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1 Model Description

1.1 Problem Statement

The formulation assumes that there is a rigid hub, with NS dual-linked solar panels (or appended rigid
bodies) and Subscript i is used to indicated the ith pair of solar panels. Figure 1 displays the frame and
variable definitions used for this formulation.

There are six coordinate frames defined for this formulation. The inertial reference frame is indicated
by N : tn̂1, n̂2, n̂3u. The body fixed coordinate frame, B : tb̂1, b̂2, b̂3u, which is anchored to the
hub and can be oriented in any direction. The first solar panel frame, Si1 : tŝi1,1, ŝi1,2, ŝi1,3u, is a
frame with its origin located at its corresponding hinge location, Hi1. The Si1 frame is oriented such
that ŝi1,1 points antiparallel to the center of mass of the first solar panel, Sc,i1. The ŝi1,2 axis is
defined as the rotation axis that would yield a positive θi1 using the right-hand rule. The distance from
point Hi1 to point Sc,i1 is defined as di1. The total length of the first panel is li1 The hinge frame,

Hi1 : tĥi1,1, ĥi1,2, ĥi1,3u, is a frame fixed with respect to the body frame, and is equivalent to the
respective Si1 frame when the corresponding solar panel is undeflected.

The other two frames Si2 and Hi2 are frames attached to the second solar panel. The Hi2 frame is
located at the joint between the two solar panels and ĥi1,2 “ ĥi2,2. The ĥi2,1 completes the definition
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Fig. 1: Frame and variable definitions used for formulation

of the Hi2 frame and can be oriented in any direction while orthogonal to the ĥi2,2 axis. This allows
for the simulation to model undeployed solar panels for example and defines the undeflected direction
of the second solar panel. The Si2 by being equal to the Hi2 when the second solar panel is undeflected
from its equilibrium point and rotates about the ĥi2,2 axis.

There are a few more key locations that need to be defined. Point B is the origin of the body frame,
and can have any location with respect to the hub. Point Bc is the location of the center of mass of
the rigid hub.

Using the variables and frames defined, the following section outlines the derivation of equations of
motion for the spacecraft.

1.2 Derivation of Equations of Motion - Newtonian Mechanics

1.2.1 Rigid Spacecraft Hub Translational Motion

Following a similar derivation as in previous work,1 the derivation begins with Newton’s first law for the
center of mass of the spacecraft.

:rC{N “
F

msc
(1)

Ultimately the acceleration of the body frame or point B is desired

:rB{N “ :rC{N ´ :c (2)

The definition of c the location of the center of mass of the entire spacecraft, can be seen in Eq. (3).

c “
1

msc

”

mhubrBc{B `

NS
ÿ

i“1

`

mspi1rSc,i1{B `mspi2rSc,i2{B

˘

ı

(3)

To find the inertial time derivative of c, it is first necessary to find the time derivative of c with respect
to the body frame. A time derivative of any vector, v, with respect to the body frame is denoted by v1;
the inertial time derivative is labeled as 9v. The first and second body-relative time derivatives of c can
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be seen in Eqs. (4) and (5).

c1 “
1

msc

NS
ÿ

i“1

`

mspi1r
1
Sc,i1{B

`mspi2r
1
Sc,i2{B

˘

(4)

c2 “
1

msc

NS
ÿ

i“1

`

mspi1r
2
Sc,i1{B

`mspi2r
2
Sc,i2{B

˘

(5)

The vector rSc,i1{B is readily defined using the ŝi,1 axis

rSc,i1{B “ rHi1{B ´ di1ŝi1,1 (6)

The vector rSc,i2{B is defined similarly

rSc,i2{B “ rHi1{B ´ li1ŝi1,1 ´ di2ŝi2,1 (7)

Now the first and second time derivatives with respect to the body frame of rSc,i1{B are taken

r1Sc,i1{B
“ di1 9θi1ŝi1,3 (8)

r2Sc,i1{B
“ di1ŝi1,3:θi1 ` di1 9θ2i1ŝi1,1 (9)

Similarly the body time derivatives of rSc,i2{B are defined in the following

r1Sc,i2{B
“ li1 9θi1ŝi1,3 ` di2

`

9θi1 ` 9θi2
˘

ŝi2,3 (10)

r2Sc,i2{B
“ pli1ŝi1,3 ` di2ŝi2,3q:θi1 ` di2ŝi2,3:θi2 ` li1 9θ2i1ŝi1,1 ` di2

`

9θi1 ` 9θi2
˘2
ŝi2,1 (11)

Eqs. (4) and (5) are next reformulated to include these new definitions:

c1 “
1

msc

NS
ÿ

i“1

ˆ

mspi1

”

di1 9θi1ŝi1,3

ı

`mspi2

”

li1 9θi1ŝi1,3 ` di2
`

9θi1 ` 9θi2
˘

ŝi2,3

ı

˙

(12)

c2 “
1

msc

NS
ÿ

i“1

ˆ

mspi1di1
`

:θi1ŝi1,3 ` 9θ2i1ŝi1,1
˘

`mspi2

”

li1

´

:θi1ŝi1,3 ` 9θ2i1ŝi1,1

¯

` di2
`

:θi1 ` :θi2
˘

ŝi2,3 ` di2
`

9θi1 ` 9θi2
˘2
ŝi2,1

ı

˙

(13)

Using the transport theorem2 yields the following definition for :c

:c “ c2 ` 2ωB{N ˆ c
1 ` 9ωB{N ˆ c` ωB{N ˆ

`

ωB{N ˆ c
˘

(14)

Eq. (2) is updated to include Eq. (14)

:rB{N “ :rC{N ´ c
2 ´ 2ωB{N ˆ c

1 ´ 9ωB{N ˆ c´ ωB{N ˆ
`

ωB{N ˆ c
˘

(15)

Substituting Eq.(13) into Eq.(15) and moving the second order state variables to the left hand side
results in

:rB{N ` 9ωB{N ˆ c`
1

msc

NS
ÿ

i“1

ˆ

”

mspi1di1ŝi1,3 `mspi2 li1ŝi1,3 `mspi2di2ŝi2,3

ı

:θi1 `mspi2di2ŝi2,3
:θi2

˙

“ :rC{N ´
1

msc

NS
ÿ

i“1

ˆ

mspi1di1
9θ2i1ŝi1,1 `mspi2

”

li1 9θ2i1ŝi1,1 ` di2
`

9θi1 ` 9θi2
˘2
ŝi2,1

ı

˙

´ 2ωB{N ˆ c
1 ´ ωB{N ˆ

`

ωB{N ˆ c
˘

(16)
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Introducing the tilde matrix2 to replace the cross product operators and multiplying both sides by msc

simplifies the equation to

msc:rB{N ´mscrc̃s 9ωB{N `
NS
ÿ

i“1

ˆ

”

mspi1di1ŝi1,3 `mspi2 li1ŝi1,3 `mspi2di2ŝi2,3

ı

:θi1 `mspi2di2ŝi2,3
:θi2

˙

“ F ´ 2mscrω̃B{N sc
1 ´mscrω̃B{N srω̃B{N sc

´

NS
ÿ

i“1

ˆ

mspi1di1
9θ2i1ŝi1,1 `mspi2

”

li1 9θ2i1ŝi1,1 ` di2
`

9θi1 ` 9θi2
˘2
ŝi2,1

ı

˙

(17)

Equation (17) is the translational motion equation and is the first EOM needed to describe the
motion of the spacecraft. The following section develops the rotational EOM.

1.2.2 Rigid Spacecraft Hub Rotational Motion

Starting with Euler’s equation when the body fixed coordinate frame origin is not coincident with the
center of mass of the body2

9Hsc,B “ LB `msc:rB{N ˆ c (18)

where LB is the total external torque about point B. The definition of the angular momentum vector
of the spacecraft about point B is

Hsc,B “ rIhub,BcsωB{N `mhubrBc{B ˆ 9rBc{B

`

NS
ÿ

i“1

´

rIspi1,Sc,i1sωB{N ` 9θi1Isi1,2 ŝi1,2 `mspi1rSc,i1{B ˆ 9rSc,i1{B

` rIspi2,Sc,i2sωB{N `
`

9θi1 ` 9θi2
˘

Isi2,2 ŝi2,2 `mspi2rSc,i2{B ˆ 9rSc,i2{B

¯

(19)

Both solar panel inertia’s about their center of masses’ are assumed to be defined along principal inertia
axes and are of the form

rIspi1,Sc,i1s “

Si1
»

–

Isi1,1 0 0
0 Isi1,2 0
0 0 Isi1,3

fi

fl (20)

rIspi2,Sc,i2s “

Si2
»

–

Isi2,1 0 0
0 Isi2,2 0
0 0 Isi2,3

fi

fl (21)

Now the inertial time derivative of Eq. (19) is taken and yields

9Hsc,B “ rIhub,Bcs 9ωB{N ` ωB{N ˆ rIhub,BcsωB{N `mhubrBc{B ˆ :rBc{B

`

NS
ÿ

i“1

ˆ

rI 1spi1,Sc,i1
sωB{N ` rIspi1,Sc,i1s 9ωB{N ` ωB{N ˆ rIspi1,Sc,i1sωB{N

` :θi1Isi1,2 ŝi1,2 ` ωB{N ˆ 9θi1Isi1,2 ŝi1,2 `mspi1rSc,i1{B ˆ :rSc,i1{B

` rI 1spi2,Sc,i2
sωB{N ` rIspi2,Sc,i2s 9ωB{N ` ωB{N ˆ rIspi2,Sc,i2sωB{N

`
`

:θi1 ` :θi2
˘

Isi2,2 ŝi2,2 ` ωB{N ˆ
`

9θi1 ` 9θi2
˘

Isi2,2 ŝi2,2 `mspi1rSc,i2{B ˆ :rSc,i2{B

˙

(22)
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The terms :rBc{B, :rSc,i1{B and :rSc,i2{B are found using the transport theorem and knowing that rBc{B

is fixed with respect to the body frame.

:rBc{B “ 9ωB{N ˆ rBc{B ` ωB{N ˆ pωB{N ˆ rBc{Bq (23)

:rSc,i1{B “ r
2
Sc,i1{B

` 2ωB{N ˆ r
1
Sc,i1{B

` 9ωB{N ˆ rSc,i1{B ` ωB{N ˆ pωB{N ˆ rSc,i1{Bq (24)

:rSc,i2{B “ r
2
Sc,i2{B

` 2ωB{N ˆ r
1
Sc,i2{B

` 9ωB{N ˆ rSc,i2{B ` ωB{N ˆ pωB{N ˆ rSc,i2{Bq (25)

Incorporating Eqs. (23) - (25) into Eq. (22) results in

9Hsc,B “ rIhub,Bcs 9ωB{N ` ωB{N ˆ rIhub,BcsωB{N `mhubrBc{B ˆ p 9ωB{N ˆ rBc{Bq

`mhubrBc{B ˆ

”

ωB{N ˆ pωB{N ˆ rBc{Bq

ı

`

NS
ÿ

i“1

ˆ

rI 1spi1,Sc,i1
sωB{N ` rIspi1,Sc,i1s 9ωB{N

` ωB{N ˆ rIspi1,Sc,i1sωB{N ` :θi1Isi1,2 ŝi1,2 ` ωB{N ˆ 9θi1Isi1,2 ŝi1,2 `mspi1rSc,i1{B ˆ r
2
Sc,i1{B

` 2mspi1rSc,i1{B ˆ

´

ωB{N ˆ r
1
Sc,i1{B

¯

`mspi1rSc,i1{B ˆ

´

9ωB{N ˆ rSc,i1{B

¯

`mspi1rSc,i1{B ˆ

”

ωB{N ˆ pωB{N ˆ rSc,i1{Bq

ı

` rI 1spi2,Sc,i2
sωB{N ` rIspi2,Sc,i2s 9ωB{N

` ωB{N ˆ rIspi2,Sc,i2sωB{N `
`

:θi1 ` :θi2
˘

Isi2,2 ŝi2,2 ` ωB{N ˆ
`

9θi1 ` 9θi2
˘

Isi2,2 ŝi2,2

`mspi2rSc,i2{B ˆ r
2
Sc,i2{B

` 2mspi2rSc,i2{B ˆ

´

ωB{N ˆ r
1
Sc,i2{B

¯

`mspi2rSc,i2{B ˆ

´

9ωB{N ˆ rSc,i2{B

¯

`mspi2rSc,i2{B ˆ

”

