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1 Model Description
1.1 Problem Statement

The formulation assumes that there is a rigid hub, with Ng dual-linked solar panels (or appended rigid
bodies) and Subscript i is used to indicated the iy, pair of solar panels. Figure 1 displays the frame and
variable definitions used for this formulation.

There are six coordinate frames defined for this formulation. The inertial reference frame is indicated
by N : {f, 2, fz}. The body fixed coordinate frame, B : {by,bs, bs}, which is anchored to the
hub and can be oriented in any direction. The first solar panel frame, S;1 : {§i171,.§i1,2,§i173}, is a
frame with its origin located at its corresponding hinge location, H;;. The S;1 frame is oriented such
that §;1,1 points antiparallel to the center of mass of the first solar panel, S.;1. The 8;12 axis is
defined as the rotation axis that would yield a positive 8;; using the right-hand rule. The distance from
point H;; to point S ;1 is defined as d;;. The total length of the first panel is l;; The hinge frame,
Hit : {fzilvl,fm?g,fm,g}, is a frame fixed with respect to the body frame, and is equivalent to the
respective S;1 frame when the corresponding solar panel is undeflected.

The other two frames S;o and H;o are frames attached to the second solar panel. The H;o frame is
located at the joint between the two solar panels and iLiLQ = fzig,g. The izim completes the definition



Doc. ID: Basilisk-dualHingedRigidBodyStateEffector Page 2 of 36

N hi12= 81,2

Fig. 1: Frame and variable definitions used for formulation

of the H;o frame and can be oriented in any direction while orthogonal to the iligz axis. This allows
for the simulation to model undeployed solar panels for example and defines the undeflected direction
of the second solar panel. The S;2 by being equal to the H;5 when the second solar panel is undeflected
from its equilibrium point and rotates about the fmg axis.

There are a few more key locations that need to be defined. Point B is the origin of the body frame,
and can have any location with respect to the hub. Point B, is the location of the center of mass of
the rigid hub.

Using the variables and frames defined, the following section outlines the derivation of equations of
motion for the spacecraft.

1.2 Derivation of Equations of Motion - Newtonian Mechanics
1.2.1 Rigid Spacecraft Hub Translational Motion

Following a similar derivation as in previous work,’ the derivation begins with Newton's first law for the

center of mass of the spacecraft.
F

Msc

(1)

To/N =
Ultimately the acceleration of the body frame or point B is desired
TB/N =Tc/N — C (2)

The definition of ¢ the location of the center of mass of the entire spacecraft, can be seen in Eq. (3).

Ng
1
c= [therc/B + Z (mSPnTSc,ﬂ/B + mSPierc¢i2/B)] (3)
s¢ i=1

To find the inertial time derivative of ¢, it is first necessary to find the time derivative of ¢ with respect
to the body frame. A time derivative of any vector, v, with respect to the body frame is denoted by v’;
the inertial time derivative is labeled as v. The first and second body-relative time derivatives of ¢ can
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be seen in Egs. (4) and (5).

Ng
c = 1 (m r + Mep.. T )
- SPi1 Sc,il/B SP;2 Scyig/B
Mse iT
Ng
= 1 Z(m r + Mgp . T )
= SPi1' Seci1/B SPi2" Sci2/B
Mse i 5

The vector rg,_ /g is readily defined using the §;1 axis

TS, /B = TH;y/B — di18i1,1
The vector rg_,,/p is defined similarly
TS, .0/B = THyy/B — lit8i1,1 — di28i21
Now the first and second time derivatives with respect to the body frame of rg_, /p are taken
TS, /5 = dibindi1s
. .
TS, 0B = dindinafin + dinb;18i1,1
Similarly the body time derivatives of rg_,,/p are defined in the following
TS, o5 = li0in8i3 + diz (01 + 0i2) 3i2 3
A . . Y . g
. o/B = (lin8i1,3 + di28i2;3)0i1 + diz8i230i2 + 1671 8i1,1 + diz (0i1 + 6i2) " 8i21

Egs. (4) and (5) are next reformulated to include these new definitions:

Ng
1 . . . o
c = - Z (mspil [di19i15i1,3] + Mesp,, [li19i13i1,3 + dig (031 + 91’2)82'2,3])
5Ci=1
1 Ns .. .
d = - Z (mspﬂdil(eilgilﬁ + 0% 8i11)
€ =1

(4)

(7)

(8)
(9)

+ Msp., [lil <9i1§i1,3 + 9%&'1,1) + dio (01 + éi2)§i2,3 + di2 (éil + 9i2)2§¢2,1]> (13)

Using the transport theorem? yields the following definition for ¢
¢ =" + 2wy x & +wpg)y X ¢+ wp v x (wp/n X €)
Eq. (2) is updated to include Eq. (14)

TB/N = TC/N — ' — 2wp/n X c — WB/N X € — wpg/N X (WB/N X c)

(14)

(15)

Substituting Eq.(13) into Eq.(15) and moving the second order state variables to the left hand side

results in
1 Ns . .
Tp/N W X et Z ([msp“dilgil,S + msp,,lin8i1,3 + mspmdi2§i2,3]0i1 + mspizdi2§i2,36i2>
SC .
=1
1
= FoN — di1 635011 + 11628011 + dio (611 + 0i2)°3;
=Tc/N m Mgp,, @i10;1841,1 T Msp,, | L1051 Si1,1 2\ Vil i2) Si2)1
SC .
1=1

— 2wp X € —wgn X (wpn <€) (16)
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Introducing the tilde matrix® to replace the cross product operators and multiplying both sides by mec
simplifies the equation to

S
Msc¥ g/N — Msc[Elwp/n + Z <[mspi1di1 8i1,3 + msp,,li18i13 + mspﬂdi2§i2,3:|9i1 + Mgp., di2§i2,39i2>
i—1

= F — 2msc[@pn]c — msc[@pn][@p/n]e
Ng

— Z (mspildilez?lgil,l —+ 7’)’Z,Spl_2 I:l’ile'?lgl'l,l + diQ (011 + 92'2)2§i2,11|> (17)
i=1

Equation (17) is the translational motion equation and is the first EOM needed to describe the
motion of the spacecraft. The following section develops the rotational EOM.

1.2.2 Rigid Spacecraft Hub Rotational Motion

Starting with Euler's equation when the body fixed coordinate frame origin is not coincident with the
center of mass of the body? _
Hyp=Lp+ mscﬁB/N xc (18)

where Lp is the total external torque about point B. The definition of the angular momentum vector
of the spacecraft about point B is

Hy.p = [Ihub,Bp]wB/N + MhubTB./B X TB./B
+ Z ( spi1,Sein JWB/N T 01 I, 2812+ Msp TS, /B X TS,,1/B

+ [ISPi27Sc,i2]wB/N + (011 + 912) 842, 2812 2 + msmgr& ZQ/B X 'T'S 12/3) (19)

Both solar panel inertia’s about their center of masses’ are assumed to be defined along principal inertia
axes and are of the form

S, 0 0
[ISPil,Sc,ﬂ] = 0 ISil,Q 0 (20)
L 0 0 ISz’l,S
ey 00
[ISPizysc,&] = 0 I5i2,2 0 (21)
| 0 0 Isz'z,s

Now the inertial time derivative of Eq. (19) is taken and yields
Hee = [Inub,BJws/n + win % hub,BJws/n + MhubTB./B X TB./B
+ Z( iy Sest JWB/N T+ Uspy s ]ws/n + wiin X [Lsp,y,5..0 Jws/n

+ ‘91'1]51‘1,281'1,2 + wp/n X 0i1]8¢1,2'§i1,2 + Msp, Ts, 51 /B X ’FSc,il/B

+ L, 80 WB/N + Hspig,SeilWB/n + WA X [Lspy, 5.0 ]wB/n

(911 + 912) si2.28i2,2 T WB/N X (9@1 + 912) 5i2,28i2,2 T Msp, TS, /B X Ts, 2/B> (22)
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The terms 7 /B, T's,,,/p and T'g,_,,/p are found using the transport theorem and knowing that rp_/p
is fixed with respect to the body frame.

TB./B = WB/N X TB,/B T Wi/N X (WB/N X TB,./B) (23)
f"ﬂ'sc,il/B = Tg'c,m/B + 2(4)3//\/ X ngc,il/B + wB/N X TS..1/B + WB/N X (wB/N X T'SCYH/B) (24)
'FSC,ZQ/B = Tfém/B + ZwB/N X ngc’ﬂ/B + wB/N X TS, .2/B + wB/N X (wB/N X rSc,iQ/B) (25)

Incorporating Egs. (23) - (25) into Eq. (22) results in

H g = [Inub,B.Jwp/n + wp/n X [Thub B Jws/A + MhubT BB % (WB/N X TB./B)

Ng
+ MhubTB./B X [wB/N x (wp/n X TBC/B)] +> ([Iépﬂ,sc,“]ws//\f + Usp,y,Senlwnn
=1

+ wp/n X [Lsp,y 8o JwB/n + éz‘lfs“,zéﬂ,z + wp/N X 9.1'11'511,2%1,2 + Msp,, TS, 11 /B X Tgc,“/s
+ 2mesp, Ts. .1 /B ¥ <WB/N X rgc,i1/3> + Msp, T's,;1/B % (wB/N X rsc,ﬂ/B>
+ Msp, T, 11 /B ¥ [wB/N x (wp/n % 7“sg,ﬂ/B)] + [Lep,5.80 2 1WB/N + [spsa,8.01908/00
+wp/n X [Lspyy.Se.i0]WB/N + (éil + éi2)15i272§i2,2 + wp/n X (éil + 9.1‘2)]5,-2,2%2,2
+ Msp,y TS, 10/B X Tgc,iZ/B + 2Msp,, TS, 15/B X (‘UB/N X 7{5‘0,1-2/3>

M, TS, /B X (“’JB/N x ’“sc,iz/B) + Msp,,T's, /B X [ws/fv X (wp/n Tsc,w/B)D (26)

Applying the parallel axis theorem the following inertia tensor terms are defined as

[Thub,5] = [Thub,.] + Mhub[F5./5][FB,/8]" (27)

[Lsp,i,B] = [Ispy,5ei1) + Mspy, [T, /8] [Fs.0 8] (28)

[ISPizyB] = [Ismg,Sc,iz] + Msp,, [FSM-Q/B] [FSC,iQ/B]T (29)
Ng

[Fsc,8] = [nab] + 3 (Uspys.8] + [Fspooi5]) (30)
i=1

Because the tilde matrices are skew-symmetric, taking the body-relative time derivative of Equation (30)
yields

