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1 Initialization

Simply call the module reset function prior to using this control module. This will reset the prior
function call time variable, and reset the attitude error integral measure. The control update period At
is evaluated automatically.

2 Steering Law Goals

This technical note develops a new MRP based steering law that drives a body frame B : {51,62, 53}
towards a time varying reference frame R : {71, 79, 73}. The inertial frame is given by N : {11, 72, N3}.
The RW coordinate frame is given by W) : {gs,, g1,, gy, }- The Using MRPs, the overall control goal is

opr — 0 (1)

The reference frame orientation o/, angular velocity wg n and inertial angular acceleration wg /s
are assumed to be known.
The rotational equations of motion of a rigid spacecraft with N Reaction Wheels (RWs) attached
are given by?
[Trwle = —[@] ([Lrww + [Gulhs) — [Gulus + L (2)

where the inertia tensor [Igy/] is defined as

M=

[IRW] = [Is] + (Jtzgtzgg: + ngggzgg;) (3)

1

.
Il

The spacecraft inertial without the N RWs is [I], while Jy;, J;, and Jg, are the RW inertias about the
body fixed RW axis g, (RW spin axis), g;, and gg,. The 3 x N projection matrix [G,] is then defined
as

(G = [ Pgs. ] (4)
The RW inertial angular momentum vector h; is defined as
hsi = Jsi (wsi + Ql) (5)

Here €; is the it RW spin relative to the spacecraft, and the body angular velocity is written in terms
of body and RW frame components as

w = wli)l + WQBQ + wgi)g = wsigsi + wtigti + wgif]gi (6)



Doc. ID: Basilisk-MRP _Steering Page 2 of@

3 Steering Law
3.1 Steering Law Stability Requirement

As is commonly done in robotic applications where the steering laws are of the form = = w, this
section derives a kinematic based attitude steering law. Let us consider the simple Lyapunov candidate
function®2

V(ogr) =2In (1 + Ug/RO'B/R> (7)
in terms of the MRP attitude tracking error o5/%. Using the MRP differential kinematic equations

. 1 1 -
TB/R = i[B(UB/R)]BwB/R =12 [(1 — opr)I3xs + 2[G5/R] + QUB/RU;;/R] Bupr (8)

where U%/R = ag/RaB/R, the time derivative of V is

V =0fn (Pwgr) (9)

To create a kinematic steering law, let B* be the desired body orientation, and wpx /R be the
desired angular velocity vector of this body orientation relative to the reference frame R. The steering
law requires an algorithm for the desired body rates wpgs 5 relative to the reference frame make V in
Eq. @D negative definite. For this purpose, let us select

Pwpgeir = —f(op/R) (10)
where f(o) is an even function such that
alf(a)>0 (11)
The Lyapunov rate simplifies to the negative definite expression:
V= —0fnflosmr) <0 (12)

3.2 Principal Angle Steering Law

Consider the following saturation function f(ops/z) which is colinear with the principal rotation axis
ép/r, and the magnitude scales uniformly with the principal rotation angle ¢5/%:

flogr) = égrf(d8/R) (13)

The scalar function f(¢p/r) is an even function where f(¢p/z)dp/r = 0. Note that ég/r is ill-defined
for a zero principal rotation angle. This saturation function will need a check to avoid numerical issues
right at the zero angle condition.

Using the MRP definition in terms of principal rotation angle and axis

R o8
oB/R = €p/r tan (4/72) (14)

and substituting into Eq. , the Lyapunov rate is for this case

V= ok s o) = —tan (P22 ) e e (ouym) = —tan (2 fowm) <0 (15)
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(c) K3 dependency with wmax = 1°/s, K1 = 0.034
Fig. 1: lllustrations of Principal Angle Steering Parameters Influence.

This V is negative definite in terms of the attitude error, thus yielding asymptotic convergence. The
saturation function in Eq. has the convenient property that the resulting steering law employs
an eigenaxis rotation towards the desired reference orientation. The benefit of the later is that small
errors are reduced quickly, thus reducing the overall tracking error quicker. The benefit of the eigenaxis
approach is that the closed-loop attitude path towards the reference is more predictable.

Consider the f(¢pg/r) function given by:

(16)

2Wmax s

2 maXx
f(¢p/r) = arctan <(K1¢B/R n K3¢%/R) T > w

The linear approximation of this function is

f(¢5/R) ~ K1igp/r + H.O.T (17)

The resulting attitude steering law is of the form:

wB*/R = _éB/R arctan ((K1¢B/R + KSQS%/R)Z il > QWmax (18)
Wmax 7T

The impacts of the steering law gains wmax, K1 and Kj are illustrated in Figure [Il As the function

f(@) returns a value of twmax as ¢ — o0, the gain wmax determines the maximum rate limit that the

steering law with request. This is illustrated in Figure where reducing the wnax value by a factor
of 2 results in half of the asymptotic rate command.