ωB{N ˆ pωB{N ˆ rSc,i2{Bq

ı

˙

(26)

Applying the parallel axis theorem the following inertia tensor terms are defined as

rIhub,Bs “ rIhub,Bcs `mhubrr̃Bc{Bsrr̃Bc{Bs
T (27)

rIspi1,Bs “ rIspi1,Sc,i1s `mspi1rr̃Sc,i1{Bsrr̃Sc,i1{Bs
T (28)

rIspi2,Bs “ rIspi2,Sc,i2s `mspi2rr̃Sc,i2{Bsrr̃Sc,i2{Bs
T (29)

rIsc,Bs “ rIhub,Bs `
NS
ÿ

i“1

´

rIspi1,Bs ` rIspi2,Bs
¯

(30)

Because the tilde matrices are skew-symmetric, taking the body-relative time derivative of Equation (30)
yields

rI 1sc,Bs “
NS
ÿ

i“1

”

rI 1spi1,Sc,i1
s ´mspi1

´

rr̃1Sc,i1{B
srr̃Sc,i1{Bs ` rr̃Sc,i1{Bsrr̃

1
Sc,i1{B

s

¯

` rI 1spi2,Sc,i2
s ´mspi2

´

rr̃1Sc,i2{B
srr̃Sc,i2{Bs ` rr̃Sc,i2{Bsrr̃

1
Sc,i2{B

s

¯ ı

(31)

rI 1spi1,Sc,i1
s needs to be defined and can be conveniently expressed by leveraging the assumption that

the inertia matrix is diagonal (as seen in Eq. (20)) and is written in terms of its base vectors:

rIspi1,Sc,i1s “ Isi1,1 ŝi1,1ŝ
T
i1,1 ` Isi1,2 ŝi1,2ŝ

T
i1,2 ` Isi1,3 ŝi1,3ŝ

T
i1,3 (32)

Taking the body time derivative of Eq. (32) results in

rI 1spi1,Sc,i1
s “ Isi1,1 ŝ

1
i1,1ŝ

T
i1,1 ` Isi1,1 ŝi1,1ŝ

1T
i1,1 ` Isi1,2 ŝ

1
i1,2ŝ

T
i1,2

` Isi1,2 ŝi1,2ŝ
1T
i1,2 ` Isi1,3 ŝ

1
i1,3ŝ

T
i1,3 ` Isi1,3 ŝi1,3ŝ

1T
i1,3 (33)
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Using the transport theorem for each basis vector, j, in the ŝi1 frame: ŝ1i1,j “ ωSi1{Bˆ ŝi1,j “
9θi1ŝi1,2ˆ

ŝi1,j , applying this to Eq. (33), evaluating the cross products, and simplifying results in

rI 1spi1,Sc,i1
s “ 9θi1pIsi1,3 ´ Isi1,1qpŝi1,1ŝ

T
i1,3 ` ŝi1,3ŝ

T
i1,1q (34)

Applying the same methodology for rI 1spi2,Sc,i2
s and using the following definition: ŝ1i2,j “ ωSi2{B ˆ

ŝi2,j “
`

9θi1 ` 9θi2
˘

ŝi2,2 ˆ ŝi2,j results in

rI 1spi2,Sc,i2
s “

`

9θi1 ` 9θi2
˘

pIsi2,3 ´ Isi2,1qpŝi2,1ŝ
T
i2,3 ` ŝi2,3ŝ

T
i2,1q (35)

Substituting Eq. (34) and Eq. (35) into Eq. (26) and using Eq. (30) to simplify results in Eq. (40). The
Jacobi Identity, paˆ bq ˆ c “ aˆ pbˆ cq ´ bˆ paˆ cq, is used to combine terms.
Factoring out 9ωB{N and, selectively, ωB{N and utilizing the tilde matrix transforms Eq. 26 into Eq. 36
so that rIsc,Bs can be extracted.

9Hsc,B “

ˆ

rIhub,Bcs ´mhubrr̃Bc{Bsrr̃Bc{Bs `

NS
ÿ

i“1

´

rIspi1,Sc,i1s ` rIspi2,Sc,i2s ´mspi1rr̃Sc,i1{Bsrr̃Sc,i1{Bs

´mspi2rr̃Sc,i2{Bsrr̃Sc,i2{Bs

¯

˙

9ωB{N ` ωB{N ˆ

ˆ

rIhub,Bcs ´mhubrr̃Bc{Bsrr̃Bc{Bs`

NS
ÿ

i“1

´

rIspi1,Sc,i1s ` rIspi2,Sc,i2s ´mspi1rr̃Sc,i1{Bsrr̃Sc,i1{Bs ´mspi2rr̃Sc,i2{Bsrr̃Sc,i2{Bs

¯

˙

ωB{N

`

NS
ÿ

i“1

ˆ

rI 1spi1,Sc,i1
sωB{N ` :θi1Isi1,2 ŝi1,2 ` ωB{N ˆ 9θi1Isi1,2 ŝi1,2 `mspi1rSc,i1{B ˆ r

2
Sc,i1{B

` 2mspi1rSc,i1{B ˆ

´

ωB{N ˆ r
1
Sc,i1{B

¯

` rI 1spi2,Sc,i2
sωB{N `

`

:θi1 ` :θi2
˘

Isi2,2 ŝi2,2`

ωB{N ˆ
`

9θi1 ` 9θi2
˘

Isi2,2 ŝi2,2 `mspi2rSc,i2{B ˆ r
2
Sc,i2{B

` 2mspi2rSc,i2{B ˆ

´

ωB{N ˆ r
1
Sc,i2{B

¯

˙

(36)

rIsc,Bs is substituted in from Eq. 27 through Eq. 30:

9Hsc,B “ rIsc,Bs 9ωB{N ` ωB{N ˆ rIsc,BsωB{N

`

NS
ÿ

i“1

ˆ

rI 1spi1,Sc,i1
sωB{N ` :θi1Isi1,2 ŝi1,2 ` ωB{N ˆ 9θi1Isi1,2 ŝi1,2 `mspi1rSc,i1{B ˆ r

2
Sc,i1{B

` 2mspi1rSc,i1{B ˆ

´

ωB{N ˆ r
1
Sc,i1{B

¯

` rI 1spi2,Sc,i2
sωB{N `

`

:θi1 ` :θi2
˘

Isi2,2 ŝi2,2`

ωB{N ˆ
`

9θi1 ` 9θi2
˘

Isi2,2 ŝi2,2 `mspi2rSc,i2{B ˆ r
2
Sc,i2{B

` 2mspi2rSc,i2{B ˆ

´

ωB{N ˆ r
1
Sc,i2{B

¯

˙

(37)
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Splitting the doubled terms:

9Hsc,B “ rIsc,Bs 9ωB{N ` ωB{N ˆ rIsc,BsωB{N

`

NS
ÿ

i“1

ˆ

rI 1spi1,Sc,i1
sωB{N `mspi1rSc,i1{B ˆ

´

ωB{N ˆ r
1
Sc,i1{B

¯

` :θi1Isi1,2 ŝi1,2 ` ωB{N ˆ 9θi1Isi1,2 ŝi1,2

`mspi1rSc,i1{B ˆ r
2
Sc,i1{B

`mspi1rSc,i1{B ˆ

´

ωB{N ˆ r
1
Sc,i1{B

¯

` rI 1spi2,Sc,i2
sωB{N

`mspi2rSc,i2{B ˆ

´

ωB{N ˆ r
1
Sc,i2{B

¯

`
`

:θi1 ` :θi2
˘

Isi2,2 ŝi2,2 ` ωB{N ˆ
`

9θi1 ` 9θi2
˘

Isi2,2 ŝi2,2

`mspi2rSc,i2{B ˆ r
2
Sc,i2{B

`mspi2rSc,i2{B ˆ

´

ωB{N ˆ r
1
Sc,i2{B

¯

˙

(38)

Using the Jacobi Identity again, followed by tilde matrix substitution:

9Hsc,B “ rIsc,Bs 9ωB{N ` ωB{N ˆ rIsc,BsωB{N

`

NS
ÿ

i“1

ˆ

rI 1spi1,Sc,i1
sωB{N ´mspi1

´

rr̃Sc,i1{Bsrr̃
1
Sc,i1{Bs ` rr̃

1
Sc,i1{Bsrr̃Sc,i1{Bs

¯

ωB{N ` :θi1Isi1,2 ŝi1,2

` ωB{N ˆ 9θi1Isi1,2 ŝi1,2 `mspi1rSc,i1{B ˆ r
2
Sc,i1{B

`mspi1rSc,i1{B ˆ

´

ωB{N ˆ r
1
Sc,i1{B

¯

` rI 1spi2,Sc,i2
sωB{N ´mspi2

´

rr̃Sc,i2{Bsrr̃
1
Sc,i2{Bs ` rr̃

1
Sc,i2{Bsrr̃Sc,i2{Bs

¯

ωB{N `
`

:θi1 ` :θi2
˘

Isi2,2 ŝi2,2

` ωB{N ˆ
`

9θi1 ` 9θi2
˘

Isi2,2 ŝi2,2 `mspi2rSc,i2{B ˆ r
2
Sc,i2{B

`mspi2rSc,i2{B ˆ

´

ωB{N ˆ r
1
Sc,i2{B

¯

˙

(39)

Factoring out ωB{N , and substituting in from Eq. 31 leaves:

9Hsc,B “ rIsc,Bs 9ωB{N ` ωB{N ˆ rIsc,BsωB{N ` rI
1
sc,BsωB{N `

NS
ÿ

i“1

„

:θi1Isi1,2 ŝi1,2

` ωB{N ˆ 9θi1Isi1,2 ŝi1,2 `mspi1rSc,i1{B ˆ r
2
Sc,i1{B

`mspi1ωB{N ˆ
´

rSc,i1{B ˆ r
1
Sc,i1{B

¯

`
`

:θi1 ` :θi2
˘

Isi2,2 ŝi2,2 ` ωB{N ˆ
`

9θi1 ` 9θi2
˘

Isi2,2 ŝi2,2

`mspi2rSc,i2{B ˆ r
2
Sc,i2{B

`mspi2ωB{N ˆ
´

rSc,i2{B ˆ r
1
Sc,i2{B

¯



(40)

Eqs. (18) and (40) are equated and yield

LB `msc:rB{N ˆ c “ rIsc,Bs 9ωB{N ` ωB{N ˆ rIsc,BsωB{N ` rI
1
sc,BsωB{N `

NS
ÿ

i“1

„

:θi1Isi1,2 ŝi1,2

` ωB{N ˆ 9θi1Isi1,2 ŝi1,2 `mspi1rSc,i1{B ˆ r
2
Sc,i1{B

`mspi1ωB{N ˆ
´

rSc,i1{B ˆ r
1
Sc,i1{B

¯

`
`

:θi1 ` :θi2
˘

Isi2,2 ŝi2,2 ` ωB{N ˆ
`

9θi1 ` 9θi2
˘

Isi2,2 ŝi2,2

`mspi2rSc,i2{B ˆ r
2
Sc,i2{B

`mspi2ωB{N ˆ
´

rSc,i2{B ˆ r
1
Sc,i2{B

¯



(41)
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Finally, using tilde matrix and simplifying yields the modified Euler equation, which is the second EOM
necessary to describe the motion of the spacecraft.

rIsc,Bs 9ωB{N “ ´rω̃B{N srIsc,BsωB{N ´ rI
1
sc,BsωB{N ´

NS
ÿ

i“1

„

:θi1Isi1,2 ŝi1,2

` rω̃B{N s 9θi1Isi1,2 ŝi1,2 `mspi1rr̃Sc,i1{Bsr
2
Sc,i1{B

`mspi1rω̃B{N srr̃Sc,i1{Bsr
1
Sc,i1{B

`
`

:θi1 ` :θi2
˘

Isi2,2 ŝi2,2 ` rω̃B{N s
`

9θi1 ` 9θi2
˘

Isi2,2 ŝi2,2

`mspi2rr̃Sc,i2{Bsr
2
Sc,i2{B

`mspi2rω̃B{N srr̃Sc,i2{Bsr
1
Sc,i2{B



`LB ´mscrc̃s:rB{N (42)