Ng
e ) = 2 [ oy ) = s (175, /(s ) + [ m] 7, )
i=1
Wy 0] = mopiy (75, /(s i) + (s, IS, 6]) | (31)
[Iép,1 Sc“] needs to be defined and can be conveniently expressed by leveraging the assumption that

the inertia matrix is diagonal (as seen in Eq. (20)) and is written in terms of its base vectors:
s AT 4. AT & AT
[ISP“,SC,M] = ISi1,18i1718i1,1 + Isi1,2 $i1,2841,2 + Isi1,38i1»38i1,3 (32)
Taking the body time derivative of Eq. (32) results in

! _ N AT a. ~IT ~f AT
[Ispﬂ,sc,,-l] =I5, 1811811 T L 18118311 + sy 5851 2801 2

A AT Al AT a /T
+ I8i1,23i1,23i1,2 + ISi1,3Si1,33i1,3 + Isi1,3 5i1,35i1,3 (33)
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Using the transport theorem for each basis vector, j, in the §;; frame: §/; j = Wsy/B X Si1; = éiléz‘lg X
341,5, applying this to Eq. (33), evaluating the cross products, and simplifying results in

[Iépil,Sc,ﬂ] = éil (Isil,S - Isil,l)(§i1»1§£,3 + ‘§i1,3§£,1) (34)

Applying the same methodology for [I! SPigsSei ] and using the following definition: §§27j = Wg,/B X

'§i2,j = (011 + 9@'2)81'2,2 X 874'27]' results in

(I, 500] = (Bt + 0i2) (s — Ly, )(8i2,1 800 3 + 8i2.3805.1) (35)
Substituting Eq. (34) and Eq. (35) into Eq. (26) and using Eq. (30) to simplify results in Eq. (40). The
Jacobi Identity, (a x b) x c=a x (b x ¢) —b x (a x ¢), is used to combine terms.

Factoring out wg/\ and, selectively, wp/zr and utilizing the tilde matrix transforms Eq. 26 into Eq. 36
so that [Isc g] can be extracted.

Ng

Hsc,B = ([Ihub,Bc] mhub[rB /B] [TBC/B + Z < 5P11:Sc,¢1] + [ISPiz,Sc,m] — Msp,, ['FSC,M/B] [7;50,1'1/3]
i=1

— Mep,, [fsc,iz/B][f‘sc,iz/BD)GJB/N + wp/n X ([Ihub,BC] — mhubl7B./Bl[TB./B]+

N,
3% ([ )+ ] = ey . 51675, ] = g sy, )
i=1
+ Z( S Se JWBN + Ot Ty, 801 9 + wpyn X 01 Ty 18000 + Mep, s, /p X TS,
+ 2Msp, 75, ,1/B X (“-’B/N X ri%,u/B) + [Iépn,Sc,iz]wB/N + (921 + ng) sinoBi22+
wp/N X (011 + 912) 51228122 + Msp,T's, 0/B % T'S Bt 2Msp TS, 19/B X (WB//\/ X rfgcﬂ/B)) (36)
[sc,B] is substituted in from Eq. 27 through Eq. 30:
Hy p = I lwpn + win % [Lse,5lwsn
+ Z( <piySeit JWB/N T éilIs“’ng’LQ + wg/n X 6'?1-1[5“,2%1,2 + Msp, TS, 11 /B X Irgc,il/B
+ 2Msp,y 75, 11 /B X (“’B/N X Tfsc,il/B) S e s (911 + 922) sin28i2,2F

WB/IN X (911 + 9i2)15i2,2§i272 + Msp;u TS, 42/B ¥ Tg”cyig/B + 2m5pi2r5c,i2/3 x (wB/N x rf%}g/B)) (37)
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Splitting the doubled terms:
HscB = [Lsc,Blwp/n + wp/n % [Lse, Blwp/n
+ Z( $P;1,5c i1 WB/N + Mep,, TS, 11 /B % (WB//\/ X 'rs 1/B> + 9111321 ,8i12 +wp/n X 011]511 ,8i1,2
+ Msp, TS, ;1 /B ¥ Tg'g,u/B + Msp,, TS, ;1 /B ¥ (WB//\/’ X 7'/5672.1/3> + [Iépiz,sc L]WB/N
+ Mep,, TS, 10/ B X (WB//\/ X rfgc’iQ/B) + (011 + 912) sinn8i2,2 + wWp/n X (911 + 0Z2) si2282,2
+ Mepu TS, 10/B X rgc’iz/B + Mepu TS, 10/B X (WB/N X réc,i2/3>> (38)
Using the Jacobi Identity again, followed by tilde matrix substitution:

HscB = [Isc B]‘-'.)B/,/\/' +wp/n X [ISC,B]wB/N

+ Z( 5P117 c,tl wB/N mspzl <[/’:Sc,il/3] [r/sc,il/B] + [r,scyil/B] [fsc,i1/3]>w8/./\/' + 0i118i172§i1,2

+wpn % OinIs,, 48112 + Mep, Ts, /B X T S8+ Msp, TS, 10 /B X (‘*’B/N x T, ﬂ/B>
+ [Lep,, 5.0 w0/ — Misp, ([fse,iz/B][T'sc,m/B] +[7's..../B] [fsc,iz/B])wB/N + (01 + 0i2) L,y , Bin2

+ WB/N X (91'1 + (91'2)[51.2‘23\1'272 + Msp,, TS, io/B X rgc,iQ/B + Msp, TS, io/B X (wB/N X ’l"gcﬂ_g/3>>
(39)

Factoring out wp/z, and substituting in from Eq. 31 leaves:

Ng

He g = [Isc Blwpn + wpn % [Tseslwpn + [T glwpn + | [9}'11&1,2511,2
=1

g a " /
+ wp/n X 92-1132.1’231-1 2+ Msp TS, /B X rSc“/B + Msp,, WB/N X (rSc,“/B X ’I"SC’“/B>

+ (921 + 012) si228i2,2 + WE/N X (921 + 012) $i2.28i2,2

" /
+ Msp;, TS, i2/B < rsc’iQ/B + Msp, WR/N X (TSC,Q/B X TSC’Z‘Q/B) ] (40)

Egs. (18) and (40) are equated and yield

Ng

Lp + mscitp)n x ¢ = [Ise Blépn + wpn * [Tseslwpn + [ plwpmn + [5i113i1,2§i1,2
=1

A - " /
+wpg/n X Oinls;, ,8i12 + Msp, TS. 1/B X T8, 1/ T Msp;; WB/N X (7’56,“/3 X Tse,i1/3>
+ (01 + 0i2) L, , 8in.2 + wpn X (051 + 0i2) L5,y 18022

" /
+ Msp,u TS, 42/B X rSmg/B + Msp,, WB/N X (rsc,m/B X TSQ,iQ/B) ] (41)
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Finally, using tilde matrix and simplifying yields the modified Euler equation, which is the second EOM
necessary to describe the motion of the spacecraft.

Ng

[Lse.lapn = —[@pn][Tse.8lwpnv — L plwsn — D {5i115i1,2§i1,2
=1

+ [©p/n)0inLsy 58012 + msp,, [Fs, 0 BITS, /5 + Msp, @5/ ][5, 1 /BITS, 0 8

+ (01 + ém)[sm,ggn,z + [@p/n] (911 + éz‘2)1'512,2 82,2
+ mSPiQ [fSc,ig/B]rg’c’ig/B + mspiz [JJB/N] [fSc,m/B]rfS’C,iz/B] + LB — Msc [E]TB/N (42)

However, it is desirable to place the second order state variables on the left hand side of the equation.
Performing some rearranging of Eq. (42) results in an intermediate step.

Ng
"

Mee €7 5/n + [TseBlépn + ). {@'Jsﬂ,zf‘?ilz +msp,, [Ts, 0 /8]75. 1 /8
i=1

+ (01 + éiQ)ISiQ’Q 82,2 + Msp,, [fsc,ig/B]Tgc’m/B] = —[@p/n]lse,Blwp/n — ee Blws/n

Ng
- Z [[C‘}B/N]eillsil,z“gﬂ,? + Mmsp,, [‘:‘}B/N] [fSc,il/B]rgc,il/B
i=1

+ [@pa] (01 + 0i2) Lo,y 1 8122 + s, [@5/07] [Fs..o/BITS, ., /B:| +Lp (43)

Then, the second order terms are factored out:

Ng

msc[€]Tp/N + [Ise,Blwp/n + Z [(Isﬂ,z 8i1,2 + msp, di1[Ts, ;1 /Bl8i1,3 + Is;5,8i2,2
i-1

+ Msp,lin[Ts, 1,/B]8i1,3 + Msp,, di2 [fscﬂ/B]§z‘2,3) 0i1 + (Ismg 8i2,2 + Msp,, [FSC’iZ/B]di2§'£2,3)éi2:|
NS . .
= —[@pn][Tse.Blwsn — [T plwsn — D, [[‘:’B/N]Hﬂjsil,QgiLQ + map,, din01[Ts, 1 /B]8i11
i=1
+msp L1031 [T, /)30 + msp, (@8 [T, 0 8]7s, p + [@8/n] (001 + 0i2) L 1 Bi2
: N2 . - _
+ mspi2di2 (97’1 + 07‘2) [TSc,i2/B] Si271 + mspiZ [(.UB/N] [rSc,iQ/B]T:gcyig/B] + LB (44)

The terms Tgc,il/B and rgmg/B contain second order state variables, therefore replacing their defi-



Doc. ID: Basilisk-dualHingedRigidBodyStateEffector Page 9 of 36

nition seen in Eqgs. (9) and (11) and simplifying the expression yields

Ng

Msc[€]7p/N+ [Isc,B]@B/NJrE [(Is“,g 8i12+msp, dit[Ts, ,/Bl8i13+ L5, 58122 Msp,lin [Ts, /818013
i—1

+ mspmdm[fsc,i2/3]3i2,3)911 + (Isip 28122 + Msp,,diz [f567i2/3]§i2,3)9i2]
Ng

= —[@pn ][ Te Blwpn — [T plwpmn — [91‘115“,2 [©5/x]8i12 + msp,, (@50 [Fs. 1 /BITS, 0 8
=1

+ mspndilégl [’FSC,U/B]gil,l + (011 + 9.1'2)]512,2 [‘:’B/N]giZQ + Msp,, [&B/N] [fSC,iQ/B]r/Sc,iQ/B
5 o . © N2
+ Mmgp,, [TSc,iz/B](lilezleil,l + diz (01 + 0i2) 51’2,1)] + Lp (45)

1.2.3 Dual Linked Solar Panel Motion

The following section follows the same derivation seen in previous work® and is summarized here for
convenience. Let Ly, = L;118i1,1 + Li128i12 + L;1,38;1,3 be the total torque acting on the first solar
panel at point H;;. The corresponding hinge torque is given through