The parameter K; determines the final pointing stiffness, and determines the final exponential

convergence of the attitude pointing error as illustrated in Figure . Increasing this value results in
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faster final convergence once the principal rotation error has reduced past the saturated f(¢) function
region.

Finally, the higher order ¢ polynomial is provided to cause the f(¢) function to saturate more quickly.
Setting K3 = 0.034 in Figure doesn't change the initial slope of the rate command, but impacts
how quickly the rates saturate on the maximum speed command.

Because é/B/R = (, the body relative time derivative of the steering control is

B
d(Pwps /) . 0f(¢B/R)
—a = w%*/R = —eB/RW¢B/R (19)

The f() function sensitivity is

Kq + 3K3¢2
2 s+ SR atym) 3 (20)

0 T
PBR 4 (K1¢p/r + K3¢%/R)2 (m)

The principal rotation angle time derivative is given by>
oB/R = €hr wp R (21)
Substituting Eqgs. and into Eq. yields
. Of(¢s/R) <AT B )

w%*/n = _eB/RW €B/R WB*/R
. Of(¢B/R) /. R
_eB/Raéblj/R (eg/R(—es/nf(cﬁB/R)))
. 0f(¢B/R)
= eB/Ra(ﬁ:/;fobB/R)) (22)

4 Angular Velocity Servo Sub-System

To implement the kinematic steering control, a servo sub-system must be included which will produce
the required torques to make the actual body rates track the desired body rates. The angular velocity
tracking error vector is defined as

dw = wp/Bx = WR/N — Wik /N (23)

where the B* frame is the desired body frame from the kinematic steering law. Note that

wpk N = Wik R T WR/N (24)

where wr /s is obtained from the attitude navigation solution, and wps /% is the kinematic steering
rate command. To create a rate-servo system that is robust to unmodeld torque biases, the state z is
defined as:
iy
z = J Bsw dt (25)
to

The rate servo Lyapunov function is defined as

1 1
Vo (0w, 2) = §5wT[IRW]6w + izT[K[]z (26)
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where the vector dw and tensor [Igw] are assumed to be given in body frame components, [K;] is a
symmetric positive definite matrix. The time derivative of this Lyapunov function is

Vi = 0w” ([Irw]ow’ + [K1]z) (27)

Using the identities ""23’//\/ = wp/n and w;z//\/ = WR/N — WB/N X wR/N,l the body frame derivative of
dw is
dw' = wB/N—w%*/R—dJR/N—I-wB/N X WRIN (28)

Substituting Egs. and into the Vw expression in Eq. yields
Vw = 5wT( — [GJB/./\/'] ([IRw]wB/N + [Gs]hs) — [GS]US + L+ [K[]Z

— rw](@he r + iy — Wi X wrn)) - (29)

Let [P]T = [P] > be a symmetric positive definite rate feedback gain matrix. The servo rate
feedback control is defined as

[Gslus = [Plow + [Kr]z — [@p«)n] ([Trwlws/n + [Gs]hs)

— [Irwl(wps g + Wrn — wpn X wryn) + L (30)

Defining the right-hand-side as L., this is rewritten in compact form as

[Gilus = —L, (31)
The array of RW motor torques can be solved with the typical minimum norm inverse
-1
Us = [GS]T ([GS] [GS]T) (=Ly) (32)

To analyze the stability of this rate servo control, the [Gs]us expression in Eq. is substituted
into the Lyapunov rate expression in Eq. ([29)).

Vi = 0w (= [Plow — [@pn] (L lwsn + [Golhs) + [@pe/n] (Trwlwsn + [Gilhs) )
- 6wT( — [PJow — [6] ([Trwlws/n + [Gslhs) )
= —dw![P)éw < 0 (33)

Thus, in the absence of unmodeled torques, the servo control in Eq. is asymptotically stabilizing
in rate tracking error dw.

Next, the servo robustness to unmodeled external torques is investigated. Let us assume that the
external torque vector L in Eq. only approximates the true external torque, and the unmodeled
component is given by AL. Substituting the true equations of motion and the same servo control in
Eq. into the Lyapunov rate expression in Eq. leads to

V, = 6w’ [P]dw — 6w’ AL (34)

This V,, is no longer negative definite due to the underdetermined sign of the dw’ AL components.
Equating the Lyapunov rates in Eqs. and yields the following servo closed loop dynamics:

[Ilrw]dw’ + [Plow + [K[]z = AL (35)

Assuming that AL is either constant as seen by the body frame, or at least varies slowly, then taking
a body-frame time derivative of Eq. is

[Irw]dw” + [P]éw’ + [K[]dw = AL' ~ 0 (36)

As [Irw], [P] and [K[] are all symmetric positive definite matrices, these linear differential equations
are stable, and dw — 0 given that assumption that AL’ ~ 0.
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