voltage models
of spheres is recently discussed in Reference 13. Neighboring finite bodies held at non-zero electro-
static potentials can create increased or decreased capacitance compared to the capacitance models
of isolated bodies. The relation between the body size and separation distance leads to a position
dependent capacitance matrix.14, 15 With these enhanced absolute voltage to charge relationships,
the charge feedback control work in prior research efforts such as References 16, 17 and 18 can be
reformulated as voltage control problems.

However, most currently flying spacecraft are not spherical in shape. For the electrostatic rela-
tive orbital dynamics research, it is of interest how well the three-dimensional electrostatic fields of
generally shaped bodies can be modeled without having to resort to the time-intensive and complex
finite element electrostatic field solutions. This paper first investigates how to represent the electro-
static force behavior between a sphere and a general shape by representing the three-dimensional
shape with an equivalent finite sphere. This allows for complex geometries, with electrostatic be-
havior that cannot be solved in closed form, to be approximated with spherical models with known
characteristics. Two effective spheres methods are considered and compared which differ in the
complexity required to evaluate the effective sphere radius. The sphere representation allows for
very fast evaluations of the electrostatic forces thanks to the analytical closed form solution. The
scope of this study only considers line-of-sight electrostatic force solutions between the two the cen-
ter of masses. Non-aligned forces and torques are not considered in this work. Further, of interest
is over what separation distance range such simplified models yield reasonable electrostatic force
approximations. If a spacecraft has long solar panels extended and deployed, then small separation
distances can create strong induced charge distributions between the sphere and the nearby solar
panel components.
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Figure 1. Illustration of a nadir-aligned charged two-craft formation.

Finally, the effects of considering finite bodies and the effective radius are demonstrated by re-
vising the nadir-aligned charge feedback control study by Natarajan and Schaub.8 This study uses
a cylindrical body shape for one of the charged objects. Further, the prior Coulomb formation feed-
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back control strategies utilize charge as the fundamental control variable.19–23 This paper explores
voltage control, instead of charge control, for a nominally nadir-aligned charged two-body system.
Controlling the voltage is a more practical control variable as any charge emission device funda-
mentally controls the potential of a spacecraft, not directly charge. Reference 8 demonstrates that
if both spheres are aligned in an orbit radial formation as illustrated in Figure 1, the overall forma-
tion is feedback stabilizable using only separation distance measurements. This paper investigates
a modified feedback control strategy using voltages as the fundamental variable with the enhanced
electrostatic force modeling.

SPHERE-SPHERE ELECTROSTATIC FORCE MODEL MODEL

Modeling of point charges uses the simple relation between voltage and charge:

V (q) = kc
q

L

(1)

where L is the separation distance, q is the point charge, and kc = 8.99·10

9 Nm2/C2 is the Coulomb
constant. The force F between two charges q1 and q2 is:

F = �rV (q1) · q2 = kc
q1q2

L

2
(2)

However, these equations only model point charge forces and not the inter-body electrostatic forces
between general three-dimensional bodies. Specifically, when considering the case of finite bodies,
any body’s potential is dependent upon its own charge, as well as that of its neighbors. References 14
and 15 show that this alters Eq. (1) and changes it to:

Vi = kc
qi

ri
+

nX

j=1,j 6=i

kc
qj

Lj
(3)

where n is the number of charged bodies. This is a linear equation and can be generalized to the
matrix form:

¯

V = kc[CM ]

�1
q̄ (4)

where [CM ]

�1 is the inverse of the position dependent capacitance matrix for the system, and as-
sumes the following algebraic form:

[CM ]

�1
=

2

6664

1/R1 1/L1,2 ... 1/L1,n

1/L2,1 1/R2 ... :

: ...