However, it is desirable to place the second order state variables on the left hand side of the equation.
Performing some rearranging of Eq. (42) results in an intermediate step.

mscrc̃s:rB{N ` rIsc,Bs 9ωB{N `
NS
ÿ

i“1

„

:θi1Isi1,2 ŝi1,2 `mspi1rr̃Sc,i1{Bsr
2
Sc,i1{B

`
`

:θi1 ` :θi2
˘

Isi2,2 ŝi2,2 `mspi2rr̃Sc,i2{Bsr
2
Sc,i2{B



“ ´rω̃B{N srIsc,BsωB{N ´ rI
1
sc,BsωB{N

´

NS
ÿ

i“1

„

rω̃B{N s 9θi1Isi1,2 ŝi1,2 `mspi1rω̃B{N srr̃Sc,i1{Bsr
1
Sc,i1{B

` rω̃B{N s
`

9θi1 ` 9θi2
˘

Isi2,2 ŝi2,2 `mspi2rω̃B{N srr̃Sc,i2{Bsr
1
Sc,i2{B



`LB (43)

Then, the second order terms are factored out:

mscrc̃s:rB{N ` rIsc,Bs 9ωB{N `
NS
ÿ

i“1

„

´

Isi1,2 ŝi1,2 `mspi1di1rr̃Sc,i1{Bsŝi1,3 ` Isi2,2 ŝi2,2

`mspi2 li1rr̃Sc,i2{Bsŝi1,3 `mspi2di2rr̃Sc,i2{Bsŝi2,3

¯

:θi1 `
´

Isi2,2 ŝi2,2 `mspi2rr̃Sc,i2{Bsdi2ŝi2,3

¯

:θi2



“ ´rω̃B{N srIsc,BsωB{N ´ rI
1
sc,BsωB{N ´

NS
ÿ

i“1

„

rω̃B{N s 9θi1Isi1,2 ŝi1,2 `mspi1di1
9θ2i1rr̃Sc,i1{Bsŝi1,1

`mspi2 li1
9θ2i1rr̃Sc,i2{Bsŝi1,1 `mspi1rω̃B{N srr̃Sc,i1{Bsr

1
Sc,i1{B

` rω̃B{N s
`

9θi1 ` 9θi2
˘

Isi2,2 ŝi2,2

`mspi2di2
`

9θi1 ` 9θi2
˘2
rr̃Sc,i2{Bsŝi2,1 `mspi2rω̃B{N srr̃Sc,i2{Bsr

1
Sc,i2{B



`LB (44)

The terms r2Sc,i1{B
and r2Sc,i2{B

contain second order state variables, therefore replacing their defi-
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nition seen in Eqs. (9) and (11) and simplifying the expression yields

mscrc̃s:rB{N`rIsc,Bs 9ωB{N`
NS
ÿ

i“1

„

`

Isi1,2 ŝi1,2`mspi1di1rr̃Sc,i1{Bsŝi1,3`Isi2,2 ŝi2,2`mspi2 li1rr̃Sc,i2{Bsŝi1,3

`mspi2di2rr̃Sc,i2{Bsŝi2,3
˘

:θi1 `
`

Isi2,2 ŝi2,2 `mspi2di2rr̃Sc,i2{Bsŝi2,3
˘

:θi2



“ ´rω̃B{N srIsc,BsωB{N ´ rI
1
sc,BsωB{N ´

NS
ÿ

i“1

„

9θi1Isi1,2rω̃B{N sŝi1,2 `mspi1rω̃B{N srr̃Sc,i1{Bsr
1
Sc,i1{B

`mspi1di1
9θ2i1rr̃Sc,i1{Bsŝi1,1 `

`

9θi1 ` 9θi2
˘

Isi2,2rω̃B{N sŝi2,2 `mspi2rω̃B{N srr̃Sc,i2{Bsr
1
Sc,i2{B

`mspi2rr̃Sc,i2{Bs
`

li1 9θ2i1ŝi1,1 ` di2
`

9θi1 ` 9θi2
˘2
ŝi2,1

˘



`LB (45)

1.2.3 Dual Linked Solar Panel Motion

The following section follows the same derivation seen in previous work1 and is summarized here for
convenience. Let LHi1 “ Li1,1ŝi1,1 ` Li1,2ŝi1,2 ` Li1,3ŝi1,3 be the total torque acting on the first solar
panel at point Hi1. The corresponding hinge torque is given through

Li1,2 “ ´ki1θi1 ´ ci1 9θi1 ` ki2θi2 ` ci2 9θi2 ` ŝi1,2 ¨ τexti1,Hi1 ` ŝi1,2 ¨ rHi2{Hi1
ˆ F1{2i (46)

Where F1{2i is the reaction of solar panel 2 acting on solar panel 1. It is important to point out that
F1{2i “ ´F2{1i.

To define the F1{2i, F2{1i needs to be defined. This is done performing the super particle theorem
on the second solar panel:

F2{1i ` Fexti2 “ mspi2 :rSc,i2{N (47)

The sum of the external forces on solar panel 2, Fexti2 , is separate because it does not contribute to
the reaction force at the joint. With this definition F1{2i is defined as

F1{2i “ Fexti2 ´mspi2 :rSc,i2{N (48)

Plugging this definition into Eq. (46) yields

Li1,2 “ ´ki1θi1´ci1 9θi1`ki2θi2`ci2 9θi2`ŝi1,2¨τexti1,Hi1`ŝi1,2¨
”

rHi2{Hi1
ˆ
`

Fexti2´mspi2 :rSc,i2{N

˘

ı

(49)

The hinge structure produces the other two torques Li1,1 and Li1,3. τexti1,Hi1 is the external torque
on the solar panel and is projected onto the ŝi,2 direction to find its contribution to Li1,2. Gravity, for
example would apply the following torque on the solar panel about point Hi1

τg,Hi1 “ rSc,i1{Hi1
ˆ Fg (50)

The inertial angular velocity vector for the solar panel frame is

ωSi1{N “ ωSi1{Hi1
` ωHi1{B ` ωB{N (51)

where ωSi1{Hi1
“ 9θi1ŝi1,2. Because the hinge frame Hi1 is fixed relative to the body frame B the

relative angular velocity vector is ωHi1{B “ 0. The body angular velocity vector is written in Si1-frame
components as

ωB{N “ pŝi1,1 ¨ ωB{N qŝi1,1 ` pŝi1,2 ¨ ωB{N qŝi1,2 ` pŝi1,3 ¨ ωB{N qŝi1,3 (52)

“ ωsi1,1 ŝi1,1 ` ωsi1,2 ŝi1,2 ` ωsi1,3 ŝi1,3 (53)
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Using this definition greatly simplifies the following algebraic development. Finally, the inertial solar
panel angular velocity vector is written as

ωSi1{N “ ωsi1,1 ŝi1,1 ` pωsi1,2 `
9θi1qŝi1,2 ` ωsi1,3 ŝi1,3 (54)

As ŝi1,2 is a body-fixed vector, note that

9ωsi1,2 “

Bd

dt

`

ωB{N ¨ ŝi1,2
˘

“

Bd

dt

`

ωB{N
˘

¨ ŝi1,2 “ 9ωB{N ¨ ŝi1,2 (55)

Substituting these angular velocity components into the rotational equations of motion of a rigid
body with torques taken about its center of mass,2 the general solar panel equations of motion are
written as

Isi1,1 9ωsi1,1 “ ´pIsi1,3 ´ Isi1,2qpωsi1,2 `
9θi1qωsi1,3 ` Lsi1,1 (56)

Isi1,2p 9ωsi1,2 `
:θi1q “ ´pIsi1,1 ´ Isi1,3qωsi1,3ωsi1,1 ` Lsi1,2 (57)

Isi1,3 9ωsi1,3 “ ´pIsi1,2 ´ Isi1,1qωsi1,1pωsi1,2 `
9θi1q ` Lsi1,3 (58)

where LSc,i1 “ Lsi1,1 ŝi1,1 `Lsi1,2 ŝi1,2 `Lsi1,3 ŝi1,3 is the net torque acting on the solar panel about its
center of mass. The second differential equation is used to get the equations of motion of θi1. The first
and third equation could be used to back-solve for the structural hinge torques embedded in Lsi1,1 and
Lsi1,3 if needed.

Let FSc,i1 be the net force acting on the first solar panel. Using the superparticle theorem2 yields

FSc,i1 “ mspi1 :rSc,i1{N (59)

The torque about the solar panel center of mass can be related to the torque about the hinge point Hi1

using
LHi1 “ LSc,i1 ` rSc,i1{Hi1

ˆ FSc,i1 (60)

Solving for the torque about Sc,i yields

LSc,i1 “ LHi1 ´ rSc,i1{Hi1
ˆmspi1 :rSc,i1{N (61)

Taking the vector dot product with ŝi1,2 and using rSc,i1{Hi1
“ ´di1ŝi1,1 results in

Lsi1,2 “ ŝi1,2 ¨LSc,i1 “ ŝi1,2 ¨LHi1
l jh n

Li1,2

´ŝi1,2 ¨
´

rSc,i1{Hi1
ˆmspi1 :rSc,i1{N

¯

(62)

Lsi1,2 “ ´ki1θi1´ci1
9θi1`ki2θi2`ci2 9θi2` ŝi1,2 ¨τexti1,Hi1` ŝi1,2 ¨

”

rHi2{Hi1
ˆ
`

Fexti2´mspi2 :rSc,i2{N

˘

ı

`mspi1di1ŝi1,2 ¨
´

ŝi1,1 ˆ :rSc,i1{N

¯

(63)

Expanding a couple of definitions

Lsi1,2 “ ´ki1θi1 ´ ci1
9θi1 ` ki2θi2 ` ci2 9θi2 ` ŝi1,2 ¨ τexti1,Hi1 ´ li1ŝi1,2 ¨

`

ŝi1,1 ˆ Fexti2

˘

`mspi2 li1ŝi1,2 ¨
”

ŝi1,1 ˆ
`

:rSc,i2{N

˘

ı

`mspi1di1ŝi1,2 ¨
´

ŝi1,1 ˆ :rSc,i1{N

¯

(64)
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Using the double vector cross product identity results in:

Lsi1,2 “ ´ki1θi1 ´ ci1
9θi1 ` ki2θi2 ` ci2 9θi2 ` ŝi1,2 ¨ τexti1,Hi1 ` li1ŝi1,3 ¨ Fexti2

´mspi2 li1ŝi1,3 ¨ :rSc,i2{N ´mspi1di1ŝi1,3 ¨ :rSc,i1{N (65)

The following definitions need to be defined:

:rSc,i1{N “ :rB{N ` :rSc,i1{B

“ :rB{N ` r
2
Sc,i1{B

` 2ωB{N ˆ r
1
Sc,i1{B

` 9ωB{N ˆ rSc,i1{B ` ωB{N ˆ pωB{N ˆ rSc,i1{Bq (66)

:rSc,i2{N “ :rB{N ` :rSc,i2{B

“ :rB{N ` r
2
Sc,i2{B

` 2ωB{N ˆ r
1
Sc,i2{B

` 9ωB{N ˆ rSc,i2{B ` ωB{N ˆ pωB{N ˆ rSc,i2{Bq (67)

Substituting these definitions into the torque equation results in:

Lsi1,2 “ ´ki1θi1 ´ ci1
9θi1 ` ki2θi2 ` ci2 9θi2 ` ŝi1,2 ¨ τexti1,Hi1 ` li1ŝi1,3 ¨ Fexti2 ´mspi1di1ŝi1,3 ¨

”

:rB{N

` r2Sc,i1{B
` 2ωB{N ˆ r

1
Sc,i1{B

` 9ωB{N ˆ rSc,i1{B ` ωB{N ˆ pωB{N ˆ rSc,i1{Bq

ı

´mspi2 li1ŝi1,3 ¨
”