Lirg = —kirbin — cirbin + kiobio + cioblia + Si12 " Text;y iy + Si12 " Ty, X Fiyoi (46)

Where F jy; is the reaction of solar panel 2 acting on solar panel 1. It is important to point out that
Fyj9i = —Fyp;.
To define the F y;, F5/1; needs to be defined. This is done performing the super particle theorem
on the second solar panel:
F2/1i + Fext;y = Maspyy ﬁSc,m/N (47)

The sum of the external forces on solar panel 2, Fi,,, is separate because it does not contribute to
the reaction force at the joint. With this definition F} o, is defined as

Fijo; = Fextiy — Mapis TS, 1/N (48)
Plugging this definition into Eq. (46) yields
Liva = —kin0i—cibin +kibio+ciobin+8i1 2 Textyy 1y +»§i1,2'[7“15@-2/1*{1-1 X (Fextn*mspm?'“.sc,ig/N)] (49)

The hinge structure produces the other two torques L;11 and L;1 3. Text;;,H;, IS the external torque
on the solar panel and is projected onto the §; o direction to find its contribution to L;1 2. Gravity, for
example would apply the following torque on the solar panel about point H;;

Tg,Hin = TS.i1/Hin * Fg (50)
The inertial angular velocity vector for the solar panel frame is
WS, N = WS, /My T W, /BT WB/N (51)

where WS, My = 911&‘1,2- Because the hinge frame H;; is fixed relative to the body frame B the
relative angular velocity vector is wy;,, /5 = 0. The body angular velocity vector is written in S;;-frame
components as

wp/n = (8i1,1 - wp/n)Sin1 + (8i1,2 - wpn)8in2 + (81,3 - wi/n) 813 (52)

= Ws;y18i1,1 + Wsi1,2541,2 + Ws;y 38i1,3 (53)
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Using this definition greatly simplifies the following algebraic development. Finally, the inertial solar
panel angular velocity vector is written as

WS N = Wsiy 1 8i11 T (Wsyy 5 + 0i1)8i12 + Wsyy 58013 (54)
As 812 is a body-fixed vector, note that

B B
) d N d . ) R
Wsnz = 3y (wp/n - 8i12) = % (w/nr) - 8i12 = wg/n - Bir2 (55)

Substituting these angular velocity components into the rotational equations of motion of a rigid
body with torques taken about its center of mass,” the general solar panel equations of motion are
written as

ISi1,1wSi1,1 = 7(132'1,3 - Isi1,2)(w3i1,2 + é’il)wsil,B + LSil,l (56)
ISil,Q (w8¢1,2 + 01‘1) = _(Isﬂ,l - Isi1,3)w5i1,3w5i1,1 + L5i1,2 (57)
I5i1,3w3i1,3 = _(ISﬂ,z - Isil,l)wsil,l(wsil,Q + 91'1) + L5i1,3 (58)

where LS(:,il = Ls“’léil’l + Lsﬂ,2§i1’2 + Lsﬂﬁéil,g is the net torque acting on the solar panel about its
center of mass. The second differential equation is used to get the equations of motion of #;;. The first
and third equation could be used to back-solve for the structural hinge torques embedded in L, ; and
Ls,, 5 if needed.

Let F§,,, be the net force acting on the first solar panel. Using the superparticle theorem? yields

FSc,z'l = mSPui;Sc,z‘l/N (59)

The torque about the solar panel center of mass can be related to the torque about the hinge point H;;
using
LHil = LSc,il + TS, i1/Hi1 ¥ FSc,u (60)

Solving for the torque about S, ; yields

LSc,il = LHz'l =TS, 1/Hin X Msp TS, ;1 /N (61)
Taking the vector dot product with 38;1 2 and using TS, /Hy = —d;1841,1 results in
Ls,, =82 Ls., =812 Ly, —8n2- (Tsc,ﬂ/Hi1 X mspﬂrsc,ﬂ/zv> (62)
\_.\/._/
Lii,2
Ly, = —ki10in — cin0in + kiobiz + ciobia + 8112 Text;y 1y, + 8i1,2° [TH,Q/Hi1 X (Fext;s _mspig"":Sc’iQ/N)]

+ mspﬂdilgil? ’ (éilﬂ X 'i;Sc,ﬂ/N) (63)
Expanding a couple of definitions

L,y 5 = —kabin — cir0in + kioliz + ciolia + 8i1,2 - Textyr 1y — lin8in,2 - (81,1 X Fextyy)

+ mspi2lﬂ.§ﬂ72 . [éil,l X ('FSC,ZQ/N)] + mspﬂdilgil,Q : (gil,l X ".';Sc,il/N) (64)
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Using the double vector cross product identity results in:

Ls;y , = —ki10in — cinbin + kioliz + ciobhia + 8i12 * Textyy Hy + li18i1,3 - Fextys

= Mapiplit 8i1,3  Ts, o /N — Msp,, dit Sin3 - s, /v (65)
The following definitions need to be defined:

TS../N =TB/N +Ts,,1/B

= Fp/N T T8, /5 T 2WBIN X TS, B T WEN X TS, /B +wBN X (Win X Ts, 4 /B)  (66)

TS,..2/N =TB/N T TS, ,,/B

=7Tg/N t rgcﬂ/B + 2wp/ N X ’rfgc’iz/B + WE/N X TS, /B T WB/N X (wp/n % TSC,iQ/B) (67)

Substituting these definitions into the torque equation results in:

L, = —kinfin — cinlin + kinbio + ciolia + 8112 - Textyy .y + lin8i13 - Fextyy — Mep,, di18i1,3 - [FB/N
+ Irgc,il/B + 2wp)p X 7'{90,1-,1/3 + W/ X TS, B T wBN X (W X rsc,ﬂ/B)]
— Mpiyli18i1,3 - [fB/N + Tgc,iZ/B + 2wp N X 'I’fgc’iz/B + WB/N X TS, 1n/B
+wpv X (Wi X 7°sm~2/3)] (68)
Substituting this torque into the earlier differential equation
Loy o (@50 +01) = =(Toiny — Loy ) Wiy 4@sin s + Lo (69)

leads to the desired scalar hinged solar panel equation of motion

Loy 5 (88 0tpn + 01) = —(Lsyy 1 — Loy ) Wsiy oWsin .y — Kinbin — 0 + kioBio + cinbio
+ 8i1,2 * Textii, Hyy T li18i1,3 * Fext;y — Msp,, di18i1,3 - [7';3/1\7 + Tgm/B + 2wp/n X T/SC,H/B
+ W X T, /B +win X (W X rSc,ﬂ/B)] — Migpyli18i1,3 - ['FB/N + rgC,iQ/B + 2wp/n X 'rfgcﬂ/B
+WRIN X TS, /B +WpN X (WN X Tsc,iz/B)] (70)

Moving second order variable to the left hand side of the equation yields:

AT T AT T s T s .
[msml di13i1,3 T Mesp;o li1511,3] Tp/NT I:Isil,Q 831,27 Mspy di1511,3[7°sc,i1/3] —mspizli1311,3[7’sc,i2/3]]WB/N
n AT " AT " )
+ Isi1,29i1 + mspildilsi1,3TSC i1/B + mSPizlilsil,STSC /B~ _(Isil,l - 182'1,3)(*’81'1,3“}81'1,1 — kb1 — cinbi
b ~ ~ A~ /
+ kiobia + ci20io + 8i12  Text;y, Hyy + 1i18i1,3 * Fexts, — Msp,, di18i1,3 - [2603//\/ X T /B
+wgin X (W X T V| — Mspi,li18i13 - | 2wp A X T + wgn X (W X7 )
B/N B/N Se,i1/B spi2¥i1941,3 B/N Se,i2/B B/N B/N Se,i2/B
(71)
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Expanding the rgc’“/B and rgcﬂ/B terms, replacing cross products with the tilde matrix and again
isolating the second order variables results in:

[mspﬂ di1 8} 3+ M,y lin 353] TB/N+ [Ism 81 9o—msp, din 8], 3[Fs, .. /Bl—Mspulin8]) 3[Fs, ., /B]]L«'JB/N
+ [Isim + Misp,, Aoy + Mipi 3 + msmlildiﬁg,g@m,s]éﬂ + [msp,-glz‘1di2§£,3§i2,3]éiQ
= —(Isyq — Lsy 5 )Wsi1 5Wsi — Kinbin — cibin + kiobia + ciolin + '§7,11727-exti1,H“ + liléz;,gFextig
— msp,, di18]) 3 [2[@15/]\/]7{9“-1 B+ wsnll@snTrs, ., /B]
— Mapplin8]) 3 [2[@B/N]T'sm/3 + [ @/ s, 1o/ + L7 811 + diz (01 + 9i2)2§i2,1] (72)
Eq. (72) is the EOM that describes the motion of the first solar panel with a linked secondary panel

attached at the end. The final step is to find the EOM of the secondary panel. Following a very similar
pattern the EOM for the second panel is found. First the torque about point H;o is defined as:

Lioo = —ki20iz — ciobio + 8i2.2 - Text;o,Hjo (73)

The relationship between the torque about the center of mass of the solar panel and about the hinge
point is defined as:
LHi2 = LSc,¢2 + TS, io/Hiz ¥ FSc,iQ (74)

The torque about 822 is the only torque that is required:

L5i2,2 = Si2,2" LSc,i2 = 8i2,2 " LHiQ —S8i2,2 " <TSC,1'2/H¢2 x mSPizrsc,m/N) (75)
\_\f_J
Lia2

Substituting Eq. (73) into the previous equation yields
Ls;, = —kiobia — ciobiz + Bina - Textio, Hin — Msp;di28i2,3 * TS, /N (76)
Substituting this torque into the modified Euler's equation for the second panel
oo (@sins + 01+ 0i2) = —(Isipy — iz )WsinaWsiy + Lisias (77)

Results in:

) . . . o
ISz‘2,2 (w5i2,2 + 01 + 922) = _(ISiZ,l - 15i2,3)w5i2,3w5i2,1 — kigbia — ci20i2 + Si2,2Text;2,H;o

AT e
—mspndﬂsiz,zrsc,n/N (78)

Substituting the definition of 7'5_,,/x yields:

) . . . o
‘[Si2,2 (w5i2,2 + 0 + ‘gi?) = _(I5i2,1 - ISi2,3)w5i2,3w5i2,1 — kigliz — ciobliz + Si2,2Text 2, H;o

A .
— Msp,,di28i2 3 [TB/N + 18 LB T 2WEIN X TS, g T WBIN X TS, /B wWin X (WEn X Tsc,iQ/B)]
(79)
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Moving the second order state variables to the left hand side of the equation yields:

7. e T ) . .
[mspigdi25i2,3]rB/N + |:IS¢2,2SZ'2,2 - mspmdi2si2,3[r50,i2/3]]w6//\/ + [Isig,g]@'l + [Ism]ezﬂ
dio8h a1 = (I I kioBio — cinbiz + 85
+ Mesp,, 125@'2,3715'6,1-2/3 = _( Si2,1 5i2,3)w3i2,3w5i2,1 — Ki2bia — ci2bi2 + Si2,2Texti2,H;o

— Misp,,din8} 3 [2‘-013//\/ X T 5 T WB/N X (WA X TSc,iz/B)] (80)

c,12

Expanding 77 /B isolating second order state variables to the left hand side and introducing the
skew symmetric matrix:

AT | AT AT 1 . 2 T A ]
[msm2 di28i2,3] TN+ [1 si2,28i2,0— Msp,, di2872 3[Ts, /B]]wB/N+ [I si2,2 TMsp,, Aio+Msp,, il di28i2,33i1,3] 0i1

+ [Isiz,z + mspigd?Q]eiQ = _(I5i2,1 - ISiQ,S)wsiQ,Swsﬁ,l — kiglia — ciobio + §£,2TeXti27Hz‘2
AT ~ ~ ~ 12 a
— Mep,, 2875 3 [2[WB/N]7"§CJ2/B + [wpnll@s/n]Ts, 0B + l119¢1811,1] (81)

Eq. (81) is the last EOM needed to describe the motion of the spacecraft. The next section develops
the back substitution method for interconnected panels and gives meaningful insight on how effectors
connected to other effectors dynamically couple to the spacecraft.