. . .
:

1/Ln,1 ... ... 1/Rn

3

7775
(5)

where Ri are the spherical radii of the bodies and Li,j are the distances between each body. If only
two craft are flying in formation, as is the main assumption in this paper, then Eq. (4) becomes:


V1

V2

�
= kc


1/R1 1/L1,2

1/L2,1 1/R2

� 
q1

q2

�
(6)

The notation is simplified slightly because L1,2 = L2,1, which is represented from now on as
L = L1,2. Given Eq. (6), as well as the size and distance between two finite bodies, the voltages
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Vi can be computed given the total charges qi on each sphere. Or conversely, each sphere’s charge
can be determined if a voltage is known. This second case, having a predetermined voltage, is of
particular interest because it is much easier to create a specific potential on an object than a charge.
This paper assumes that the absolute voltages on both bodies are known and that the voltages are
taken relative to an absolute (0V) reference at infinity. Eq. (4) therefore allows the absolute charges
qi on multiple three dimensional finite spheres to be computed based upon given potential Vi. These
charges are now used to solve for the force between two bodies (Eq. (2)).

Induced Charge 
Distribution

X

Y

Z

10m

Figure 2. Sphere-sphere charge modeling.

To demonstrate the effectiveness of these analytic results, they are compared to the finite ele-
ment program Maxwell3D, which solves the full Poisson’s equations. As shown in Figure 2, two
spheres of equal radius (2 meters) are placed at varying distances L apart. The sphere at the origin
is given a fixed potential of 25kV, while the variable-distance sphere is given a -25kV fixed poten-
tial. Maxwell3D computes the center-to-center forces for each separation distance considered. The
results are next compared to the analytic solution using Eq. (6) and Eq. (2).

Figure 3 demonstrates how the point charge model for the force in Eq. (2) relates to the combined
capacitance model that solves for charges using Eq. (6). Once the coupled effects are taken into
account, the force noticeably increases for smaller separation distances. The induced effects add
onto the coupled charge force model at close distances (within about 2 - 3 craft radii). One point
of interest is that the force in between the spheres is higher than originally expected with the point
charge model. Therefore, when coupled capacitance is accounted for, higher forces (and possibly
more control authority) occurs for a given absolute voltage.

Using the sphere-sphere model, Figure 3 shows both induced and coupled capacitance force ef-
fects of 3D shapes. Induced force effects are caused by the fact that some parts of the 3D shapes
are closer than others. This makes charge concentrate on the surfaces nearest each other (Figure 2).
The charge movement makes the effective separation distance smaller than the center-to-center dis-
tance used in the classical point charge equation, thus providing an increased force in relation to
that of Eq. (2). The analytical sphere-sphere force model presented here uses a method developed
by Soules in Reference 12 to estimate the induced effects between two spheres. When the induced
behavior is taken into account, the coupled capacitance model very closely models the high-fidelity
numerical results. Figure 3 demonstrates that at distances less than 3 - 4 craft radii, the coupled
capacitance and induced force models are necessary to model sphere-sphere interaction. Beyond
that distance, the coupled capacitance model provides a very good fit to the numerical results.
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Figure 3. Ideal and Induced force comparisons for 2 m spheres.

1ST ORDER EFFECTIVE RADIUS METHOD

Algorithm Description

While the sphere-sphere electrostatic interaction is useful for demonstration purposes, it does not
closely relate to the geometry of actually deployed spacecraft. Therefore, it is of interest to study
generic 3D shapes and their electrostatic interaction with a spherical vehicle. It is beyond the scope
of this paper to consider interactions between multiple 3D shapes. However, while non-spherical
shapes are more realistic, there are no analytic solutions for describing how spherical objects will
interact with another charged object. While analytical solutions for non-spherical shapes might be
possible to find, they are extremely difficult to develop. Finite element codes can also be used,
however, these can be computationally intensive and they do not provide a generalized perspective
on the system’s electrostatic force behavior.

In an effort to make complex three dimensional shapes easier to analyze, a method is developed
to find a body’s effective spherical radius. A complex shape is approximately modeled as a a finite
sphere by fitting its electrostatic Coulomb force characteristics to the spherical model of Eq. (4).
Considering, again, the charged two-body system, Eq. (6) is used.