:rB{N ` r
2
Sc,i2{B

` 2ωB{N ˆ r
1
Sc,i2{B

` 9ωB{N ˆ rSc,i2{B

` ωB{N ˆ pωB{N ˆ rSc,i2{Bq

ı

(68)

Substituting this torque into the earlier differential equation

Isi1,2p 9ωsi1,2 `
:θi1q “ ´pIsi1,1 ´ Isi1,3qωsi1,3ωsi1,1 ` Lsi1,2 (69)

leads to the desired scalar hinged solar panel equation of motion

Isi1,2pŝ
T
i1,2 9ωB{N ` :θi1q “ ´pIsi1,1 ´ Isi1,3qωsi1,3ωsi1,1 ´ ki1θi1 ´ ci1

9θi1 ` ki2θi2 ` ci2 9θi2

` ŝi1,2 ¨ τexti1,Hi1 ` li1ŝi1,3 ¨ Fexti2 ´mspi1di1ŝi1,3 ¨
”

:rB{N ` r
2
Sc,i1{B

` 2ωB{N ˆ r
1
Sc,i1{B

` 9ωB{N ˆ rSc,i1{B `ωB{N ˆ pωB{N ˆ rSc,i1{Bq

ı

´mspi2 li1ŝi1,3 ¨
”

:rB{N ` r
2
Sc,i2{B

` 2ωB{N ˆ r
1
Sc,i2{B

` 9ωB{N ˆ rSc,i2{B ` ωB{N ˆ pωB{N ˆ rSc,i2{Bq

ı

(70)

Moving second order variable to the left hand side of the equation yields:

”

mspi1di1ŝ
T
i1,3`mspi2 li1ŝ

T
i1,3

ı

:rB{N`
”

Isi1,2 ŝ
T
i1,2´mspi1di1ŝ

T
i1,3rr̃Sc,i1{Bs´mspi2 li1ŝ

T
i1,3rr̃Sc,i2{Bs

ı

9ωB{N

` Isi1,2
:θi1 `mspi1di1ŝ

T
i1,3r

2
Sc,i1{B

`mspi2 li1ŝ
T
i1,3r

2
Sc,i2{B

“ ´pIsi1,1 ´ Isi1,3qωsi1,3ωsi1,1 ´ ki1θi1 ´ ci1
9θi1

` ki2θi2 ` ci2 9θi2 ` ŝi1,2 ¨ τexti1,Hi1 ` li1ŝi1,3 ¨ Fexti2 ´mspi1di1ŝi1,3 ¨
”

2ωB{N ˆ r
1
Sc,i1{B

` ωB{N ˆ pωB{N ˆ rSc,i1{Bq

ı

´mspi2 li1ŝi1,3 ¨
”

2ωB{N ˆ r
1
Sc,i2{B

` ωB{N ˆ pωB{N ˆ rSc,i2{Bq

ı

(71)
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Expanding the r2Sc,i1{B
and r2Sc,i2{B

terms, replacing cross products with the tilde matrix and again

isolating the second order variables results in:

”

mspi1di1ŝ
T
i1,3`mspi2 li1ŝ

T
i1,3

ı

:rB{N`
”

Isi1,2 ŝ
T
i1,2´mspi1di1ŝ

T
i1,3rr̃Sc,i1{Bs´mspi2 li1ŝ

T
i1,3rr̃Sc,i2{Bs

ı

9ωB{N

`

”

Isi1,2 `mspi1d
2
i1 `mspi2 l

2
i1 `mspi2 li1di2ŝ

T
i1,3ŝi2,3

ı

:θi1 `
”

mspi2 li1di2ŝ
T
i1,3ŝi2,3

ı

:θi2

“ ´pIsi1,1 ´ Isi1,3qωsi1,3ωsi1,1 ´ ki1θi1 ´ ci1
9θi1 ` ki2θi2 ` ci2 9θi2 ` ŝ

T
i1,2τexti1,Hi1 ` li1ŝ

T
i1,3Fexti2

´mspi1di1ŝ
T
i1,3

”

2rω̃B{N sr
1
Sc,i1{B

` rω̃B{N srω̃B{N srSc,i1{B

ı

´mspi2 li1ŝ
T
i1,3

”

2rω̃B{N sr
1
Sc,i2{B

` rω̃B{N srω̃B{N srSc,i2{B ` li1
9θ2i1ŝi1,1 ` di2

`

9θi1 ` 9θi2
˘2
ŝi2,1

ı

(72)

Eq. (72) is the EOM that describes the motion of the first solar panel with a linked secondary panel
attached at the end. The final step is to find the EOM of the secondary panel. Following a very similar
pattern the EOM for the second panel is found. First the torque about point Hi2 is defined as:

Li2,2 “ ´ki2θi2 ´ ci2 9θi2 ` ŝi2,2 ¨ τexti2,Hi2 (73)

The relationship between the torque about the center of mass of the solar panel and about the hinge
point is defined as:

LHi2 “ LSc,i2 ` rSc,i2{Hi2
ˆ FSc,i2 (74)

The torque about ŝi2,2 is the only torque that is required:

Lsi2,2 “ ŝi2,2 ¨LSc,i2 “ ŝi2,2 ¨LHi2
l jh n

Li2,2

´ŝi2,2 ¨
´

rSc,i2{Hi2
ˆmspi2 :rSc,i2{N

¯

(75)

Substituting Eq. (73) into the previous equation yields

Lsi2,2 “ ´ki2θi2 ´ ci2
9θi2 ` ŝi2,2 ¨ τexti2,Hi2 ´mspi2di2ŝi2,3 ¨ :rSc,i2{N (76)

Substituting this torque into the modified Euler’s equation for the second panel

Isi2,2p 9ωsi2,2 `
:θi1 ` :θi2q “ ´pIsi2,1 ´ Isi2,3qωsi2,3ωsi2,1 ` Lsi2,2 (77)

Results in:

Isi2,2p 9ωsi2,2 `
:θi1 ` :θi2q “ ´pIsi2,1 ´ Isi2,3qωsi2,3ωsi2,1 ´ ki2θi2 ´ ci2

9θi2 ` ŝ
T
i2,2τexti2,Hi2

´mspi2di2ŝ
T
i2,3:rSc,i2{N (78)

Substituting the definition of :rSc,i2{N yields:

Isi2,2p 9ωsi2,2 `
:θi1 ` :θi2q “ ´pIsi2,1 ´ Isi2,3qωsi2,3ωsi2,1 ´ ki2θi2 ´ ci2

9θi2 ` ŝ
T
i2,2τexti2,Hi2

´mspi2di2ŝ
T
i2,3

”

:rB{N ` r
2
Sc,i2{B

` 2ωB{N ˆ r
1
Sc,i2{B

` 9ωB{N ˆ rSc,i2{B `ωB{N ˆ pωB{N ˆ rSc,i2{Bq

ı

(79)
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Moving the second order state variables to the left hand side of the equation yields:

”

mspi2di2ŝ
T
i2,3

ı

:rB{N `
”

Isi2,2 ŝ
T
i2,2 ´mspi2di2ŝ

T
i2,3rr̃Sc,i2{Bs

ı

9ωB{N `
”

Isi2,2

ı

:θi1 `
”

Isi2,2

ı

:θi2

`mspi2di2ŝ
T
i2,3r

2
Sc,i2{B

“ ´pIsi2,1 ´ Isi2,3qωsi2,3ωsi2,1 ´ ki2θi2 ´ ci2
9θi2 ` ŝ

T
i2,2τexti2,Hi2

´mspi2di2ŝ
T
i2,3

”

2ωB{N ˆ r
1
Sc,i2{B

` ωB{N ˆ pωB{N ˆ rSc,i2{Bq

ı

(80)

Expanding r2Sc,i2{B
, isolating second order state variables to the left hand side and introducing the

skew symmetric matrix:

”

mspi2di2ŝ
T
i2,3

ı

:rB{N`
”

Isi2,2 ŝ
T
i2,2´mspi2di2ŝ

T
i2,3rr̃Sc,i2{Bs

ı

9ωB{N`
”

Isi2,2`mspi2d
2
i2`mspi2 li1di2ŝ

T
i2,3ŝi1,3

ı

:θi1

`

”

Isi2,2 `mspi2d
2
i2

ı

:θi2 “ ´pIsi2,1 ´ Isi2,3qωsi2,3ωsi2,1 ´ ki2θi2 ´ ci2
9θi2 ` ŝ

T
i2,2τexti2,Hi2

´mspi2di2ŝ
T
i2,3

”

2rω̃B{N sr
1
Sc,i2{B

` rω̃B{N srω̃B{N srSc,i2{B ` li1
9θ2i1ŝi1,1

ı

(81)

Eq. (81) is the last EOM needed to describe the motion of the spacecraft. The next section develops
the back substitution method for interconnected panels and gives meaningful insight on how effectors
connected to other effectors dynamically couple to the spacecraft.

1.3 Derivation of Equations of Motion - Kane’s Method

The choice of state variables and their respective chosen generalized speeds are:

X “

»

—

—

—

—

—

—

—

—

–

rB{N
σB{N
θ1,1
θ1,2
¨

θNS ,1

θNS ,2

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

u “

»

—

—

—

—

—

—

—

—

—

–

9rB{N
ωB{N

9θ1,1
9θ1,2
¨

9θNS ,1
9θNS ,2

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(82)

The necessary velocities needed to be defined are as follows

9rBc{N “ 9rB{N ` ωB{N ˆ rBc{B “ 9rB{N ´ rr̃Bc{BsωB{N (83)

ωB{N “ ωB{N (84)

9rSc,i1{B “ 9rB{N ` r
1
Sc,i1{B

` ωB{N ˆ rSc,i1{B “ 9rB{N ` di1 9θi1ŝi1,3 ´ rr̃Sc,i1{BsωB{N (85)

9rSc,i2{B “ 9rB{N `r
1
Sc,i2{B

`ωB{N ˆrSc,i2{B “ 9rB{N ` li1 9θi1ŝi1,3` di2
`

9θi1` 9θi2
˘

ŝi2,3´rr̃Sc,i2{BsωB{N
(86)

ωSi1{N “ ωB{N ` 9θi1ŝi1,2 (87)

ωSi2{N “ ωB{N ` p 9θi1 ` 9θi2qŝi2,2 (88)
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9rC{N “ 9rB{N ` 9c (89)

Now the following partial velocity table can be created:

Table 2: Partial Velocity Table

r vBc
r ωB

r v
Sc,i1
r ωSi1

r v
Sc,i2
r ωSi2

r
1´ 3 rI3ˆ3s r03ˆ3s rI3ˆ3s r03ˆ3s rI3ˆ3s r03ˆ3s

4´ 6 ´rr̃Bc{Bs rI3ˆ3s ´rr̃Sc,i1{Bs rI3ˆ3s ´rr̃Sc,i2{Bs rI3ˆ3s

7 r03ˆ1s r03ˆ1s di1ŝi1,3 ŝi1,2 li1ŝi1,3 ` di2ŝi2,3 ŝi2,2
8 r03ˆ1s r03ˆ1s r03ˆ1s r03ˆ1s di2ŝi2,3 ŝi2,2

An additional partial velocity that is needed is rvC1´3s for the external force applied on the spacecraft,
Fext. Using Eq.(89) the following is defined:

rvC1´3s “ rI3ˆ3s (90)

Using these partial velocity definitions, the follow sections will step through the formulation for the
translational, rotational and slosh EOMs developed using Kane’s method.