1.3 Derivation of Equations of Motion - Kane’s Method

The choice of state variables and their respective chosen generalized speeds are:

_TB/N_ 'rB/N
OB/IN wB/N
01,1 01,1
X = 91,2 u = (9'1’2 (82)
GNS,I 0N5,1
QNS,Q_ _éNS,Z

The necessary velocities needed to be defined are as follows
TB.N =TB/N +Wa/N X TB,/B =TB/N — [TB,/BlWwB/N (83)
WB/N = WB/N (84)

TS,0/B = TB/N + T /BT WBN X Ts, /B =Tp/N +dinbndig — [Fs,,/Blosn  (85)

’f‘SC,ig/B = ’f‘B/N + r’lsc,m/B + wB/N X TSW-Q/B = ":’B/N + lileilgil,?) + dig ((91'1 + 9i2)§i2,3 — ['f'Sc,iz/B]wB/N
(86)

ws;, /N = WB/N T 01811, (87)

WS /N = WB/N T+ (911 + 912)§12,2 (88)
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’I:‘C/N=1;‘B/N+C' (89)

Now the following partial velocity table can be created:

Table 2: Partial Velocity Table

r vBe wB vy Wil VR woiz
1-3 [I3x3] [03x3] [I3x3] [033] [I3x3] [033]
4—6 | —[rp.B] | [Isxs] | —=[7s.../B] | [L3x3] —[7s. ../B] [L3x3]

7 [0351] [03x1] di18i1,3 3i12 | ln8ina+diodins | Si22

8 [03x1] [03x1] [03x1] [03x1] din8i23 8i2.2

An additional partial velocity that is needed is ['vf_g] for the external force applied on the spacecraft,
Fey:. Using Eq.(89) the following is defined:

[ 5] = [I3x3] (90)

Using these partial velocity definitions, the follow sections will step through the formulation for the
translational, rotational and slosh EOMs developed using Kane's method.

1.3.1 Rigid Spacecraft Hub Translational Motion

Starting with the definition of a generalized force:

N
Fo=Ynvl-F (91)
T

Using this definition the external force applied on the spacecraft for the translational equations is defined
as:

Fi_3= ['Ulc_g]TFext = Fout (92)
Using the definition of generalized inertia forces,
N
=) [w;f:r* +of (—mTar)] (93)

T

the inertia forces for the hub translational motion are defined as

Ng
Fi 3= [’UlB—C?;]T(_mhuerc/N) + Z ([”1—31]T(_m5p¢1TSC,H/N) + [”1—32]T<_msmzTSc,iz/N)>
i
Ng

= _mhub'i;Bc/N + Z ( - mSpilli/:Sc’il/N - mspig'i;Sc,iz/N> (94)
i
Finally, Kane's equation is:

F.+FE'=0;, r=12,..N (95)
therefore the equation for the translational motion is:

Ng
Fext — MhubTB, /N + Z ( — Msp,, 'S, 1 /N — msp,-g’i‘scﬂ/N) =0 (96)
.
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Expanding and rearranging results in

Ng
Mhub(TB/N + TB./B) + Z [msm1 (/N + fsc,n/B) + Msp,, (TB/N + 7';Sc,ig/B)] = Fext (97)

3
Plugging Eq. (24) into Eq. (97) results in

Ng
MhubTB/N + Mhub [GJB/N X Tp,/B + wp/N X (Wp/n X TBC/B)] + 2 (msm1 [fB/N + 75, /B

7

+ 2“‘JB/]\/' X 7{8’67,-1/3 + wB/N X TS, /B + wp/N X (L‘JB/N x rsc,il/B>:| + Msp,, [’FB/N
+ 75 o p t2WEIN X T B T WBIN X TS, /Bt WiN X (WEa X "“sc,iQ/B)D = Fo (98)

Combining like terms results in:

Ng
MscTB/N — Msc|Clwp/n + Z (mspil [d11§i1,391;1 + di19,~21§i1,1]
;

+ mgp,, [(li1§i1,3 + dinBio3)0i1 + dindio30i0 + 110348111 + dio (@‘1 + 9i2)2§i2,1]>
= Fext — 2msc [‘Z’B/N]C/ — Msc [‘;’B/N] [‘:’B/N]C (99)
Rearranging and putting in final form:
Ns .

MscB/N — Msc|€lwp/n + Z <[mspi1di1 81,3 + msp,li18i1,3 + msp, dz‘2§z‘2,3]9¢1 + Msp,, di2§i2,39i2>
5

= Fext — 2msc [‘:’B/N]C/ — Msc [‘—N‘JB/N] [‘:’B/N]C
NS . . . . 2
— Z <msp“di101'21§7;1,1 + Mep, [(l¢19i21§i1,1 + diz (01 + 0i2) <§i2,1]> (100)

Which is identical to Eq. (17) found using Newtonian mechanics.
1.3.2 Rigid Spacecraft Hub Rotational Motion

The torque acting on the spacecraft, L needs to be defined as a general active force. Using Eq. (91)
active forces acting on the spacecraft for the rotational equations can be defined as:

Fy ¢=[w} ¢]"Lp = Lp (101)

To define the generalized inertia forces, using Eq. (93) the definition of T needs to be defined for
a rigid body:

T* = —[I]w — [@][Lc]w (102)
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B Bc c (3 ..
Ff¢= [w4—6]TTPTub + [U4—6]T( mhubTBC/N + 2 ( Uy 61]T(—msp“7’sc,ﬂ/N) [‘*’4 G]TTsT)ﬂ
7

Se,i . . - - .
S K G R R e G]TTS";J = —[Ihub,Blwp/n— @8/ [ Ihub, Blws/n—mhub [T B, /8] B. /N

+ Z ( mspzl rsc zl/B]IrSc zl/N [Ispilasc,il]wSil/N [wSzl/N][ Sp117SC zl]wszl/N

- mSPiQ [’f‘sc,iz/B],i;Scyig/N - [ISPiQ,Sc,iQ]wSiQ/N [wszz/./\/-][ Splz’sc zQ]wS 2/N> (103)

Using Kane's equation, Eq. (95), the following equations of motion for the rotational dynamics are
defined:

Lg — [Ihub B]wB/N — [@p/n ][ Thub,Blws/n — Mnub|TB./8]7 BN
+ Z < mspzl TSC zl/B],rSc zl/N [IspihSC,il]wSil/N [wSZI/N][ SP;1s SC zl]w‘szl/N

— Mesp,, [fSc,m/B]'FSc,m/N - [Ispizﬁc,iz]w&'g/N - [":’81'2/./\/'] [Ispiz,sc,m]w&z/./\/') =0 (104)

Repeated here for convenience:

WSy /N = WB/N T+ 9¢1§¢1,2 (105)
Define the inertial derivative:
Ws; /N = WB/N T+ 6118012 + éz’le//\/’ X 81,2 (106)
Same for the second panel:
WS /N = WB/N T (631 + 0i2) S22 (107)
Wspn = Wiin + (031 + 0i2) 3i2.2 + (051 + Oin)wpn X Bin2 (108)

Expand using those terms:

Ng
Lp — [Tnub,8lwsn — [@5/x ] Thub, Blwsn — mhus[Fp, 875, 8 + < — Msp,, [Ts, 1 /BT 5. /N
.

— Usp;1,50.11 [‘-‘"B/N + 018112 + Onwpn X §z’1,2] (@5, /N [ Lsp,y . Se.i WS, /N

— Msp,, [fsc,iZ/B],i’;Sc,iQ/N - [ISPiQuSc,iQ]I:wB/N + (911 + 9i2)'§i2,2 + (‘91'1 + 92‘2)‘»03//\[ X é2'2,2]
(@50 epi s, IQ]wsﬂW) 0 (100)

Expanding some more terms
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Lp — [Ihu, B]wB/N — [@p/n I[Thub,Blws/n — Mhub[TB. /BT B, /N
+ Z < Msp, 75,01 /BITS. 0 /N — Lspy1,Se.i1] [QB/N + 018510 + 9i1w5/N X §i1,2]
- [WB/N + 9i1§i1,2] X [Isp“,sm][wg//\f + éiléilvg]
— Misp, [T, 10/BITS, i0/N — [Lspys,5e.ia] [“;JB//\/ + (01 + éi2)§i2,2 + (01 + 9i2)wB/N X §z‘2,2]
— |wrn + O+ 6i2)8i22 | x U] |wriny + (01 + e‘m)ng =0 (110)

Further expansion:

N,
Lp — [T slws/v — (@53 ] Hhub, Blws/n — mhub[TB,/B]7 /N + ZS] ( — Msp,, [T, .1 /BT 5. /N
)
— [sp,y,5e,i1] [423//\/ + 0118112 + Opwpn x -§z'1,2] (W sp,y 5.1 Jwn N
— wp/N X [fsp“,sc,“]éiléil,z - éiléz’l,z X [Isp;,,S0.01] [WB/N + 9i1§i1,2] — Mip,[Ts, 10/BITS, 1o/N
— [Lsp,3,5c.i0] [@‘B/N + (011 + 0i2)8i2,2 + (051 + Oiz)wps pr 51'2,2] [WB/N [ Lspyg, 8.0 |wB/A