Figure 4 demonstrates the problem set-up for this method called the 1st-Order Effective Sphere
Method. A sphere and a cylinder are placed within a small number of craft dimensions of each
other. The voltages on both bodies are known and held fixed, and the spherical body’s radius
R1 is known. The center-to-center force F between the two objects is computed using a finite
element numerical solver, such as Maxwell3D. Knowledge of all of these parameters, including
the separation distance between the two bodies, allows for the cylinder’s effective sphere to be
calculated using the following procedure. To calculate the effective radius R2 of the cylinder, the
three unknown parameters of the system (q1, q2, R2) must be solved for simulateneously. To find
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Figure 4. Example of a cylinder modeled as an effective sphere.

expressions for q1 and q2, Eq. (6) is separated into two equations.

V1 = kc

✓
q1

R1
+

q2

L

◆
(7)

V2 = kc

✓
q1

L

+

q2

R2

◆
(8)

Because the force F is known from the finite element solution at a particular configuration, q2 is
solved from Eq. (2) as a function of q1:

q2 =

FL

2

kcq1
(9)

There are now three equations with three unknowns: q1, q2, R2. Substituting Eq. (9) into Eq. (7)
yields the following quadratic function of q1:

0 =

q

2
1

R1
� V1

kc
q1 +

FL

kc
(10)

This quadratic equation is solved for q1. Because q1 is now known, q2 is solved for using Eq. (7).
All parameters are now known in Eq. (8) except for the effective radius, R2. R2 can be easily solved
for to obtain the second body’s effective spherical radius:

R2 = q2

✓
V2

kc
� q1

L

◆�1

(11)

Note that the computed effective radius is only accurate for the given geometry used in the finite
element numerical solution. If the cylinder in Figure 4 is rotated relative to the sphere, different
forces will be experienced, resulting in a different effective radius. Thus, this method of evaluating
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a 1st-order effective radius must be repeated if another relative orientation of general shape and
sphere are considered. This relative orientation dependent effective radius behavior is investigated
further in the following sections.

To gain some insight into the behavior of Eq. (10), q1 is solved for using the quadratic equation:

q1 =

V1R1

2kc
± R1

s
1

4

V1

kc

2

� 4

FL

R1kc
(12)

As a simple check of this method, assume the force F is zero. Using the positive root, then the
expression for q1 simplifies to the expected single sphere voltage and charge relationship:

q1 =

V1R1

kc
(13)

For an attractive case, F < 0, which increases the size of q1. For a repulsive case , F > 0, which
decreases the size of q1, as expected.

Because the expression for q1 is a quadratic expression, there are two possible solutions. To
understand whether the positive or negative solution for q1 should be used, R2 is solved for another
way. R2 can be solved for by taking Eq. (6), solving for both charges, and then plugging them into
Eq. (2), which provides a quadratic equation for R2. If this is done and the equations are solved
using the physical constraints for an attractive system (i.e. R1 > 0, L > 0, V1 = -V2 thus F < 0)
a simplified equation for R2 is found. This expression produces two roots, one negative and one
positive. This guarantees that there will always be one physically possible solution for this method
(R2 > 0) and that there are no non-unique solutions.

When the effective radius is computed, a unique radius is computed for each force and separation
distance tested. By evaluating the effective radius R2,i for a set of N separations Li, the final
1

st-order effective radius R2 is evaluated as the mean of all evaluated radii.

R2 =

1

N

NX

i=1

R2,i (14)

Next, appropriate ranges of separation distance for the numerical electrostatic force evaluation are
considered. Due to induced charge effects and resulting larger electrostatic forces between three-
dimensional bodies, short separation distances can produce effective radii that are larger than the
general force trend that occurs at larger distances. Because the above effective radius evaluation
for a given set of potentials and separation distance does not include the induced charge effect, the
numerical finite element electrostatic force evaluations should consider separation distance larger
than 3-4 craft radii. This yields an good effective sphere fit for the general shape. Further, the
induced effects can be added to the effective sphere to increase the force modeling accuracy for
small separation distances.