1.3.1 Rigid Spacecraft Hub Translational Motion

Starting with the definition of a generalized force:

Fr “

N
ÿ

r

vTr ¨ F (91)

Using this definition the external force applied on the spacecraft for the translational equations is defined
as:

F1´3 “ rv
C
1´3s

TFext “ Fext (92)

Using the definition of generalized inertia forces,

F ˚r “
N
ÿ

r

”

ωT
r T

˚ ` vTr p´mrarq
ı

(93)

the inertia forces for the hub translational motion are defined as

F ˚1´3 “ rv
Bc
1´3s

T p´mhub:rBc{N q `

NS
ÿ

i

´

rv
Sc,i1

1´3 s
T p´mspi1 :rSc,i1{N q ` rv

Sc,i2

1´3 s
T p´mspi2 :rSc,i2{N q

¯

“ ´mhub:rBc{N `

NS
ÿ

i

´

´mspi1 :rSc,i1{N ´mspi2 :rSc,i2{N

¯

(94)

Finally, Kane’s equation is:

Fr ` F
˚
r “ 0; r “ 1, 2, ...N (95)

therefore the equation for the translational motion is:

Fext ´mhub:rBc{N `

NS
ÿ

i

´

´mspi1 :rSc,i1{N ´mspi2 :rSc,i2{N

¯

“ 0 (96)
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Expanding and rearranging results in

mhubp:rB{N ` :rBc{Bq `

NS
ÿ

i

”

mspi1p:rB{N ` :rSc,i1{Bq `mspi2p:rB{N ` :rSc,i2{Bq

ı

“ Fext (97)

Plugging Eq. (24) into Eq. (97) results in

mhub:rB{N `mhub

”

9ωB{N ˆ rBc{B ` ωB{N ˆ pωB{N ˆ rBc{Bq

ı

`

NS
ÿ

i

ˆ

mspi1

”

:rB{N ` r
2
Sc,i1{B

` 2ωB{N ˆ r
1
Sc,i1{B

` 9ωB{N ˆ rSc,i1{B ` ωB{N ˆ pωB{N ˆ rSc,i1{Bq

ı

`mspi2

”

:rB{N

` r2Sc,i2{B
` 2ωB{N ˆ r

1
Sc,i2{B

` 9ωB{N ˆ rSc,i2{B ` ωB{N ˆ pωB{N ˆ rSc,i2{Bq

ı

˙

“ Fext (98)

Combining like terms results in:

msc:rB{N ´mscrc̃s 9ωB{N `
NS
ÿ

i

ˆ

mspi1

”

di1ŝi1,3:θi1 ` di1 9θ2i1ŝi1,1

ı

`mspi2

”

pli1ŝi1,3 ` di2ŝi2,3q:θi1 ` di2ŝi2,3:θi2 ` li1 9θ2i1ŝi1,1 ` di2
`

9θi1 ` 9θi2
˘2
ŝi2,1

ı

˙

“ Fext ´ 2mscrω̃B{N sc
1 ´mscrω̃B{N srω̃B{N sc (99)

Rearranging and putting in final form:

msc:rB{N ´mscrc̃s 9ωB{N `
NS
ÿ

i

ˆ

”

mspi1di1ŝi1,3 `mspi2 li1ŝi1,3 `mspi2di2ŝi2,3

ı

:θi1 `mspi2di2ŝi2,3
:θi2

˙

“ Fext ´ 2mscrω̃B{N sc
1 ´mscrω̃B{N srω̃B{N sc

´

NS
ÿ

i

ˆ

mspi1di1
9θ2i1ŝi1,1 `mspi2

”

pli1 9θ2i1ŝi1,1 ` di2
`

9θi1 ` 9θi2
˘2
ŝi2,1

ı

˙

(100)

Which is identical to Eq. (17) found using Newtonian mechanics.

1.3.2 Rigid Spacecraft Hub Rotational Motion

The torque acting on the spacecraft, LB needs to be defined as a general active force. Using Eq. (91)
active forces acting on the spacecraft for the rotational equations can be defined as:

F4´6 “ rω
B
4´6s

TLB “ LB (101)

To define the generalized inertia forces, using Eq. (93) the definition of T ˚ needs to be defined for
a rigid body:

T ˚ “ ´rIcs 9ω ´ rω̃srIcsω (102)
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F ˚4´6 “ rω
B
4´6s

TT ˚hub ` rv
Bc
4´6s

T p´mhub:rBc{N q `

NS
ÿ

i

ˆ

rv
Sc,i1

4´6 s
T p´mspi1 :rSc,i1{N q ` rω

Si1
4´6s

TT ˚spi1

`rv
Sc,i1

4´6 s
T p´mspi1 :rSc,i1{N q`rω

Si1
4´6s

TT ˚spi1

˙

“ ´rIhub,Bs 9ωB{N´rω̃B{N srIhub,BsωB{N´mhubrr̃Bc{Bs:rBc{N

`

NS
ÿ

i

ˆ

´mspi1rr̃Sc,i1{Bs:rSc,i1{N ´ rIspi1,Sc,i1s 9ωSi1{N ´ rω̃Si1{N srIspi1,Sc,i1sωSi1{N

´mspi2rr̃Sc,i2{Bs:rSc,i2{N ´ rIspi2,Sc,i2s 9ωSi2{N ´ rω̃Si2{N srIspi2,Sc,i2sωSi2{N

˙

(103)

Using Kane’s equation, Eq. (95), the following equations of motion for the rotational dynamics are
defined:

LB ´ rIhub,Bs 9ωB{N ´ rω̃B{N srIhub,BsωB{N ´mhubrr̃Bc{Bs:rBc{N

`

NS
ÿ

i

ˆ

´mspi1rr̃Sc,i1{Bs:rSc,i1{N ´ rIspi1,Sc,i1s 9ωSi1{N ´ rω̃Si1{N srIspi1,Sc,i1sωSi1{N

´mspi2rr̃Sc,i2{Bs:rSc,i2{N ´ rIspi2,Sc,i2s 9ωSi2{N ´ rω̃Si2{N srIspi2,Sc,i2sωSi2{N

˙

“ 0 (104)

Repeated here for convenience:

ωSi1{N “ ωB{N ` 9θi1ŝi1,2 (105)

Define the inertial derivative:

9ωSi1{N “ 9ωB{N ` :θi1ŝi1,2 ` 9θi1ωB{N ˆ ŝi1,2 (106)

Same for the second panel:

ωSi2{N “ ωB{N ` p 9θi1 ` 9θi2qŝi2,2 (107)

9ωSi2{N “ 9ωB{N ` p:θi1 ` :θi2qŝi2,2 ` p 9θi1 ` 9θi2qωB{N ˆ ŝi2,2 (108)

Expand using those terms:

LB ´ rIhub,Bs 9ωB{N ´ rω̃B{N srIhub,BsωB{N ´mhubrr̃Bc{Bs:rBc{N `

NS
ÿ

i

ˆ

´mspi1rr̃Sc,i1{Bs:rSc,i1{N

´ rIspi1,Sc,i1s

”

9ωB{N ` :θi1ŝi1,2 ` 9θi1ωB{N ˆ ŝi1,2

ı

´ rω̃Si1{N srIspi1,Sc,i1sωSi1{N

´mspi2rr̃Sc,i2{Bs:rSc,i2{N ´ rIspi2,Sc,i2s

”

9ωB{N ` p:θi1 ` :θi2qŝi2,2 ` p 9θi1 ` 9θi2qωB{N ˆ ŝi2,2

ı

´ rω̃Si2{N srIspi2,Sc,i2sωSi2{N

˙

“ 0 (109)

Expanding some more terms
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LB ´ rIhub,Bs 9ωB{N ´ rω̃B{N srIhub,BsωB{N ´mhubrr̃Bc{Bs:rBc{N

`

NS
ÿ

i

ˆ

´mspi1rr̃Sc,i1{Bs:rSc,i1{N ´ rIspi1,Sc,i1s

”

9ωB{N ` :θi1ŝi1,2 ` 9θi1ωB{N ˆ ŝi1,2

ı

´

”

ωB{N ` 9θi1ŝi1,2

ı

ˆ rIspi1,Sc,i1s

”

ωB{N ` 9θi1ŝi1,2

ı

´mspi2rr̃Sc,i2{Bs:rSc,i2{N ´ rIspi2,Sc,i2s

”

9ωB{N ` p:θi1 ` :θi2qŝi2,2 ` p 9θi1 ` 9θi2qωB{N ˆ ŝi2,2

ı

´

”

ωB{N ` p 9θi1 ` 9θi2qŝi2,2

ı

ˆ rIspi2,Sc,i2s

”

ωB{N ` p 9θi1 ` 9θi2qŝi2,2

ı

˙

“ 0 (110)

Further expansion:

LB ´ rIhub,Bs 9ωB{N ´ rω̃B{N srIhub,BsωB{N ´mhubrr̃Bc{Bs:rBc{N `

NS
ÿ

i

ˆ

´mspi1rr̃Sc,i1{Bs:rSc,i1{N

´ rIspi1,Sc,i1s

”

9ωB{N ` :θi1ŝi1,2 ` 9θi1ωB{N ˆ ŝi1,2

ı

´ rω̃B{N srIspi1,Sc,i1sωB{N

´ ωB{N ˆ rIspi1,Sc,i1s
9θi1ŝi1,2 ´ 9θi1ŝi1,2 ˆ rIspi1,Sc,i1s

”

ωB{N ` 9θi1ŝi1,2

ı

´mspi2rr̃Sc,i2{Bs:rSc,i2{N

´ rIspi2,Sc,i2s

”

9ωB{N ` p:θi1 ` :θi2qŝi2,2 ` p 9θi1 ` 9θi2qωB{N ˆ ŝi2,2

ı

´ rω̃B{N srIspi2,Sc,i2sωB{N

´ ωB{N ˆ rIspi2,Sc,i2sp
9θi1 ` 9θi2qŝi2,2 ´ p 9θi1 ` 9θi2qŝi2,2 ˆ rIspi2,Sc,i2s

”

ωB{N ` p 9θi1 ` 9θi2qŝi2,2

ı

˙

“ 0

(111)

Rearranging some terms:

LB ´ rIhub,Bs 9ωB{N ´ rω̃B{N srIhub,BsωB{N ´mhubrr̃Bc{Bs:rBc{N

`

NS
ÿ

i

ˆ

´ rIspi1,Sc,i1s 9ωB{N ´ rIspi2,Sc,i2s 9ωB{N ´ rω̃B{N srIspi1,Sc,i1sωB{N ´ rω̃B{N srIspi2,Sc,i2sωB{N

´mspi1rr̃Sc,i1{Bs:rSc,i1{N ´ rIspi1,Sc,i1s

”

:θi1ŝi1,2 ´ 9θi1ŝi1,2 ˆ ωB{N

ı

´ Isi1,2
9θi1ωB{N ˆ ŝi1,2 ´ 9θi1ŝi1,2 ˆ rIspi1,Sc,i1sωB{N

´mspi2rr̃Sc,i2{Bs:rSc,i2{N ´ rIspi2,Sc,i2s

”

p:θi1 ` :θi2qŝi2,2 ´ p 9θi1 ` 9θi2qŝi2,2 ˆ ωB{N

ı

´ Isi2,2p
9θi1 ` 9θi2qωB{N ˆ ŝi2,2 ´ p 9θi1 ` 9θi2qŝi2,2 ˆ rIspi2,Sc,i2sωB{N

˙

“ 0 (112)

This needs to be defined:

rIspi1,Sc,i1s
9θi1ŝi1,2 ˆ ωB{N “ 9θi1

Si1
»

–

Isi1,1 0 0
0 Isi1,2 0
0 0 Isi1,3

fi

fl

Si1
»

–

0 0 1
0 0 0
´1 0 0

fi

fl

Si1ωB{N (113)

Which simplifies to:
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rIspi1,Sc,i1s
9θi1ŝi1,2 ˆ ωB{N “ 9θi1

Si1
»

–

0 0 Isi1,1
0 0 0

´Isi1,3 0 0

fi

fl

Si1ωB{N (114)

Final simplification:

rIspi1,Sc,i1s
9θi1ŝi1,2 ˆ ωB{N “ 9θi1pIsi1,1 ŝi1,1ŝ

T
i1,3 ´ Isi1,3 ŝi1,3ŝ

T
i1,1qωB{N (115)

Same for second panel:

rIspi2,Sc,i2sp
9θi1 ` 9θi2qŝi2,2 ˆ ωB{N “ p 9θi1 ` 9θi2qpIsi2,1 ŝi2,1ŝ

T
i2,3 ´ Isi2,3 ŝi2,3ŝ

T
i2,1qωB{N (116)

Another term that needs to be simplified is:

9θi1ŝi1,2 ˆ rIspi1,Sc,i1sωB{N “ 9θi1

Si1
»

–

0 0 1
0 0 0
´1 0 0

fi

fl

Si1
»