— WB/N X [Ispiz,Sc,ig](éil + 0i2)8i09 — (011 + 0i2)Bi09 X [Lsp,y,5c.io] [UJB/N + (0 + éiQ)éiQ,Q]) =0

(111)

Rearranging some terms:

LB — Unuwb,Blws/nv — (@53 ][ Ihub,Blws /A — MhublTB./B]T BN
+ Z ( Isp,1 8.0 )ws/n = Uspi,Senlwsiv — (@881 Usp,1 8.0)wsin — [@8/a 1 Usp,y,8.0.001ws/80

— Msp,, [Ts, .1 /81750 /N — [Lsp;1,5c.1] [9z‘1~§z‘1,2 —0i18i1,2 % wzs//v]
— I,y ,0nwp/nv X 8i12 — 01812 X [Isp,, 5.1 Jws/n

— Misp,, [Ts, 1o /BITS /N — Uspyy,5ei0] [(éﬂ +0i2)8i2,2 — (051 + 0i2)8in 2 x ws//\/]
— Lo, (01 + Oin)wpn X Si22 — (i1 + i) Si22 X [ISPiz,Sc,z'Q]wB/N) =0 (112

This needs to be defined:

_ %I, 00 0 %o 01
[Lsp,,,5..011001 8012 X wpnr = 0 0 I,, O 0 0 0|%wgy (113)
0 0 I, 100

Which simplifies to:
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Si1

) ' 0 0 Isz'1,1
[Lspsy,Sc.i)0i18i1,2 X wp/n = i 0 0 0 S“WB/N
—Isy, O 0

Final simplification:

. . o o
[Lsp,y,5.110i18i1,2 X wpyn = 0i1 (Ls,y 1 8i1,18513 — Ls;1 58i1,38i1,1)wi/n

Same for second panel:

L o . o
[Lspi.Se.iz) (0i1 + 0i2)8i22 X wp/n = (0i1 + 0i2)(Is; 1 8i2,1812 3 — L5 58i2,38i2.1)wB/N
Another term that needs to be simplified is:

Si1 S

' . 0 0 1]™[Ly, O 0
Oir8ir2 X [Lsp,, S.lwpy =0 | 0 0 0 0 Ly, 0 |Twgy
10 0 0 0 I,
Which simplifies to:
. ST 0 0 I,
0i18i1,2 X [Isp,y,Se.lwp/n = i 0 0 0 |Twgw
—Is“,l 0 0

Final simplification:

_— . 7 7
91’131’172 X [ISPil,Sc,ﬂ]wB/N =0i (Isi1,33i1,13i1,3 - ISi1,1si1733i1,1)wB/N

Performing the same methodology for panel 2:

(011 + 0i2)8i2.2 X [Lspy.5. o )wnn = (Bi1 + 0i2) (L 48121805 — Lsp 1 812,385 1 )winr

Plugging these in:

Lp — [Inb,Blws/n — (@8~ ][ Thub, Blws/n — M| T, /BT B, /N

(114)

(115)

(116)

(117)

(118)

(119)

(120)

Ns
+ Z <_ [Ispihsc,il]wB/N - [Ispiz,sc,n]wB/N - [‘:’B/N] [Ispipsc,il]wB/N - [‘:’B/N] [Ispizﬁc,m]wB/N

~ . N ; ~ T R AT
— Msp, [T, /BIT 5.0 /N = [Lspyy 501001812 + 0i1(Is;y 1 81,1871 3 — Ls;y 58113871 1)wB/n

. ' . . R
— Is;y 0nwp)n % Si12 — 0i1(Ls;y 58011811 3 — Isiy 1 8i1,38711)wWB/N

— Mepyy [75,00/B1F S o/ — Tspig S0 ] (Bin + 0i2) 8i2.2 + (i1 + 0i) (s, 812,181 3 — Tsia 812,380, )wp v

-1

Moving some terms around:

sin (01 + 0i2)wp v X 8in2 — (01 + 0i2) (L5 5 812,185 5 — Isi2,1§i273'§£,l)w3/./\/’> =0 (121)
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LB — [Ihub,Blws/n — [@8/a][Ihub, Blws/n — Mhus [T B, /BT B, /N
+ Z ( Isp. 1 5 lwB/n = Hspg,Seinlwnin — [0/ [ Lsp,y,5e0 Jws/v — [@8/0 ][ Lsps,Se 00 JwB/ar

- 9@'1(1&-1,3 — Ly )(81,180 5 + 81,380 Dwsin — (01 + 0i2) Ly y — Lsiny ) (812,180 3 + 812,385 1 )wpnr

— Msp,, [Ts,1/BITS.0 /N = Usp,y,8e10i18i1,2 — Lsyy h0i1wp ar X Sit2

- i2 5 c,i r c, - 129°¢,1 S 2 i2, '. .A S; ) =
Mspy TS, 10/BITS io/N = Uspig,Se.i2] (i1 + 0i2)8i2.2 1522(921+912)w3//\/><8122) 0 (122)

Plugging in the acceleration terms:

Lp — [Ihb,Blws/n — [@8/n][Thub,Blws/n — M7 B./B] [fB/N + ch/B]

+ 2 <_ SPi1,S Lll]wB/N [Ispiz,sc,m]wB/N - [‘Z’B/N] [ISP“,SC,U]WB/N - [":)B/N] [ISP¢27Sc,i2]wB/N
, aT s AT Ty s AT oA AT
- 9z1(fs1-1,3 —Is;1)(8i11851 3 + 81,3851 1)wi/nv — (01 + 0i2) (Lsin5 — Isi01)(8i2,18503 + 8i2,3810 1 ) Wi\
— Msp,, [Ts,.,1/B] [f‘B/N + ’i‘sc,“/B] — [Lep,y 500 10518012 — Lo,y L0100 % 8in2

— M, [Ts, 15/B] [fB/N + 7';56’1-2/3] - [ISpiQ,SC,iQ](éil + éi2)§i2,2 - Isi2,2(911 + éi2)w8//\/ X §z‘2,2) =0
(123)

Expanding acceleration terms:

L — Unubslwsn — (@58 Uhub,slws v = mnab[T 5./ 51758

— Mhub|TB,/B] [wB/N X Tp./B + wp/N X (Wp/N X TBC/B)]

+ Z < - spzlv c 11]wB/N [ISPl'Qch,iQ]wB/N [wB/N][ spllvsc zl]wB/N [wB/N][ 5p12vsc 12]wB/N

— Mspyy [fsc,il/B]i;B/N — Mspyy [,':Sc,i2/B]IFB/N
- éi1(18i1,3 - ISi1,1)('§i171'§£,3 + '§i173'§31,1)w3/f\/ - (911 + éiQ)(ISzQ,S - ISi2,1)('§i2,1§g;,3 + §i2,3§£,1)w3/./\[
— mspﬂ[fsc,u/B][TgC,u/B + QwB/N X Ir*,gc,il/B + wB/N XTs, /Bt W/ X (WB/N X TSC,M/B)]
- [ISPM,SC,n]éiléil,Q - ISil!Qéile/N X éil,2

— Mspy, (75, 10/B] [Tgm/B + 20BN X TS, B T WBIN X TS, /B WBN X (Wpn X Tsc,ig/B)]
— [LspinSeial (Bit + 0i2)8i0.2 — Lo (031 + bi2)wp - % §z‘2,2) =0 (124)

Moving like terms:
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Lp—[Inub,slws/nv+mnu[7s./8][7B./8lws/N—[@8/A ] [hub, Blws /A +mhus (@847 ] [T . /Bl [T B./Blws/A
Nsg

— miub[Fp. 81BN + ) ( = Usp,1,Sealwnv + msp, [Ts, .1 /B[S, o /Blws/n = [Lsp,y,Se.iJwB/n

1
+ Msp, [T, /Bl TS, 0o/Blws/n — [@B/a s, S 0 Jws/v + Msp, [@0B/n ][5, /Bl TS, .. BlwB/NV
- [&B/N] [ISPig,Sc,iz]wB/N + mspig ["DB/N] [7’;8071‘2/3] [f‘SC,iz/B]wB//\/‘ - mSP“ [fscyﬂ/B]'FB/N
— Mispy, [T, o/ B)P /N — Ot Ty 5 — Lo ) (811,180 3 + 801381 1 )wpn
— (011 + 0i2) (Lsyy — Lsn ) ) (8121800 3 + 8i2,3800.1)wp/n — Mapy, [Fs, /8] [’“gc,ﬂ/B + 2wp N X T’sc,ﬂ/B]
— [Lspyy.50010118012 — Loy L0n1wpnc % 8i1,2 — Msp,, [Ps, /8] [Tféc,n/g + 2wp A X "“19672-2/3]

— Uspiz,Se0](Bin + 0i2)8i2.2 — Ty, (01 + i) wps e X ~§i2,2> =0 (125)

Combining like terms using the parallel axis theorem:

Ns
Lp—[Isc 8lwop/n— @55 Tse, 81w v —msc €l p v+ ) <_9i1(ISi1,3_ISi1,1)(éil,l'§z21,3+'§i1,3'§z21,1)w8/./\/'
[

= 2msp, [T, ,1/8] [‘*’B/N X quc,ﬂ/B] — (01 + 0i2) Lsyy — Lo, ) (8i2,18}0 3 + 812,385 1 )wi /v

= / ~ " ~ A
= 2Misp,, [T, 10/ 8] [WB/N X TSC,Z'Q/B] —Msp, [T, 11/8175, 11 15— ooy, 8e10i18i1,2 = Loy ;0w n X Bin 2

— Mp [T, 0/ BITG, /8 — Tspineio] (Bt + Bi2) 80,2 — Iy, (61 + bio)wpnr % §z’2,2> =0 (126)
Splitting the —2mspi1[fsc’“/3][w3//\/ X "JSC,“/B] term:

Ng
Lp—[Isc.Blwpn—[@p/n 1 [Tsc Blwp v —msc[EF g+ ) (—Hil(fsu,g—Ism)(§z'1,1§5,3+§i1,33’5,1)w5w
7

- mspil [FSC,H/B] [WB/N X r‘,sc,il/B] + mspil [";Sc,il/B] [F:S‘wl/B]wB/N

— (0i1 + 0i2) (Lsy s — Loy, ) (8121815 3 + 82381 1 )wp/n — Msp, [T, 15/B] [wB/N X ’“/Sc,iz/B]
+ M,y [Fs, 1o/BI[FS, o plwsin — Msp, [Fs, /8IS, 5 — Hsppysen)indine — Lo n0nwpn % 8i2

— Mpy [T, 0/ BITG, /8 — Tspineio] (B + 0i2) 80,2 — Iy, (61 + bio)wpnr % §z’2,2> =0 (127)