Sphere-Sphere Algorithm Verification

To demonstrate the accuracy of the 1st-order effective radius method, a sphere-sphere system
(Figure 2) is considered with each sphere’s radius being 2 meters. The effective radius of sphere 2 is
then calculated assuming its, radius R2, is unknown. Both spheres are given fixed equal magnitude
and opposite sign potentials of ± 25kV.
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The effective radii R2,i, calculated using Eq. (11) for each separation distance Li, are shown in
Figure 5. Induced effects on the effective radius are seen before 10m. Beyond 20m the effective radii
calculations are increasingly noisy. This is caused by Maxwell3D attempting to evaluate vanishingly
small electrostatic forces, resulting in relatively noisy force evaluations. Assuming this noise is
random and Gaussian, its average value should equal the true effective radius. However, consider
that the induced effects are not random. The effective radii computed where the induced effects
are significant should be ignored. The effective radii for separation distances beyond 10m are run
through a least squares fit algorithm for a zero slope line. This produces an effective radius of
2.04m, which is very close to the actual 2m sphere modeled in Maxwell3D. If all effective radii
are considered including separation distances where the induced charge distribution is significant,
then an increased average radius of 2.11m is computed, as expected. This shows that ignoring
the effective radius data at the distances where induced force effects are significant produces more
accurate effective radii, and therefore force results. In Figure 6 the relative force error is compared
between the true 2m-2m sphere system, Maxwell3D’s FEM results, and the two calculated effective
radii. The 2.04m estimate yields only about 2 percent error while the 2.11m radii produces about
6 percent error. Again, this demonstrates that Maxwell3D produces slightly noisy force data at
separation distances beyond 20m but that the average of the effective radii produced by this data
gives reasonably good estimates for the behavior of the 3D shape.

Relative Orientation Dependence

Computing the effective radius of a known sphere has helped illustrate the numerical accuracy of
this method, as well as justification for ignoring induced effective radii results. This knowledge is
next applied to a cylinder with an unknown effective electrostatic radius. With the simple sphere-
sphere scenario, the relative orientation of the two objects did not matter. With general shapes this
is not true, as discussed earlier.

Considering a more complex shape, a cylinder 3 meters in radius and 12 meters in height is
modeled as object 2. The sphere 1 has a radius of two meters and the vehicles are charged to
± 25kV. If the sphere moves or the cylinder rotates, the force behavior between the two bodies
changes and a different effective radius R2 must be computed. If the sphere changes position and
is no longer as shown in Figure 4, but instead at an off-axis position relative to the cylinder, the
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Figure 6. Relative force error between true (R2 = 2m) and other force estimates.

charges and forces change between the two objects, graphically shown in Figure 7. As the sphere
rotates about the cylinder, the effective radii is postulated to change in an elliptical pattern. To
numerically illustrate this pattern, the reference sphere is placed around the cylinder at multiple
points between the ĉ1 axis to the ĉ3 axis. Multiple separation distances between the center of the
sphere and cylinder are used to calculate the effective radius for a given angle �2. An individual
effective radius is calculated for each angle about the cylinder by the averaging process described
above.

Figure 8 illustrates the resulting effective radii for a range of relative orientations. For the sphere-
cylinder case considered, the effective radius varies as an ellipse where the major ellipse axis is the
length of the long, R2,3 axis effective radius, and the minor ellipse axis is the length of the R2,1

effective radius. Because the numerically evaluated effective radii of a cylinder-sphere scenario
appear to vary in a predictable manner, only the effective radii of a cylinder’s radial and axial
axes need to be determined to be able to model the electrostatic force behavior of the cylinder in
the neighborhood of sphere. Due to the symmetry of the cylinder, the elliptical behavior can be
expanded to an ellipsoid shape with the minor and intermediate principal axes of the ellipsoid being
the same length (R2,1). If the ellipsoid is parameterized into a local ’ellipsoid’ frame shown in
Figure 7, any point on the effective radius ellipsoid surface is expressed by the equations:

x = R2,1 cos�2 cos�1 (15a)
y = R2,2 cos�2 sin�1 (15b)
z = R2,3 sin�2 (15c)

where the effective radius acting between the sphere and cylinder is:

R2 = Reff =

p
x

2
+ y

2
+ z

2 (16)

If the cylinder is rotating or tumbling both the orbit frame angles (✓,  from Figure 1) and the
attitude of the cylinder need to be accounted for in Eq. (15a). Linearizing Eq. (16) for small angles
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about the principle axes of the ellipsoid, the effective radius simply becomes the radius of the given
axis, i.e. R2 = R2,1 = Reff if linearized about �1 = �2 = 0. This fact makes formation dynamics
simpler if constant attitudes are held between the cylinder and sphere. Elliptical distributions of the
effective radius may not occur for every 3D body geometry and should be verified for each unique
geometry.