–

Isi1,1 0 0
0 Isi1,2 0
0 0 Isi1,3

fi

fl

Si1ωB{N (117)

Which simplifies to:

9θi1ŝi1,2 ˆ rIspi1,Sc,i1sωB{N “ 9θi1

Si1
»

–

0 0 Isi1,3
0 0 0

´Isi1,1 0 0

fi

fl

Si1ωB{N (118)

Final simplification:

9θi1ŝi1,2 ˆ rIspi1,Sc,i1sωB{N “ 9θi1pIsi1,3 ŝi1,1ŝ
T
i1,3 ´ Isi1,1 ŝi1,3ŝ

T
i1,1qωB{N (119)

Performing the same methodology for panel 2:

p 9θi1 ` 9θi2qŝi2,2 ˆ rIspi2,Sc,i2sωB{N “ p 9θi1 ` 9θi2qpIsi2,3 ŝi2,1ŝ
T
i2,3 ´ Isi2,1 ŝi2,3ŝ

T
i2,1qωB{N (120)

Plugging these in:

LB ´ rIhub,Bs 9ωB{N ´ rω̃B{N srIhub,BsωB{N ´mhubrr̃Bc{Bs:rBc{N

`

NS
ÿ

i

ˆ

´ rIspi1,Sc,i1s 9ωB{N ´ rIspi2,Sc,i2s 9ωB{N ´ rω̃B{N srIspi1,Sc,i1sωB{N ´ rω̃B{N srIspi2,Sc,i2sωB{N

´mspi1rr̃Sc,i1{Bs:rSc,i1{N ´ rIspi1,Sc,i1s
:θi1ŝi1,2 ` 9θi1pIsi1,1 ŝi1,1ŝ

T
i1,3 ´ Isi1,3 ŝi1,3ŝ

T
i1,1qωB{N

´ Isi1,2
9θi1ωB{N ˆ ŝi1,2 ´ 9θi1pIsi1,3 ŝi1,1ŝ

T
i1,3 ´ Isi1,1 ŝi1,3ŝ

T
i1,1qωB{N

´mspi2rr̃Sc,i2{Bs:rSc,i2{N ´ rIspi2,Sc,i2sp
:θi1` :θi2qŝi2,2` p 9θi1` 9θi2qpIsi2,1 ŝi2,1ŝ

T
i2,3´ Isi2,3 ŝi2,3ŝ

T
i2,1qωB{N

´ Isi2,2p
9θi1 ` 9θi2qωB{N ˆ ŝi2,2 ´ p 9θi1 ` 9θi2qpIsi2,3 ŝi2,1ŝ

T
i2,3 ´ Isi2,1 ŝi2,3ŝ

T
i2,1qωB{N

˙

“ 0 (121)

Moving some terms around:
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LB ´ rIhub,Bs 9ωB{N ´ rω̃B{N srIhub,BsωB{N ´mhubrr̃Bc{Bs:rBc{N

`

NS
ÿ

i

ˆ

´ rIspi1,Sc,i1s 9ωB{N ´ rIspi2,Sc,i2s 9ωB{N ´ rω̃B{N srIspi1,Sc,i1sωB{N ´ rω̃B{N srIspi2,Sc,i2sωB{N

´ 9θi1pIsi1,3 ´ Isi1,1qpŝi1,1ŝ
T
i1,3 ` ŝi1,3ŝ

T
i1,1qωB{N ´ p 9θi1 ` 9θi2qpIsi2,3 ´ Isi2,1qpŝi2,1ŝ

T
i2,3 ` ŝi2,3ŝ

T
i2,1qωB{N

´mspi1rr̃Sc,i1{Bs:rSc,i1{N ´ rIspi1,Sc,i1s
:θi1ŝi1,2 ´ Isi1,2

9θi1ωB{N ˆ ŝi1,2

´mspi2rr̃Sc,i2{Bs:rSc,i2{N ´ rIspi2,Sc,i2sp
:θi1 ` :θi2qŝi2,2 ´ Isi2,2p

9θi1 ` 9θi2qωB{N ˆ ŝi2,2

˙

“ 0 (122)

Plugging in the acceleration terms:

LB ´ rIhub,Bs 9ωB{N ´ rω̃B{N srIhub,BsωB{N ´mhubrr̃Bc{Bs

”

:rB{N ` :rBc{B

ı

`

NS
ÿ

i

ˆ

´ rIspi1,Sc,i1s 9ωB{N ´ rIspi2,Sc,i2s 9ωB{N ´ rω̃B{N srIspi1,Sc,i1sωB{N ´ rω̃B{N srIspi2,Sc,i2sωB{N

´ 9θi1pIsi1,3 ´ Isi1,1qpŝi1,1ŝ
T
i1,3 ` ŝi1,3ŝ

T
i1,1qωB{N ´ p 9θi1 ` 9θi2qpIsi2,3 ´ Isi2,1qpŝi2,1ŝ

T
i2,3 ` ŝi2,3ŝ

T
i2,1qωB{N

´mspi1rr̃Sc,i1{Bs

”

:rB{N ` :rSc,i1{B

ı

´ rIspi1,Sc,i1s
:θi1ŝi1,2 ´ Isi1,2

9θi1ωB{N ˆ ŝi1,2

´mspi2rr̃Sc,i2{Bs

”

:rB{N ` :rSc,i2{B

ı

´ rIspi2,Sc,i2sp
:θi1 ` :θi2qŝi2,2 ´ Isi2,2p

9θi1 ` 9θi2qωB{N ˆ ŝi2,2

˙

“ 0

(123)

Expanding acceleration terms:

LB ´ rIhub,Bs 9ωB{N ´ rω̃B{N srIhub,BsωB{N ´mhubrr̃Bc{Bs:rB{N

´mhubrr̃Bc{Bs

”

9ωB{N ˆ rBc{B ` ωB{N ˆ pωB{N ˆ rBc{Bq

ı

`

NS
ÿ

i

ˆ

´ rIspi1,Sc,i1s 9ωB{N ´ rIspi2,Sc,i2s 9ωB{N ´ rω̃B{N srIspi1,Sc,i1sωB{N ´ rω̃B{N srIspi2,Sc,i2sωB{N

´mspi1rr̃Sc,i1{Bs:rB{N ´mspi2rr̃Sc,i2{Bs:rB{N

´ 9θi1pIsi1,3 ´ Isi1,1qpŝi1,1ŝ
T
i1,3 ` ŝi1,3ŝ

T
i1,1qωB{N ´ p 9θi1 ` 9θi2qpIsi2,3 ´ Isi2,1qpŝi2,1ŝ

T
i2,3 ` ŝi2,3ŝ

T
i2,1qωB{N

´mspi1rr̃Sc,i1{Bs

”

r2Sc,i1{B
` 2ωB{N ˆ r

1
Sc,i1{B

` 9ωB{N ˆ rSc,i1{B ` ωB{N ˆ pωB{N ˆ rSc,i1{Bq

ı

´ rIspi1,Sc,i1s
:θi1ŝi1,2 ´ Isi1,2

9θi1ωB{N ˆ ŝi1,2

´mspi2rr̃Sc,i2{Bs

”

r2Sc,i2{B
` 2ωB{N ˆ r

1
Sc,i2{B

` 9ωB{N ˆ rSc,i2{B ` ωB{N ˆ pωB{N ˆ rSc,i2{Bq

ı

´ rIspi2,Sc,i2sp
:θi1 ` :θi2qŝi2,2 ´ Isi2,2p

9θi1 ` 9θi2qωB{N ˆ ŝi2,2

˙

“ 0 (124)

Moving like terms:
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LB´rIhub,Bs 9ωB{N`mhubrr̃Bc{Bsrr̃Bc{Bs 9ωB{N´rω̃B{N srIhub,BsωB{N`mhubrω̃B{N srr̃Bc{Bsrr̃Bc{BsωB{N

´mhubrr̃Bc{Bs:rB{N `
NS
ÿ

i

ˆ

´ rIspi1,Sc,i1s 9ωB{N `mspi1rr̃Sc,i1{Bsrr̃Sc,i1{Bs 9ωB{N ´ rIspi2,Sc,i2s 9ωB{N

`mspi2rr̃Sc,i2{Bsrr̃Sc,i2{Bs 9ωB{N ´ rω̃B{N srIspi1,Sc,i1sωB{N `mspi1rω̃B{N srr̃Sc,i1{Bsrr̃Sc,i1{BsωB{N

´ rω̃B{N srIspi2,Sc,i2sωB{N `mspi2rω̃B{N srr̃Sc,i2{Bsrr̃Sc,i2{BsωB{N ´mspi1rr̃Sc,i1{Bs:rB{N

´mspi2rr̃Sc,i2{Bs:rB{N ´
9θi1pIsi1,3 ´ Isi1,1qpŝi1,1ŝ

T
i1,3 ` ŝi1,3ŝ

T
i1,1qωB{N

´ p 9θi1 ` 9θi2qpIsi2,3 ´ Isi2,1qpŝi2,1ŝ
T
i2,3 ` ŝi2,3ŝ

T
i2,1qωB{N ´mspi1rr̃Sc,i1{Bs

”

r2Sc,i1{B
` 2ωB{N ˆ r

1
Sc,i1{B

ı

´ rIspi1,Sc,i1s
:θi1ŝi1,2 ´ Isi1,2

9θi1ωB{N ˆ ŝi1,2 ´mspi2rr̃Sc,i2{Bs

”

r2Sc,i2{B
` 2ωB{N ˆ r

1
Sc,i2{B

ı

´ rIspi2,Sc,i2sp
:θi1 ` :θi2qŝi2,2 ´ Isi2,2p

9θi1 ` 9θi2qωB{N ˆ ŝi2,2

˙

“ 0 (125)

Combining like terms using the parallel axis theorem:

LB´rIsc,Bs 9ωB{N´rω̃B{N srIsc,BsωB{N´mscrc̃s:rB{N`
NS
ÿ

i

ˆ

´ 9θi1pIsi1,3´Isi1,1qpŝi1,1ŝ
T
i1,3`ŝi1,3ŝ

T
i1,1qωB{N

´ 2mspi1rr̃Sc,i1{Bs

”

ωB{N ˆ r
1
Sc,i1{B

ı

´ p 9θi1 ` 9θi2qpIsi2,3 ´ Isi2,1qpŝi2,1ŝ
T
i2,3 ` ŝi2,3ŝ

T
i2,1qωB{N

´2mspi2rr̃Sc,i2{Bs

”

ωB{N ˆr
1
Sc,i2{B

ı

´mspi1rr̃Sc,i1{Bsr
2
Sc,i1{B

´rIspi1,Sc,i1s
:θi1ŝi1,2´Isi1,2

9θi1ωB{N ˆ ŝi1,2

´mspi2rr̃Sc,i2{Bsr
2
Sc,i2{B

´ rIspi2,Sc,i2sp
:θi1 ` :θi2qŝi2,2 ´ Isi2,2p

9θi1 ` 9θi2qωB{N ˆ ŝi2,2

˙

“ 0 (126)

Splitting the ´2mspi1rr̃Sc,i1{Bs

”

ωB{N ˆ r
1
Sc,i1{B

ı

term:

LB´rIsc,Bs 9ωB{N´rω̃B{N srIsc,BsωB{N´mscrc̃s:rB{N`
NS
ÿ

i

ˆ

´ 9θi1pIsi1,3´Isi1,1qpŝi1,1ŝ
T
i1,3`ŝi1,3ŝ

T
i1,1qωB{N

´mspi1rr̃Sc,i1{Bs

”

ωB{N ˆ r
1
Sc,i1{B

ı

`mspi1rr̃Sc,i1{Bsrr̃
1
Sc,i1{B

sωB{N

´ p 9θi1 ` 9θi2qpIsi2,3 ´ Isi2,1qpŝi2,1ŝ
T
i2,3 ` ŝi2,3ŝ

T
i2,1qωB{N ´mspi2rr̃Sc,i2{Bs

”