Using the Jacobi identity for simplification:
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Ns
LI, Blopn—[@p/n ] [Tse.Blwpn—msc[Eli g n+) | (—Hil(fsﬂ,g—Isn,l)(6‘37:1,1§£,3+§v:1,3§31,1)w3w

KA
+ Msp,, [7:{961141/3] [,':Sc,il/B]wB/N + Mep,, [,':Sc,il/B] [fg‘c,“/B]wB/N

. T i A
— (01 + 02) (Lsipy — Lsiz1) (81218103 + 82,3812 1)Wpn + Misp, [Ts, o /B1[Fs, 0/Blws/N

+ mSPiz [fflscyiz/B] [,':A/S'CYiQ/B]wB/N - mSPil [":SC,H/B]T:S/‘C,H/B - [ISP¢175c,i1]0i1'§i1,2 - Isil,Qeile/N X §i1:2

— Msp,y [G)B/N] [FSC,iI/B]r,SCﬂj/B — Mesp,, [fsc,iQ/B]rgwg/B - [ISP¢27SC,1‘2](‘91'1 + 9i2)'§i2,2

— Ipp0 (01 + Oi2)wp v % Bi22 — Mep,, [@5/0] [fsc,iz/B]quc,ig/B> =0 (128)

Combining terms into [I]_ plwsp/ar
Nsg
L —msc[€lipn — [Lse,8lwp/n — [@5/n ] [Tse.8lwsn — [T plwpn + ) ( —msp,, [Ts, . /BI7S, 1 /B
i

— Usp,y 50000118012 — Loy p0n1wp v X 8i1,2 — msp,, [O/n[Fs, /IS, o 5 — Mspi [Ts. 1o/BITS, 0B

— Uspy.Suia) (051 + 0i2)8i22 — L, 5 (i1 + Oi2)wpjpr X Bin — msp., [@5/57] [fsc,iQ/B]T'iqm/B) =0
(129)

Expanding the r’éc’ﬂ/B and 'r"bicﬂ_?/B terms:

Lp - mSC[é]fB/N - [ISC,B]QB/N - [‘:’B/N] [ISC,B]‘*’B/N - [Iéc,B]wB//\/'

Ng
- A 2 A N
+ Z ( — Msp,, [Ts,.1/B] [d11311,39il + di19i18i1,1] — [Lsp,y 50110018012
i

— Ly, 00wp)n % 812 — msp,, [W5/n][Ts, /8IS, /B
) A . . o ) g
— Mesp,, (75, 1/B] [(li13i1,3 + din8i23)0i1 + dindin 302 + 1104811 + dia (61 + 0i2) Sz’2,1]
— [Tpyy 5001 (01 + Oi2)8in.2 — Ty (01 + Oi)wp pr X 8in2 — Misp,, [@5x7] [fsc,iQ/B]ngm/B) =0
(130)

Moving the second order state derivatives to the left hand side:
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Ng
msc[ ]TB/N + [ sc B]wB/_/\/ + 2 ([ Si1 2311 2 + Megp, 1d21['rs‘c Zl/B]szl 3+ Is;, 23122

+Msp,, [Ts, /8] (L '§i1,3+di2§i2,3)]éﬂ FLsip 28122+ Msp,, di2 [fsc,m/B]@m,séz‘z) = —[@p/n]Lse,Blwsnv

Ng
— [T plwpn — . <m5p (A6 [Fs, /81800 + Loy ,00[@pn ]300 + msp, [@5/n[Fs, BT, 18

[

+map [, )| L0 8 + dia(Bun +0:2) 8020 | + Lo s (O + 0i0) @012
+m5P2[wB/N][rSC 12/B TSC 2/3) + Lp 131)

Which is the same solution as the equations using Newtonian/Eulerian mechanics.
1.3.3 Panel 1 Flexing Equation

Following the similar pattern for translational and rotational equations the generalized active forces are
defined for the first interconnected panel:

Fr; = w?z‘l : [(—kileil — ci160i1)8i12 + (kiobio + ciobin)Bina + Texti1, H 11] + ’07 - Fy o4 (132)

Need to define this velocity

Therefore:
vl = 131815 (134)
This needs to be defined:
Fl/Qi = Fextig — mspig,’:Sc’ﬂ/N (135)

Plugging this in results in:

F; =3;12- [(—kﬂ@il - Ciléil)gil,Q + (ki20i2 + Ci29i2)§i2,2 + Text“,Hil] +118i13- [Fextig — Mispys ’FSC,Z-Q/N]
(136)
Simplifying:

Fr = —ki10n — cabin + kioOio + ciobia + 8i1 2 Textsy 1y + 118113 Fextyy — Mspiplin8in3 - Ts, p/n (137)
The generalized inertia forces are defined as:

* * Se,i1 .
Fr = frsp 1 + vy ’ (_mspilrsc,il/N)

= §i172 ’ [ - [ISP¢175c,il]wSil/N - [‘Z)SU/N] [ISPmSc,il]wSu/N] + di1§i1:3 ’ (_mSPui;Sc,il/N) (138)
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Using Kane's equation the EOM is defined as:

— kirbin — cin0n + kigbio + ci20ia + 8i12 - Textsy, iy + 1i18i1,3 - Fextjy — Mispplin8in,3 - T's, /N
+ ‘§i172 ’ [_ [ISPﬂ,Sc,il]wS“/N - [(1,821/./\/.] [ISp“,Sc,u]wSﬂ/N] - mSPildi1§i173 ' ’i’:Scﬂ-l/N = 0 (139)

Expanding:

— ki10a — ci10ia + ki2Oi2 + cio0iz + 8112 Textsy, iy + li18i1,3 - Fextyy — Mapiplin8i1,3* s, o/N

+ 312 ( — Usp,y,501] [wB/N + ;18112 + Onwp §z‘1,2] — [@B/n ) Usp,y Se.i1 JwB/N

—wp/n % [Lsp,, 501 10i18i1,2 — 018112 % [fspﬂ,sc,n]wzs//v) — Msp, din8i13 - Ts, ., /v =0 (140)

Simplifying:

— kirbin — cin0in + kiglio + ci20i2 + 8i12 - Textiy, Hiy + 1i18i1,3 - Fextiy — Misplin8in,3 - T's, /N
+ 8i12- ( — [Lsp;,8c.1] [ws//\f + 9z‘1§¢1,2] — [@p/n] [Ispﬂ,sc,ﬂ]wzs//\/> — Mgp, di18i1,3 T, ., /N =0
(141)

Rearranging some common terms:

— kirbhin — cin0n + kigbio + cio0ia + 8i12 - Textsy, Hiy + li18i1,3 - Fextj, — Mispplin8in,3 - T's, /N
,,T . - ~ . _
- ISi1,2si1,2wB/./\/' - Isil,zeil - (Isil,l - Isi1,3)wsi1,3w5i1,1 - mSPildi18i173 "TS.a/N = 0 (142)

Moving second order variables to the left hand side:

Lsiy 280 2@/ + Lsiy 201 + misp, din 8] 5 [’i‘B/N + 75, .+ 2WEIN X TG g T WBIN X TS, /B
+ wg/n X (Wp/n X TSC,u/B)] + msmlilég,g [fB/N + Tgmg/B + 2wp/n X ngc,iQ/B +WE/N X TS, 4/B
+wp/n X (wpn % T'Sc,iz/B)] =~k — cifin + kiobio + ciobin — (Isy, , — Loy 3)Wsi1 5Wsir s
+ 8412 Textyt, Hi + li18i13 - Fexty, (143)

Combing like terms:

AT 2T =T 2T [a T [a .
[msm1 di18;1 3+ Msp;ylin Su,g] TB/Nt [Ism 8i10—Msp, di18}1 3[Ts. /Bl —Mspinli18i 3[Ts, /B]]‘*’B/N

n AT " AT " ) )
+ Is;, ,0i1 + msp, di1 85 3 [7’50 u/B] + Mesp,li1 81 3 [T’SC ig/B] = —knbi — ci10i1 + kibia + ci2b;2
AT [~ / AT [~ -
- (ISu,l - ISil,B)wsil,Swsil,l - 2m8pi2li13i1,3 [wB/N]rSmQ/B - mSPizlilsil,S[wB/N] [wB//\/']rvag/B

— Mapy, di1 871 3[@p N1 [@B/N 175, /8 + 8i12  Textin, Hy + li18i1,3 - Fext,,  (144)
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Plugging in the rgw_l/B and rgw_z/B terms:

T T T T s T s :
[mspﬂ di18i1 3+ Msp;lin 3i1,3] Tp/N+ [I si108i1,2—Msp,, di1 851 3[Ts, 1 /Bl —Mispinlin 871 3 [rsc,iz/B]]ws/N
I d? 12 lindin8h 38i2.3|6; lindin8} 3803012 = —(Is,, ,—1
+ Si1,2+mspi1 i1 TMspig bi1 +Mspo bit i28;1,35i2,3 i1 | Mspya it i2841,35i2,3 |Vi2 = ( Si1,1 3i1,3)w5i1,3w3i1,1
; ; T T <T [~ -
—kinbin — cin0in + kioOiz + ciolia + 8j1 oTextsy 1y + lin8i1 3 Fextiy, — Msp, din i1 slwp/vl[@B/a]Ts, .1 /B

X ) ) ) . g
— My li18]1 3 [2["‘38//\/]"{96,2-2/3 + [@pn )@ ]Ts, 108 + diz(Bi + bi2) 3@'2,1] (145)

This equation is the same equation found using Newtonian/Eulerian mechanics.
1.3.4 Panel 2 Flexing Equation

Following the similar pattern for translational and rotational equations the generalized active forces are
defined for the first interconnected panel:

Fg = wﬁ” : [(*kﬁz’z@iz - Ci29i2)§i2,2 + Textiz,Hig] (146)
Simplifying:
Fg = 3592 [(*k‘mem - Ci29i2)§i2,2 + Textiz,HiQ] = —kioli — ciobio + 8122 * Textio,Hio (147)

The generalized inertia forces are defined as:

* _ Sio * Se,i2 ..
Ff=wg® T +vg™ (_mspi2r5c,i2/N)

= '§i272 : [ - [ISPi27Sc,i2]w$i2/N - [&312/./\/] [ISPiQ:Sc,iQ]wSiQ/N] + di2§i273 : (_mSPizf':SC,ig/N) (148)

Using Kane's equation the EOM is defined as:

— kjobio — cinlia + 8522 * Textin, Hin + 8i2,2 [ = Uspiy,SeialWsio/n — [@s,0/0] [Ispizysc,iQ]wSiQ/N]
"T .
— Msp,,di28i2 375, 1n/N = 0 (149)

Expanding:

— Eiobiz — cinbio + 8in2 - Textin Hiy + Bin2 - ( — [Lsp,y,50.52] [GJB/N + (01 + éi2)§i2,2]
— [@p/n] [Ispig,sc,ig]ws//\/> — Map,,dinio 375, /v =0 (150)
Simplifying:

. . .
— kigOia — ciolia + 8i2.2 * Textyn, Hiy — Lsin28i20WB/N — Isip o (0i1 + bi2)

AT e
- (ISiQ,l - I5i2,3)w5i2,3w5i2,1 - mspizdi23i2,3rSC,¢2/N =0 (151)
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Moving second order variables to the left hand side:

T - - AT -
ISiQ,QSiZ,QwB/N + ISi2,2 (911 + 012) + mspigdi2512,3rsc,¢2/N = _(ISiZ,l - ISiZ,S)wsiQ,SwsiQ,l

— kigblia — ci2lia + 8i22 - Textjo,Hyn  (152)

Plugging in accelerations:

T - N T [ .
Lsi258i22WB/N F Lsia 5 (01 + i) +misp ,din8i 5 [TB/N FT, /B 2WBIN X TS,/ WBIN X TS, /B

+ wB/N X (wB/N X rSC,iQ/B)] = _(1512,1 - 1512,3)“}82‘2,3‘*)81‘2,1 — ki2biz — cizbiz + §i272 " Textia,Hia
(153)

Moving common terms around:

[mspigdi2§f2,3]fB/N + |:Isi2,2§21;,2 - mSpigdi2§£73[fsc,i2/8]]w3/./\/' + [Isiu]@u + [Isﬂ,Q]Gn
+ mspizdi2'§£,3 [Tgc,iQ/B] = _(Ism,l - Isi2,3)w5i2,3w3i2,1 — kiglio — ciobia + §i272 " Textio, Hio
AT ~ / ~ ~
- mSPizdiQSiQ,S [2[‘06//\/]7“56,1-2/3 + [‘-UB/N] [wB/N]TSc,i2/B:| (154)

Plugging in the rgcﬂ/B term and rearranging:

AT AT AT s . 2 AT 4 ]
[mspi2 di25i2,3] TB/NT [Ism,z Si2,27 Msp,, di25z‘2,3 [TSC,Z-Q/B]]"-’B//\/Jr |:IS7;2,2 +Msp,, dio+Msp,, li1 di23i2,35i1,3] 0i1

+ []8i2,2 + mSPigdzZQ]aiZ = _(IS’L'Z,I - ISi2¢3)w5i2,3w5i2,1 — kigbiz — ciobiz + '§i2,2 " Textio,Hiz
AT ~ ~ - 29 A
— Mep,,di28i5 3 [Q[WB/N]"“QC@Q/B + [wp/nllws/n]Ts, 0B + lileilsil,l] (155)

They are the EXACT same just found a few other terms to cancel.
1.4 Back Substitution Method

The dynamical coupling of this complex system can be visualized in the following equation:

3x3] [3x3] 3x1 3x1 3x1 3x1 . 3x1 3x17[7s~] [3x1]
[3x3] [3x3] 3x1 3x1 3x1 3x1 . 3x1 3x1||wsnN 3x1
[1x3] [1x3] 1x1 1x1 0 0o . 0 0 011 1x1
[1x3] [1x3] 1x1 1x1 0 0o . 0 0 012 1x1
[1x3] [1x3] 0 0 1x1 1x1 . 0 0 0y | =[1x1 (156)
[1x3] [1x3] 0 0 1x1 1x1 0 0 0o 1x1
[1x3] [1x3] 0 0 0 0 . 1x1 1x1 On1 1x1
[[1x3] [I1x3] 0 0 0 0 . Ix1 1x1]| fyy | |1 x 1

This system mass matrix shows that the all of the solar panel modes are fully coupled with the hub, and
that the pairs of solar panels are fully coupled with one another. However, the pairs of solar panels are
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not directly coupled with other pairs of solar panels. To utilize this pattern in the system mass matrix,
the following back-substitution is developed.

First, Eq. (72) and (81) are rearranged so that the second order state variables for the solar panel
motions are isolated on the left hand side:

2 2 T 4 T A
[Isil,Z + mspﬂdil + Mapyliy + mspizlildi2311,3si273]0i1 + [mspi2li1di23i1,33i2,3] Oi2 =
T T T N T s .
- [msp,-l di18i1, 3+ Mspyylin 31‘1,3] TB/N— I:Isil,z 8512~ msp,; dir 81 3[Ts, /Bl —Mspnlin Si1,3[TScyi2/B]]wB/N
) ) AT 2T
- (Isil,l - Isil,g)wsilyg,wsilyl - kile’il - Cile’il + ki2912 + 61292'2 + 31‘1727-exti1,Hi1 + lilsi1’3FeXt¢2
AT ~ / ~ ~
— Msp,, di151 3 [2["08//\/]7"567“/3 + [wp/v] [‘-"B/N]Tsc,u/B]
T ~ ~ ~ N2 A A ) \2 a4
— Mipyli1 851 3 [2[015//\/]"“'5;,2-2/3 + (@@ TS, 18 + 110718111 + diz (031 + Oi2) Siz,l] (157)
I d? lindio8h 38130 + | I d% |0 =
sin2 T Msp,,Uig + Msp ., bi1 i28;2 38i1,3 | Vil + | Lsson T Msp,,dio (V2 =
— diodia 5 |TB/N — | Lsina 810 diodly 5T opn — (s, — 1
Msp,, Ai2842 3 |T"B/N 5i2,25i2,2 +mSPi2 223i2,3[r56,i2/B] wWp/N 8§21 5i2,3)w5i2,3w5i2,1
— kioBio — ciobio + 815 o, — Mep,, dinh 5| 2[@p N\ ]!
12742 12742 2,2 Textiz, Hio spip i2942,3 B/NITS. io/B
- - 12 A
+ [wp/n][@B/N]Ts. 008 + lilgilsil,l] (158)

Now, defining the elements of a matrix [A4;] as:

ait1 = Is,y o + Mepy At + Mapip 13 + Mapylindind]) 38i03 (159a)
aj12 = mspiglildi2'§£,3'§i2,3 (159b)
ai2,1 = Isi2,2 + mspigd?Z + mspﬂlildi2§£73~§i1,3 (159C)
aj22 = Isi2‘2 + mspiQd?Q (159C|)
And defining the row elements of a matrix [F;] as:
fir = —(mpylin + msp, di1) 8], 5 (160a)
fi2 = —Mmep,,dindly 3 (160b)
With a 2 x 3 matrix [G;] which has row elements defined as:
AT T [ T [ T
gi1 = _[IS¢1,232'1,2 - mspﬂdilsil,ii[rsc,ﬂ/B] - mspi2li18i1,3[r5c,i2/3]] (1613)
N Y R Y S ! 161b
gi2 = 5i2,2812,2 7 Mspy 123i2,3[7“sc,i2/B] ( )
Also defining the vector v; as as 2 x 1 with the following components:
it = —(Isy = Lo 3)Wsi gWsiry — kir0in — cifin + kiobia + ciolin + 81 oTextir i + li1 811 3 Fextis

— Msp,, din 81 3 [2[@6//\/]7“{9071-1 s+ [wsnll@pn ]TSC,“/B]

— Mapylin 8] 3 [Q[QB/N]T%C,ig/B + (@ [@B/n T8, 105 + 11051 8011 + diz (01 + 9i2)2§i2,1] (162)



Doc. ID: Basilisk-dualHingedRigidBodyStateEffector Page 27 of 36

Vi2 = _(Isiz,l - 15i2,3)w5i2,3w5i2,1 — kigbiz — ci?éi? + ég;,QTeXti%Hﬂ
— ngp izl 5| 20T, + [5G Ts, m + lnfh80a | (163)
Egs. (157) and (158) can now be re-written as:

ail,léil + 011,2512 = faTp/N + gnwp/n + Vil (164)

@101 + aipbia = Fia'p/n + s/ + Vi (165)
Egs. (164) and (165) are combined and written in matrix form to utilize some linear algebra
techniques.

0; . .
(40| | = (Pl + (Gl +o (166)
Eq. (166) can now be solved by inverting matrix [A;]. Note the definition [E;] = [A;]7L.
0; i} :
5] = LAY+ GG + 1B (167)
And the subcomponents of [E] are defined as
el
#1- | (169)
€i2

Since the mod'!fied Euler’'s equation, Eq. (45), has éil and éiz terms, it is more convenient to use the
expression for 0; as

O = e} [Filip/n + ehy[Gilwsn + el vi (169)
Oir = e Filip /N + ehlGilopn + ehv; (170)

The next step in the back substitution method is to analytically substitute Egs. (169) and (170)
into the translational and rotational EOMs repeated here for clarity:
NS .. ..
MscTB/N — Msc[€lwp/n + Z ([mspﬂdil 8i1,3 + msp,,li18i1,3 + mspiQdi2'§i2,3]92’1 + Msp,, di2§i2,39i2>
i=1
=F — 2msg [‘:’B/N]C/ - mSC[‘:’B/N] [‘:’B/N]c

Ns
o o . g
- Z <mspi1di161'213i1,1 + msp,, [li19?18i1,1 + diz (01 + 0i2) Si2,1]> (171)
i=1
Ng

msc[€]7 /N + [Lse,Blwn/n + Z [(15“7251'1,2 + msp,, di1[Ts, ,, /B13i1,3 + Is;y 8022
i—1

+ Msp,lin[Fs, /818013 + Mep, dia[Ts, ,,/B)3i2,3)0i1 + (Ls,28i2.2 + Misp,,dia [fScﬁig/B]§i2,3)éi2:|
= —[@p/n 1 se,Blwp/n — [l Blwsn

Ng
- {9111&1,2[@13//\/]&1,2 + msp,, [@/n][Fs, 11/81Ts, 1 8 + Mspy, i [Fs, /81801

i=1

+ (01 + 0i2) Ly 5 (D351 8i2,2 + misp, @5/ ][5, o/ BITS, 0

+ Msp,, [fsc,iQ/B] (lilézzlgil,l + di2 (911 + éi2)2§i2,1)] + Lp (172)
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Performing this substitution for translation yields:

Ng

msch/N—msc[é]wB/N-l-Z <[mspildi1§i1,3+mspi2li1§i1,3+mspi2di2§i2,3:| <€£ [Fz']fB/N"'@;‘q [Gi]ws/n
i=1

+€£vi> +mspi2di2§i2,3 (63; [Fi]i*B/N—i-e;?g [Gi]wB/N—l—eg;’Ui)) = F—2mg [(:JB/N]CI—mSC [‘:’B/N] [G’B/N]C

Ng

9 9 ' N2
- Z <mspi1di191‘213i1,1 + Mep, [li19l218i1,1 + dig (0i1 + 6i2) SiQ,lD (173)
i=1

Combining like terms yields:

Ng

~ ~ ~ T N T .