Effective Radius Robustness to Voltage Variations

The above discussion consideres many of the variables that affect the value of the effective ra-
dius. For example, separation distance, for long enough distances, provides constant effective radii.
The physical orientation between two bodies changes the effective radius. However, for a cylinder-
sphere scenario the radius changes in a predictable, ellipsoidal trend. Finally, the effects of changes
in voltage are considered. Eq. (10) depends upon the voltage between the two craft but, it is un-
certain whether changes in voltage will cause the effective radius to change. Thus, a sweep across
voltages is performed holding the cylinder and sphere in the orientation seen in Figure 4. Figure 9
is obtained by changing the voltage on both bodies (equal and opposite) and then calculating the
effective radius. Figure 9 numerically demonstrates that, over the ranges of voltages considered, the
effective radius changes very little. The worst deviation is at 10kV and 3.8kV where the effective
radius is 4.52m instead of 4.54m. Thus, the 1st-order effective sphere concept can provide realistic
line-of-sight electrostatic force predictions for general shapes without having to evaluate effective
radii for different voltage ranges. This makes this concept very practical to use this simplified
electrostatic force instead of finite elements to compute faster than real-time control simulations.
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0TH ORDER EFFECTIVE RADIUS METHOD

If the earlier effective radius method is considered a first-order approximation to the true elec-
trostatic behavior of a multi-body system, then this next section discusses a simplified and less
accurate 0

th order approximation. The 1

st-order method requires extensive and time consuming fi-
nite element solutions to be evaluated to generate the effective radius. For a cruder, but much faster,
approximation of the effective radius, the outer spacecraft surface area A is simply mapped onto a
spherical shape.

R20 =

r
A

4⇡

(17)

The main benefits of this method is the speed at which an effective radius can be evaluated for
a general shape. However, note that this 0

th-order method cannot account for relative orientation
differences. Of interest is how much accuracy is sacrificed for the faster setup. Table 1 shows three
different cylinder sizes that were modeled in Maxwell3D and then used with the effective radius
method. This table compares electrostatic force modeling accuracy of the 1

st-order method to that
of the 0

th-order method. Most of the force modeling difference are only a few percentage for the
three cylinders considered. The largest difference is found along the cylinder symmetry axis and
can reach up to 11%. This simplified model is adequate for many approximate electrostatic force
evaluation where precision relative motion predictions are not required.

NUMERICAL EFFECTIVE SPHERE ACCURACY STUDY

Cylindrical-Sphere Model

To demonstrate the results from the use of the effective radius method in Eq. (11), a cylinder and
spherical system is considered. A cylinder is used because it is a common space object shape. It
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Table 1. Surface Area’s of several cylinders and their zeroth order effective radius approximation.

0

th order 1

st order 1

st order Percent Percent
Object R [m] H [m] R [m] R ’x’ and ’y’ [m] R ’z’ [m] diff X, Y diff Z

Dual Spin S/C 1.85 6.8 2.83 2.78 2.62 1.77 7.42
Delta IV rocket body 2 10 3.46 3.57 3.82 3.18 10.40

Large rocket body 3 12 4.74 4.54 5.02 4.22 5.91

could be representative of a rocket body or dual-spin spacecraft, both of which can be found often
near the GEO belt. Similar to the previous analysis the cylinder’s dimensions are 3 meters in radius
and 12 meters in height. The sphere has a radius of two meters. The cylinder has a voltage of
positive 25kV and the sphere has a -25kV potential. Using Maxwell3D to find the center-to-center
forces between the cylinder and sphere, the effective radius of the sphere is solved for using Eq. (9)
through Eq. (11).