ωB{N ˆ r
1
Sc,i2{B

ı

`mspi2rr̃Sc,i2{Bsrr̃
1
Sc,i2{B

sωB{N ´mspi1rr̃Sc,i1{Bsr
2
Sc,i1{B

´ rIspi1,Sc,i1s
:θi1ŝi1,2 ´ Isi1,2

9θi1ωB{N ˆ ŝi1,2

´mspi2rr̃Sc,i2{Bsr
2
Sc,i2{B

´ rIspi2,Sc,i2sp
:θi1 ` :θi2qŝi2,2 ´ Isi2,2p

9θi1 ` 9θi2qωB{N ˆ ŝi2,2

˙

“ 0 (127)

Using the Jacobi identity for simplification:
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LB´rIsc,Bs 9ωB{N´rω̃B{N srIsc,BsωB{N´mscrc̃s:rB{N`
NS
ÿ

i

ˆ

´ 9θi1pIsi1,3´Isi1,1qpŝi1,1ŝ
T
i1,3`ŝi1,3ŝ

T
i1,1qωB{N

`mspi1rr̃
1
Sc,i1{B

srr̃Sc,i1{BsωB{N `mspi1rr̃Sc,i1{Bsrr̃
1
Sc,i1{B

sωB{N

´ p 9θi1 ` 9θi2qpIsi2,3 ´ Isi2,1qpŝi2,1ŝ
T
i2,3 ` ŝi2,3ŝ

T
i2,1qωB{N `mspi2rr̃

1
Sc,i2{B

srr̃Sc,i2{BsωB{N

`mspi2rr̃Sc,i2{Bsrr̃
1
Sc,i2{B

sωB{N ´mspi1rr̃Sc,i1{Bsr
2
Sc,i1{B

´ rIspi1,Sc,i1s
:θi1ŝi1,2 ´ Isi1,2

9θi1ωB{N ˆ ŝi1,2

´mspi1rω̃B{N srr̃Sc,i1{Bsr
1
Sc,i1{B

´mspi2rr̃Sc,i2{Bsr
2
Sc,i2{B

´ rIspi2,Sc,i2sp
:θi1 ` :θi2qŝi2,2

´ Isi2,2p
9θi1 ` 9θi2qωB{N ˆ ŝi2,2 ´mspi2rω̃B{N srr̃Sc,i2{Bsr

1
Sc,i2{B

˙

“ 0 (128)

Combining terms into rI 1sc,BsωB{N :

LB´mscrc̃s:rB{N ´rIsc,Bs 9ωB{N ´rω̃B{N srIsc,BsωB{N ´rI
1
sc,BsωB{N `

NS
ÿ

i

ˆ

´mspi1rr̃Sc,i1{Bsr
2
Sc,i1{B

´ rIspi1,Sc,i1s
:θi1ŝi1,2 ´ Isi1,2

9θi1ωB{N ˆ ŝi1,2 ´mspi1rω̃B{N srr̃Sc,i1{Bsr
1
Sc,i1{B

´mspi2rr̃Sc,i2{Bsr
2
Sc,i2{B

´ rIspi2,Sc,i2sp
:θi1 ` :θi2qŝi2,2 ´ Isi2,2p

9θi1 ` 9θi2qωB{N ˆ ŝi2,2 ´mspi2rω̃B{N srr̃Sc,i2{Bsr
1
Sc,i2{B

˙

“ 0

(129)

Expanding the r2Sc,i1{B
and r2Sc,i2{B

terms:

LB ´mscrc̃s:rB{N ´ rIsc,Bs 9ωB{N ´ rω̃B{N srIsc,BsωB{N ´ rI
1
sc,BsωB{N

`

NS
ÿ

i

ˆ

´mspi1rr̃Sc,i1{Bs

”

di1ŝi1,3:θi1 ` di1 9θ2i1ŝi1,1

ı

´ rIspi1,Sc,i1s
:θi1ŝi1,2

´ Isi1,2
9θi1ωB{N ˆ ŝi1,2 ´mspi1rω̃B{N srr̃Sc,i1{Bsr

1
Sc,i1{B

´mspi2rr̃Sc,i2{Bs

”

pli1ŝi1,3 ` di2ŝi2,3q:θi1 ` di2ŝi2,3:θi2 ` li1 9θ2i1ŝi1,1 ` di2
`

9θi1 ` 9θi2
˘2
ŝi2,1

ı

´ rIspi2,Sc,i2sp
:θi1 ` :θi2qŝi2,2 ´ Isi2,2p

9θi1 ` 9θi2qωB{N ˆ ŝi2,2 ´mspi2rω̃B{N srr̃Sc,i2{Bsr
1
Sc,i2{B

˙

“ 0

(130)

Moving the second order state derivatives to the left hand side:
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mscrc̃s:rB{N ` rIsc,Bs 9ωB{N `
NS
ÿ

i

ˆ

”

Isi1,2 ŝi1,2 `mspi1di1rr̃Sc,i1{Bsŝi1,3 ` Isi2,2 ŝi2,2

`mspi2rr̃Sc,i2{Bspli1ŝi1,3`di2ŝi2,3q
ı

:θi1`Isi2,2 ŝi2,2`mspi2di2rr̃Sc,i2{Bsŝi2,3
:θi2

˙

“ ´rω̃B{N srIsc,BsωB{N

´ rI 1sc,BsωB{N ´
NS
ÿ

i

ˆ

mspi1di1
9θ2i1rr̃Sc,i1{Bsŝi1,1 ` Isi1,2

9θi1rω̃B{N sŝi1,2 `mspi1rω̃B{N srr̃Sc,i1{Bsr
1
Sc,i1{B

`mspi2rr̃Sc,i2{Bs

”

li1 9θ2i1ŝi1,1 ` di2
`

9θi1 ` 9θi2
˘2
ŝi2,1

ı

` Isi2,2p
9θi1 ` 9θi2qrω̃B{N sŝi2,2

`mspi2rω̃B{N srr̃Sc,i2{Bsr
1
Sc,i2{B

˙

`LB (131)

Which is the same solution as the equations using Newtonian/Eulerian mechanics.

1.3.3 Panel 1 Flexing Equation

Following the similar pattern for translational and rotational equations the generalized active forces are
defined for the first interconnected panel:

F7 “ ω
Si1
7 ¨

”

p´ki1θi1 ´ ci1 9θi1qŝi1,2 ` pki2θi2 ` ci2 9θi2qŝi2,2 ` τexti1,Hi1

ı

` vHi2
7 ¨ F1{2i (132)

Need to define this velocity

9rHi2{B “ 9rB{N ` li1 9θi1ŝi1,3 ´ rr̃Hi2{BsωB{N (133)

Therefore:

vHi2
7 “ li1ŝi1,3 (134)

This needs to be defined:

F1{2i “ Fexti2 ´mspi2 :rSc,i2{N (135)

Plugging this in results in:

F7 “ ŝi1,2 ¨
”

p´ki1θi1´ci1 9θi1qŝi1,2`pki2θi2`ci2 9θi2qŝi2,2`τexti1,Hi1

ı

` li1ŝi1,3 ¨
”

Fexti2´mspi2 :rSc,i2{N

ı

(136)
Simplifying:

F7 “ ´ki1θi1´ ci1 9θi1`ki2θi2` ci2 9θi2` ŝi1,2 ¨τexti1,Hi1 ` li1ŝi1,3 ¨Fexti2 ´mspi2 li1ŝi1,3 ¨ :rSc,i2{N (137)

The generalized inertia forces are defined as:

F ˚7 “ ω
Si1
7 ¨ T ˚spi1 ` v

Sc,i1

7 ¨ p´mspi1 :rSc,i1{N q

“ ŝi1,2 ¨
”

´ rIspi1,Sc,i1s 9ωSi1{N ´ rω̃Si1{N srIspi1,Sc,i1sωSi1{N

ı

` di1ŝi1,3 ¨ p´mspi1 :rSc,i1{N q (138)
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Using Kane’s equation the EOM is defined as:

´ ki1θi1 ´ ci1 9θi1 ` ki2θi2 ` ci2 9θi2 ` ŝi1,2 ¨ τexti1,Hi1 ` li1ŝi1,3 ¨ Fexti2 ´mspi2 li1ŝi1,3 ¨ :rSc,i2{N

` ŝi1,2 ¨
”

´ rIspi1,Sc,i1s 9ωSi1{N ´ rω̃Si1{N srIspi1,Sc,i1sωSi1{N

ı

´mspi1di1ŝi1,3 ¨ :rSc,i1{N “ 0 (139)

Expanding:

´ ki1θi1 ´ ci1 9θi1 ` ki2θi2 ` ci2 9θi2 ` ŝi1,2 ¨ τexti1,Hi1 ` li1ŝi1,3 ¨ Fexti2 ´mspi2 li1ŝi1,3 ¨ :rSc,i2{N

` ŝi1,2 ¨

ˆ

´ rIspi1,Sc,i1s

”

9ωB{N ` :θi1ŝi1,2 ` 9θi1ωB{N ˆ ŝi1,2

ı

´ rω̃B{N srIspi1,Sc,i1sωB{N

´ ωB{N ˆ rIspi1,Sc,i1s
9θi1ŝi1,2 ´ 9θi1ŝi1,2 ˆ rIspi1,Sc,i1sωB{N

˙

´mspi1di1ŝi1,3 ¨ :rSc,i1{N “ 0 (140)

Simplifying:

´ ki1θi1 ´ ci1 9θi1 ` ki2θi2 ` ci2 9θi2 ` ŝi1,2 ¨ τexti1,Hi1 ` li1ŝi1,3 ¨ Fexti2 ´mspi2 li1ŝi1,3 ¨ :rSc,i2{N

` ŝi1,2 ¨

ˆ

´ rIspi1,Sc,i1s

”

9ωB{N ` :θi1ŝi1,2

ı

´ rω̃B{N srIspi1,Sc,i1sωB{N

˙

´mspi1di1ŝi1,3 ¨ :rSc,i1{N “ 0

(141)

Rearranging some common terms:

´ ki1θi1 ´ ci1 9θi1 ` ki2θi2 ` ci2 9θi2 ` ŝi1,2 ¨ τexti1,Hi1 ` li1ŝi1,3 ¨ Fexti2 ´mspi2 li1ŝi1,3 ¨ :rSc,i2{N

´ Isi1,2 ŝ
T
i1,2 9ωB{N ´ Isi1,2

:θi1 ´ pIsi1,1 ´ Isi1,3qωsi1,3ωsi1,1 ´mspi1di1ŝi1,3 ¨ :rSc,i1{N “ 0 (142)

Moving second order variables to the left hand side:

Isi1,2 ŝ
T
i1,2 9ωB{N ` Isi1,2

:θi1 `mspi1di1ŝ
T
i1,3

”

:rB{N ` r
2
Sc,i1{B

` 2ωB{N ˆ r
1
Sc,i1{B

` 9ωB{N ˆ rSc,i1{B

` ωB{N ˆ pωB{N ˆ rSc,i1{Bq

ı

`mspi2 li1ŝ
T
i1,3

”

:rB{N ` r
2
Sc,i2{B

` 2ωB{N ˆ r
1
Sc,i2{B

` 9ωB{N ˆ rSc,i2{B

` ωB{N ˆ pωB{N ˆ rSc,i2{Bq

ı

“ ´ki1θi1 ´ ci1 9θi1 ` ki2θi2 ` ci2 9θi2 ´ pIsi1,1 ´ Isi1,3qωsi1,3ωsi1,1

` ŝi1,2 ¨ τexti1,Hi1 ` li1ŝi1,3 ¨ Fexti2 (143)

Combing like terms:

”

mspi1di1ŝ
T
i1,3`mspi2 li1ŝ

T
i1,3

ı

:rB{N`
”

Isi1,2 ŝ
T
i1,2´mspi1di1ŝ

T
i1,3rr̃Sc,i1{Bs´mspi2 li1ŝ

T
i1,3rr̃Sc,i2{Bs

ı

9ωB{N

` Isi1,2
:θi1 `mspi1di1ŝ

T
i1,3

”

r2Sc,i1{B

ı

`mspi2 li1ŝ
T
i1,3

”

r2Sc,i2{B

ı

“ ´ki1θi1 ´ ci1 9θi1 ` ki2θi2 ` ci2 9θi2

´ pIsi1,1 ´ Isi1,3qωsi1,3ωsi1,1 ´ 2mspi2 li1ŝ
T
i1,3rω̃B{N sr

1
Sc,i2{B

´mspi2 li1ŝ
T
i1,3rω̃B{N srω̃B{N srSc,i2{B

´mspi1di1ŝ
T
i1,3rω̃B{N srω̃B{N srSc,i1{B ` ŝi1,2 ¨ τexti1,Hi1 ` li1ŝi1,3 ¨ Fexti2 (144)
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Plugging in the r2Sc,i1{B
and r2Sc,i2{B

terms:

”

mspi1di1ŝ
T
i1,3`mspi2 li1ŝ

T
i1,3

ı

:rB{N`
”

Isi1,2 ŝ
T
i1,2´mspi1di1ŝ

T
i1,3rr̃Sc,i1{Bs´mspi2 li1ŝ

T
i1,3rr̃Sc,i2{Bs

ı

9ωB{N

`

”

Isi1,2`mspi1d
2
i1`mspi2 l

2
i1`mspi2 li1di2ŝ

T
i1,3ŝi2,3

ı

:θi1`
”

mspi2 li1di2ŝ
T
i1,3ŝi2,3

ı

:θi2 “ ´pIsi1,1´Isi1,3qωsi1,3ωsi1,1

´ ki1θi1 ´ ci1 9θi1 ` ki2θi2 ` ci2 9θi2 ` ŝ
T
i1,2τexti1,Hi1 ` li1ŝ

T
i1,3Fexti2 ´mspi1di1ŝ

T
i1,3rω̃B{N srω̃B{N srSc,i1{B

´mspi2 li1ŝ
T
i1,3

”

2rω̃B{N sr
1
Sc,i2{B

` rω̃B{N srω̃B{N srSc,i2{B ` di2
`

9θi1 ` 9θi2
˘2
ŝi2,1

ı

(145)

This equation is the same equation found using Newtonian/Eulerian mechanics.