Msc[I3x3] + Z |:<msp,b-1 di18i1,3+Msp,li18i1,3+ mspi2d¢28i2,3> ei1[Fi] +msp,didio 3¢5 [Fz]] TB/N
i—1

Nsg
_ . . . T s T -
+ { —msc[€] + Z [ (msp“ di18i1,3+msp,li18:1,3+ mspiQdiQSiQ,S) ei1[Gi] +msp,, dia8i2 3¢5 [Gz]] }wzs//\/
i=1

Ng

) ) ) . o -
= F_Qmsc[wB/N]C,_mSC[wB/N][wB/N]C_Z (mspi1d¢19§18i1,1+mspi2 [l¢19§13¢1,1+di2 (6:1+652) 8i2,1]
i=1

R . . T s T
+ [mspﬂdilsil,S + msp,,li18i1,3 + msp,-QdizSiQ,s] ei1v; + Msp, di2$i2,3€z‘2'vi) (174)

Substitution into the rotational equation of motion:

Ng
msc[€]7p/N + [Lse,Blwp/n + Z {[Is“,g&'l,z + msp, dit[Ts, ,,/B18i1,3 + Ls;y , 82,2

i=1

+mep,li[Ts, /818113 + Msp,, din|Ts, /8823 (6?1 [Fl#pn + eh [Gilwsn + 6£Ui>
+ [Lozadinz + map il 1 )3i20] (Bl Bl n + ehlGilisn + ezgv@-)]

= —[@p/n]se,Blwn/n — [Tie Blwn/n
Ng

= [9ilfsﬂ,2[&3//v]§i1,2 + s, [N ][Fs, .1 /B1Ts, 1y + Msp din 00 [Fs, /81801
=1

+ (051 + 0i2) L,y » (@0 18i2,2 + msp, [@5/0 [P, o817, /5

+ mgp,, [meg/B] (li19§1§¢1,1 + djo (911 + éi2)2§i2,1)] + Lp (175)



Doc. ID: Basilisk-dualHingedRigidBodyStateEffector Page 29 of 36

And combining like terms yields:
Ng
{msc[é] + Z {(Isi1,2§z’1,2 + msp, dir[Ts, ., /B)8i13 + Ls;y 5 8i2.2 + msp,lin[Ts, /818113
i=1
+ mepydia[Ts, 1u/818123) €n[Fi] + (Lsipn8i22 + mep,,dia[Ts, ,/5]8i2,3) €l [Fi]} }fB/N
Ng
+ {[Isc,B] + Z {(Isﬂg 8i12 + Msp, dit[Ts, ;1 /Bl8i1,3 + Is;y 58122 + msp,lin[Ts, 1, B18i1,3

i=1

+ Msp,, dia [fSc,iz/B]giQ,?))eg [Gi] + (Isﬁ,g 8i2,2 + msp,,dia [":Sc,ig/B] §i2,3)6£ [Gl]] }wB/N

Nsg

= —[@pn ][ se.Blwsn — [T plwsin — . [91‘115“,2 [@5/n)8i1.2 + misp,, (@80 [Fs, 0 /B]TS, /8
=1

+msp,, dinbi[Fs, /81801 + (Bin + 0i2) Iy o [@n/a)8i22 + s, (O8] [Fs, o/B]7S, /8
3 o . o A ) A A
+ Msp,,[Ts, 1/B] (1167811 + diz (051 + 0i2) " 8i21) + (Ls; .82 + Msp,, di1[Ts. 1 /Bl8i1,3 + Lsis 58122
+ msp,,lin [fsc,m/B] 8i1,3 + Misp,, dia [fSc,iz/B]§i2,3)€£vi + (Isz'2,2'§i2,2

+ mSPi2di2[FSC,¢2/B]§i273)eZ;vi] +Lp (176)

With the following definitions:

Ng }

. R . T A T
[Acontr] = Z [(mspﬂdilsil,:% + msp,,li18i1,3 + mspiQdi25i2,3)€il [Fi] + mep,,dia8i2 3e5[F7] | (177)
i=1 .
Ng .
R . N T s T
[Beontr] = Z {(msp“dilsil,?; + msp,lin8i1,3 + mspiQdi25i2,3> e;i1[Gi] + msp,din8in 3e55[Gi] | (178)
i=1 .
Ng
_ d10% 3. 1162 5. dio (6: 0. 25
Vtrans,contr = Masp,, 71051 8i1,1 ‘i‘ﬂlspi2 i10518i1,1 + di2(0i1 + 052) Si21
i=1
d g, 1.5 diod; T o dio8io 2el v, 179
+ [Msp,, Ai18i1,3 + Mep,Li18i1,3 + Msp,, 812823 [€;1V; + Msp,, 13282 3€9V; ( )
Ng
[Ceontr] = Z {(Isﬂ,g 8i12 + Msp, di1[Ts, 1 /Bl8i1,3 + Ls;y ,8i2,2 + Msp,lit[Ts, /88013
i=1

+ mepdia[Ts, 1y B18123) €n[Fi] + (Lsinn8i2.2 + mep,dio[Ts, ,/8]8i2.3) €l [Fi]} (180)

Ng
[Deonte] = Y. [(Isil,zgil,g + Mmep,, din[Fs, /818113 + Loy 8in2 + Mep,lin [Fs, /p]8i1.3
=1

+ Mapy, dialTs, 1, B1812:3) €1 [Gil + (Lsinn8in2 + Msp,dia[Ts, /5)8i2,3) €io [Gi]] (181)
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Ng

[Vrot,contr] = — Z [éil[s“,z [‘:’B/N]§i1,2 + Mep,, [‘:’B/N] [fsc,ﬂ/B]T/Sc,“/B + msmldiléz?l [fsc,il/B]giLl
i=1

+ (01 + 0i2) L,y » (@0 1812, + msp , [@5/0 [P, o/BITS, /5

3 o . g ) - A A
+ Mapyy [Fs, 1o/B] (li078i11 + dio (031 + 0i2) "8i2,1) + (Lsy 08012 + Mep, dit[Fs, 1 /5]8i1,3 + Loy 0 8i2,2

_ . _ . T R _ u T
+ Msp,lit[Ts, 1,/B]8i1,3 + Msp,, di2 [TSCJQ/B]SiQ,S)eﬂ’Ui + (Is;y08i22 + mspiQdiQ[rsc’ig/B]s’iQ,B)ei2lvii|

(182)

[A] = msc[L3x3] + [Acontr] (183)

[B] = —msc[€] + [Beontr] (184)

Vtrans = F — 2msc[@p)pr]€’ — msc[@p/n][@p/a7]€ + Vtrans contr (185)
[C] = Msc + [Ceontr] (186)

[D] = [Isc,B] + [Deontr] (187)

Vrot = — @/ [ Ise.Blwp/n — [ glws/n + LB + Vrot,contr (188)

This produces the following simplified equations:

[A] [B] Ii;B/N _ | Ytrans
k]m e B (189)
Solving the system-of-equations by

-1
@pn = (1D] = [CNAI'[B]) (wiot — [CILA] " irans) (190)

Py = [A]7 (Verans — [Blwgy) (191)
Now Eq. (190) and (191) can be used to solve for wy/zr and 75,y Once these second order state

variables are solved for, Eqs. (169) and (170) can be used to directly solve for 6;; and ;5. This shows
that the back substitution method can work seamlessly for interconnected bodies. For this problem the
number of interconnected bodies was fixed to be 2, and resulted in an additional 2 x 2 matrix inversion
for each solar panel pair. This shows that for general interconnected bodies, this method would result
in needing to invert a matrix based on the number of interconnected bodies.

2 Model Functions

This module is intended to be used an approximation to a flexing body attached to the spacecraft.
Examples include solar arrays, antennas, and other appended bodies that would exhibit flexing behavior.
Below is a list of functions that this model performs:

e Compute it's contributions to the mass properties of the spacecraft
e Provides matrix contributions for the back substitution method
e Compute it's derivatives for # and 0

e Adds energy and momentum contributions to the spacecraft
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3 Model Assumptions and Limitations
Below is a summary of the assumptions/limitations:
e Is an approximation to a flexing body
e Is developed in such a way that does not require constraints to be met

e The hinged rigid bodies must have a diagonal inertia tensor with respect the S; frame as seen in
Figure 1

e Only linear spring and damping terms

e The dual hinged rigid body will always stay attached to the hub (the hinge does not have torque
limits)

e The hinge does not have travel limits, therefore if the spring is not stiff enough it will unrealistically
travel through bounds such as running into the spacecraft hub

e The EOMs are nonlinear equations of motion, therefore there can be inaccuracies (and divergence)
that result from integration. Having a time step of <= 0.10 sec is recommended, but this also
depends on the natural frequency of the system

4 Test Description and Success Criteria

This test is located in simulation/dynamics/dualHingedRigidBodies/UnitTest/
test_dualHingedRigidBodyStateEffector.py. In this integrated test there are two dual hinged
rigid bodies connected to the spacecraft hub. Depending on the scenario, there are different success
criteria. These are outlined in the following subsections:

4.1 Gravity integrated test

In this test the simulation is placed into orbit around Earth with point gravity and has no damping in
the hinged rigid bodies. The following parameters are being tested.

e Conservation of orbital angular momentum

e Conservation of orbital energy

e Conservation of rotational angular momentum
e Conservation of rotational energy

4.2 No gravity integrated test

In this test, the spacecraft is placed in free space (no gravity) and has no damping in the hinged rigid
bodies. The following parameters describe the success criteria.

e Conservation of orbital angular momentum
e Conservation of orbital energy
e Conservation of rotational angular momentum

e Conservation of rotational energy
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5 Test Parameters

Since this is an integrated test, the inputs to the test are the physical parameters of the spacecraft along
with the initial conditions of the states. These parameters can be seen in the test file. Additionally, the
error tolerances can be seen in Table 3.

truth—value
truth

Test Relative Tolerance
Energy and Momentum Conservation le-10

Table 3: Error Tolerance - Note: Relative Tolerance is abs(

6 Test Results

The following figures show the conservation of the quantities described in the success criteria for each
scenario. The conservation plots are all relative difference plots. All conservation plots show integration
error which is the desired result. In the python test these values are automatically checked therefore
when the tests pass, these values have all been confirmed to be conserved.

6.1 Gravity with no damping scenario
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Fig. 3: Change in Orbital Energy Gravity
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6.2 No Gravity with no damping scenario
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Relative Difference
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Fig. 6: Change in Orbital Angular Momentum NoGravity
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