Z

Y

X
25 m

Z

Y

X
25 m

Figure 10. Sphere and cylinder geometry set-up.

Figure 11 shows the Maxwell3D results (points), and the force calculated using the effective radii
method (lines). Forces created in both the X and Z axes are shown. Because the cylinder has two
unique geometries as seen by the sphere, the effective radii calculated are different, but vary by
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Figure 11. Force comparison between X and Z axes for a cylinder.

only about 9.5 percent. The effective sphere model does match the numerical results very well for
separation distances of about 15 - 20 meters and beyond, for both axes. This demonstrates that the
effective sphere method can indeed predict the behavior of a non-spherical body when separation
distances are on the order of 3 - 4 craft radii away. Note that the forces in Figure 11 are plotted in a
log-log scale. This was done to emphasize that the force behavior becomes nearly linear at distances
beyond induced effects. This linear trend should therefore contain the dominant information about
the system, including the effective radius of the cylinder. Indeed the logarithm of Eq. (2) becomes:

log(F ) = log(kc) + log(q1) + log(q2) � 2 log(L) (18)

The effective radius method does not predict the force behavior accurately at ranges closer than
3 – 4 craft radii, where induced effects begin to dominate. Figure 11 demonstrates the model’s
ability to fit an effective radius to the cylinder for two distinct orientations. The effective radii
shown in Figure 11 are simply the two extrema for the body and the effective radii vary as an
ellipse as shown in Figure 9. While the model for the induced effects between two spheres has
been included in the force computation, this model becomes less accurate for a non-spherical body
primarily because the geometry of the cylinder at close separation distances, becomes much more
important. Further, it can be seen in Figure 11 that the Z axis behavior begins to vary from the
effective radius model much more significantly than the X axis. This is partially caused by the
fact that the current effective radius model only accounts for center-to-center separation distances.
However, at center-to-center separation of 10 meters, the cylinder and sphere are actually only
physically separated by 2 meters due to the cylinder having a height of 6 meters above its center,
and the sphere having a radius of 2 meters. Thus the two objects are physically much closer than
the effective radius model computes. Future work with effective radii might attempt to account for
these differences between the physical system and the approximated system. Still, beyond 3–4 craft
radii, the effective radius model matches the numerical results closely.
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Table 2. Generic satellite body dimensions.

Component X (or radius) [m] Y (or height) [m] Z [m]

Body 1.8 1.7 1.75
Dishes (x2) .85 .3 0

Solar Panels (x2) 1.75 5.4 n/a

Generic Satellite - Sphere Model

Another, more complex shape is briefly considered. Figure 12 shows a generic satellite bus with
a 2 meter sphere. The satellite’s dimensions are roughly 14.3 meters from solar panel tip to tip, 6
meters in height between the dishes, and 1.7 meters in width.

Z

Y

X

25 m

Z

Y

X

25 m

Figure 12. Generic satellite bus with a sphere.

This model represents a significantly more complex shape. Table 2 shows the dimensions used
for the satellite body, not including separations between the body, dishes, and panels. Figure 13
demonstrates forces computed by the finite element and the effective radius methods. At close dis-
tances, the effective radius method poorly matches FEM results however, the models both closely
match at and beyond 15 meters, just like the cylinder-sphere example in Figure 11. This demon-
strates the versatility and effectiveness of the effective radius method. Even with complex geometry,
the effective radius method models the force behavior between the satellite and the sphere allowing
for easier force modeling behavior between complex geometries.

For a cylinder the effective radii between X and Z axes (Figure 11) vary by only about 9.5 percent.
Likewise, the difference in the effective radii between the satellite’s three axes (Figure 13) is only 22
percent between the Y and Z axes, and 2 percent between the X and Y axes. This shows that while
geometry does change the effective radius of a body, its effects are not large as might be suspected.

Table 3 shows a 1

st order versus 0

th order radius calculations for the generic satellite. Along the X
and Z axes, the 1

st order and the 0

th order methods match closely. However the Y axis, or the solar
panel axis, produces noticeably different effective radii. This demonstrates that while the 0

th order
method can be used for rough approximation of the force behavior, for more extreme geometry,
such as long extended panels, the method is not nearly as accurate as the 1

st order effective radius
method presented above.
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Figure 13. Force between satellite and sphere, in all three axes.

Table 3. Surface area’s of a generic satellite shape and its 0

th order effective radii for all three axes.

0

th order 1

st order 1

st order 1

st order Percent Percent Percent
Object R [m] R ’x’ [m] R ’z’ [m] R ’y’ [m] diff X diff Z diff Y

Generic S/C 2.33 2.40 2.45 3.06 2.91 4.90 23.86

VOLTAGE CONTROL OF A CYLINDRICAL AND SPHERICAL SPACECRAFT IN OR-
BIT

Most research thus far into Coulomb formation flying satellites has used a body’s charge as the
control parameter. However, in practice, craft potential will likely be the control parameter. Eq. (4)
can be used to transfer charge control strategies to voltage control. If a two craft system is con-
sidered, Natarajan and Schaub have shown that two craft aligned in an orbit radial direction are in
a stable configuration (Figure 1). They also demonstrated that the motion in the radial (L), and
rotation about the in-track vector ( ) were coupled and could be stabilized. Following the devel-
opment in Reference 8, the Hill-frame dynamics are rotated into a spherical frame, which allow for
some decoupling of the equations of motion. The linearized differential equation for the separation
distance, in the spherical frame (L, ,✓) is given as:

¨

L =

⇣
2⌦

˙

 + 3⌦

2
⌘

L + (kc/m1) Q

�
1/L

2
�
[(m1 + m2)/m2] (19)

Here, Q = q1q2 is the charge product of the two craft and ⌦ is the orbit mean motion. Eq. (19)
developed by Reference 8 assumes two point charges in formation however this equation remains
true for a cylinder and sphere system when the effective radius method is used. The fact that point
charge developments can still be used by the effective sphere model, is one of the primary advan-
tages of the effective sphere model. This is justified by the fact that the charge Q accounts for the
finite size of the objects when the coupled capacitance is included in the calculation of the charge
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product. Using Eq. (6), the position dependent capacitance matrix can be used to get solutions for
each body’s net charge as a function of voltage. These charges can then be multiplied together to
make Q = f(V ). Substituting the new charge product into Eq. (19) and linearizing the equation for
small changes in separation distances and voltages, Eq. (19) becomes:

�

¨

L = 2Lref⌦ ˙

 +

�
3⌦

2
+ k1

�
�L + k2�V (20)

where

k1 =

2R2R1(m1 + m2)(R
2
2R1 + L

2
ref(2Lref + 3R1) + R2(3L

2
ref + 6LrefR1 + R

2
1))V

2
ref

kcm1m2(L
2
ref � R2R1)

2
(21)

and

k2 = �2R2R1(R2 + Lref)(m1 + m2)(Lref + R1)Vref

kcm1m2(L
2
ref � R2R1)

2
(22)

Note that Vref is the nominal reference voltage for the system and Lref is the reference separation
distance, both values are constants. Reference 8 shows that the reference charge (for a stable orien-
tation for a given Lref) is:

Qref = q1q2 = �
3⌦

2
L

3
refm1m2

kc(m1 + m2)
(23)

The reference voltage can then be computed using Eq. (6) assuming the charges are ±
p
|Qref|, re-

spectively. This means that both Eq. (21) and Eq. (22) are constant values if the relative motion
between both bodies is small and aligned along a principal axis of the cylinder/ellipsoid of Fig-
ure 7. Note that R2 is the effective radius found from the ellipsoidal distribution from Figure 7
and Eq. (16). If the cylinder were tumbling, the sphere were rotating around the cylinder, or an off
principle-axis orientation were being held, R2 would not be constant and k1 and k2 would not be
constant, significantly increasing the complexity of Eq. (20).

Making a feedback control law similar to the control developed by Reference 8, the voltage is
given as:

�V = 1/k2

⇣
�C1�L � C2�

˙

L

⌘
(24)

This control yields the following linearized closed-loop separation distance dynamics:

�

¨

L = 2Lref⌦ ˙

 +

�
3⌦

2
+ k1 � C1

�
�L � C2�

˙

L (25)

Here the positive C1 and C2 parameters are control gains and both proportional and derivative
feedback are given to ensure asymptotic stability. The linearized equations of motion for the in-
track and cross-track rotations are unchanged in Reference 8’s development and are given for ease
of reference:

¨

 = � (2/Lref) �L � 3 (26)
¨

✓ = �4✓ (27)
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Figure 14. Residual motions relative to a true effective sphere of R2 = 4.524m at 25m
separation distance.

Choosing gains C1 and C2 as outlined in Reference 8 results in the values:

C1 = 25⌦

2

C2 = 9.12⌦

Integrating the full nonlinear inertial equations of motion that account for coupled position depen-
dent capacitance and a voltage based control, the behavior of the two craft system can be obtained.
Here Lref = 25m, Vref = 3750V, R1 = 2m. A range of effective radii are considered, ranging from
R2 = 4.74m for the 0

th order method as computed in Table 1, R2 = 4.52m for the 1

st order method
as shown in Figure 9 and R2 = 6m estimating the effective radius as half the height of the cylinder.
The initial separation deviation and attitude are �L = .5m,  = ✓ = 0.1 rad and � ˙

L =

˙

 =

˙

✓ = 0.
Note that setting Vref to 3750V is the proper reference voltage for an effective radius of 4.52m and
that the other estimates will not satisfy the necessary reference charge to settle to a zero �L offset.
Figure 15 demonstrates the motion of the craft from a relative reference separation distance (Lref) of
25 meters and that voltage control does indeed stabilize the same configuration as the charge based
control. However, small errors can be seen for the 0

th order method and larger errors on the order
of 2.5m for �L can be seen for the R2 = 6m effective radius (overestimate).

Note that the control stabilizes the separation distance and the in-track rotation, but not the cross-
track rotation. When observing the linearized analysis in Eq. (26) and Eq. (27) this behavior is
apparent considering that �L occurs in Eq. (26) but not in Eq. (27), rendering the ✓ response that of
a simply a harmonic oscillator. The continuing oscillation of  and �L after about 3 orbits is due to
differential gravity that the linearized control does not effectively counter.

Figure 15 demonstrates how well each effective radius produces the proper forces to achieve the
true inertial dynamics at 25m separation. The ’truth’ model was produced by calculating the ef-
fective radius for the cylinder-sphere system at 25m separation. This effective radius (R2 true =

4.524m) exactly matches the steady state force at Lref = 25m and therefore it produces the true
dynamic response at 25m. Figure 14 gives a better example of how close the dynamics behave
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Figure 15. Voltage control craft response for different effective radii estimates.

using the approximated forces. Figure 14(a) shows the residuals for the formation orientation error
measure

p
 

2
+ ✓

2 and Figure 14(b) illustrates the |�L| errors, compared to the truth simulation.
This shows that basing the effective radius off of geometry dimensions alone produce largely vary-
ing force estimates. The 0

th-order method produces reasonably accurate dynamics for high level
analysis. Finally, the computation of the effective radii using the 1

st-order method can produce
force behavior that varies minimally compared to the full equations of motion demonstrating how
powerful this method can be.

CONCLUSION

Prior research has modeled the Coulomb spacecraft as points or isolated spheres. This paper
models complex geometries using finite spheres by calculating their effective radii through each
body’s force interaction with a sphere of known radius. This analysis, combined with a coupled
position dependent capacitance matrix, allows for force behavior between a sphere and a 3D body
to be modeled as two spheres. While the effective radius method requires a priori knowledge of
the force behavior (in this case, through finite element modeling), the method accurately models the
force interactions between two bodies making all successive calculations simpler. The electrostatic
torques are not modeled with this approach. A simplified 0

th-order effective sphere evaluation only
uses the outer surface area to compute a radius, yielding difference ranging from 5-30% depending
on the object shape and relative orientation. For a 3D body shaped like a cylinder, the effective
radius changes over the body orientation in an elliptical manner. A voltage-based control illustrate
the use of effective radii in enhanced control simulations.
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