1.3.4 Panel 2 Flexing Equation

Following the similar pattern for translational and rotational equations the generalized active forces are
defined for the first interconnected panel:

F8 “ ω
Si2
8 ¨

”

p´ki2θi2 ´ ci2 9θi2qŝi2,2 ` τexti2,Hi2

ı

(146)

Simplifying:

F8 “ ŝi2,2 ¨
”

p´ki2θi2 ´ ci2 9θi2qŝi2,2 ` τexti2,Hi2

ı

“ ´ki2θi2 ´ ci2 9θi2 ` ŝi2,2 ¨ τexti2,Hi2 (147)

The generalized inertia forces are defined as:

F ˚8 “ ω
Si2
8 ¨ T ˚spi2 ` v

Sc,i2

8 ¨ p´mspi2 :rSc,i2{N q

“ ŝi2,2 ¨
”

´ rIspi2,Sc,i2s 9ωSi2{N ´ rω̃Si2{N srIspi2,Sc,i2sωSi2{N

ı

` di2ŝi2,3 ¨ p´mspi2 :rSc,i2{N q (148)

Using Kane’s equation the EOM is defined as:

´ ki2θi2 ´ ci2 9θi2 ` ŝi2,2 ¨ τexti2,Hi2 ` ŝi2,2 ¨
”

´ rIspi2,Sc,i2s 9ωSi2{N ´ rω̃Si2{N srIspi2,Sc,i2sωSi2{N

ı

´mspi2di2ŝ
T
i2,3:rSc,i2{N “ 0 (149)

Expanding:

´ ki2θi2 ´ ci2 9θi2 ` ŝi2,2 ¨ τexti2,Hi2 ` ŝi2,2 ¨

ˆ

´ rIspi2,Sc,i2s

”

9ωB{N ` p:θi1 ` :θi2qŝi2,2

ı

´ rω̃B{N srIspi2,Sc,i2sωB{N

˙

´mspi2di2ŝ
T
i2,3:rSc,i2{N “ 0 (150)

Simplifying:

´ ki2θi2 ´ ci2 9θi2 ` ŝi2,2 ¨ τexti2,Hi2 ´ Isi2,2 ŝ
T
i2,2 9ωB{N ´ Isi2,2p

:θi1 ` :θi2q

´ pIsi2,1 ´ Isi2,3qωsi2,3ωsi2,1 ´mspi2di2ŝ
T
i2,3:rSc,i2{N “ 0 (151)



Doc. ID: Basilisk-dualHingedRigidBodyStateEffector Page 25 of 36

Moving second order variables to the left hand side:

Isi2,2 ŝ
T
i2,2 9ωB{N ` Isi2,2p

:θi1 ` :θi2q `mspi2di2ŝ
T
i2,3:rSc,i2{N “ ´pIsi2,1 ´ Isi2,3qωsi2,3ωsi2,1

´ ki2θi2 ´ ci2 9θi2 ` ŝi2,2 ¨ τexti2,Hi2 (152)

Plugging in accelerations:

Isi2,2 ŝ
T
i2,2 9ωB{N `Isi2,2p

:θi1` :θi2q`mspi2di2ŝ
T
i2,3

”

:rB{N `r
2
Sc,i2{B

`2ωB{N ˆr
1
Sc,i2{B

` 9ωB{N ˆrSc,i2{B

` ωB{N ˆ pωB{N ˆ rSc,i2{Bq

ı

“ ´pIsi2,1 ´ Isi2,3qωsi2,3ωsi2,1 ´ ki2θi2 ´ ci2
9θi2 ` ŝi2,2 ¨ τexti2,Hi2

(153)

Moving common terms around:

”

mspi2di2ŝ
T
i2,3

ı

:rB{N `
”

Isi2,2 ŝ
T
i2,2 ´mspi2di2ŝ

T
i2,3rr̃Sc,i2{Bs

ı

9ωB{N `
”

Isi2,2

ı

:θi1 `
”

Isi2,2

ı

:θi2

`mspi2di2ŝ
T
i2,3

”

r2Sc,i2{B

ı

“ ´pIsi2,1 ´ Isi2,3qωsi2,3ωsi2,1 ´ ki2θi2 ´ ci2
9θi2 ` ŝi2,2 ¨ τexti2,Hi2

´mspi2di2ŝ
T
i2,3

”

2rω̃B{N sr
1
Sc,i2{B

` rω̃B{N srω̃B{N srSc,i2{B

ı

(154)

Plugging in the r2Sc,i2{B
term and rearranging:

”

mspi2di2ŝ
T
i2,3

ı

:rB{N`
”

Isi2,2 ŝ
T
i2,2´mspi2di2ŝ

T
i2,3rr̃Sc,i2{Bs

ı

9ωB{N`
”

Isi2,2`mspi2d
2
i2`mspi2 li1di2ŝ

T
i2,3ŝi1,3

ı

:θi1

`

”

Isi2,2 `mspi2d
2
i2

ı

:θi2 “ ´pIsi2,1 ´ Isi2,3qωsi2,3ωsi2,1 ´ ki2θi2 ´ ci2
9θi2 ` ŝi2,2 ¨ τexti2,Hi2

´mspi2di2ŝ
T
i2,3

”

2rω̃B{N sr
1
Sc,i2{B

` rω̃B{N srω̃B{N srSc,i2{B ` li1
9θ2i1ŝi1,1

ı

(155)

They are the EXACT same just found a few other terms to cancel.

1.4 Back Substitution Method

The dynamical coupling of this complex system can be visualized in the following equation:

»

—

—

—

—

—

—

—

—

—

—

—

—

–

r3ˆ 3s r3ˆ 3s 3ˆ 1 3ˆ 1 3ˆ 1 3ˆ 1 . 3ˆ 1 3ˆ 1
r3ˆ 3s r3ˆ 3s 3ˆ 1 3ˆ 1 3ˆ 1 3ˆ 1 . 3ˆ 1 3ˆ 1
r1ˆ 3s r1ˆ 3s 1ˆ 1 1ˆ 1 0 0 . 0 0
r1ˆ 3s r1ˆ 3s 1ˆ 1 1ˆ 1 0 0 . 0 0
r1ˆ 3s r1ˆ 3s 0 0 1ˆ 1 1ˆ 1 . 0 0
r1ˆ 3s r1ˆ 3s 0 0 1ˆ 1 1ˆ 1 . 0 0

. . . . . . . . .
r1ˆ 3s r1ˆ 3s 0 0 0 0 . 1ˆ 1 1ˆ 1
r1ˆ 3s r1ˆ 3s 0 0 0 0 . 1ˆ 1 1ˆ 1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

»

—

—

—

—

—

—

—

—

—

—

—

—

—

–

:rB{N
9ωB{N
:θ11
:θ12
:θ21
:θ22
.

:θN1
:θN2

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“

»

—

—

—

—

—

—

—

—

—

—

—

—

–

3ˆ 1
3ˆ 1
1ˆ 1
1ˆ 1
1ˆ 1
1ˆ 1
.

1ˆ 1
1ˆ 1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(156)

This system mass matrix shows that the all of the solar panel modes are fully coupled with the hub, and
that the pairs of solar panels are fully coupled with one another. However, the pairs of solar panels are
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not directly coupled with other pairs of solar panels. To utilize this pattern in the system mass matrix,
the following back-substitution is developed.

First, Eq. (72) and (81) are rearranged so that the second order state variables for the solar panel
motions are isolated on the left hand side:

”

Isi1,2 `mspi1d
2
i1 `mspi2 l

2
i1 `mspi2 li1di2ŝ

T
i1,3ŝi2,3

ı

:θi1 `
”

mspi2 li1di2ŝ
T
i1,3ŝi2,3

ı

:θi2 “

´

”

mspi1di1ŝ
T
i1,3`mspi2 li1ŝ

T
i1,3

ı

:rB{N´
”

Isi1,2 ŝ
T
i1,2´mspi1di1ŝ

T
i1,3rr̃Sc,i1{Bs´mspi2 li1ŝ

T
i1,3rr̃Sc,i2{Bs

ı

9ωB{N

´ pIsi1,1 ´ Isi1,3qωsi1,3ωsi1,1 ´ ki1θi1 ´ ci1
9θi1 ` ki2θi2 ` ci2 9θi2 ` ŝ

T
i1,2τexti1,Hi1 ` li1ŝ

T
i1,3Fexti2

´mspi1di1ŝ
T
i1,3

”

2rω̃B{N sr
1
Sc,i1{B

` rω̃B{N srω̃B{N srSc,i1{B

ı

´mspi2 li1ŝ
T
i1,3

”

2rω̃B{N sr
1
Sc,i2{B

` rω̃B{N srω̃B{N srSc,i2{B ` li1
9θ2i1ŝi1,1 ` di2

`

9θi1 ` 9θi2
˘2
ŝi2,1

ı

(157)

”

Isi2,2 `mspi2d
2
i2 `mspi2 li1di2ŝ

T
i2,3ŝi1,3

ı

:θi1 `
”

Isi2,2 `mspi2d
2
i2

ı

:θi2 “

´

”

mspi2di2ŝ
T
i2,3

ı

:rB{N ´
”

Isi2,2 ŝ
T
i2,2 `mspi2di2ŝ

T
i2,3rr̃Sc,i2{Bs

ı

9ωB{N ´ pIsi2,1 ´ Isi2,3qωsi2,3ωsi2,1

´ ki2θi2 ´ ci2 9θi2 ` ŝ
T
i2,2τexti2,Hi2 ´mspi2di2ŝ

T
i2,3

”

2rω̃B{N sr
1
Sc,i2{B

` rω̃B{N srω̃B{N srSc,i2{B ` li1
9θ2i1ŝi1,1

ı

(158)

Now, defining the elements of a matrix rAis as:

ai1,1 “ Isi1,2 `mspi1d
2
i1 `mspi2 l

2
i1 `mspi2 li1di2ŝ

T
i1,3ŝi2,3 (159a)

ai1,2 “ mspi2 li1di2ŝ
T
i1,3ŝi2,3 (159b)

ai2,1 “ Isi2,2 `mspi2d
2
i2 `mspi2 li1di2ŝ

T
i2,3ŝi1,3 (159c)

ai2,2 “ Isi2,2 `mspi2d
2
i2 (159d)

And defining the row elements of a matrix rFis as:

fi1 “ ´
`

mspi2 li1 `mspi1di1
˘

ŝTi1,3 (160a)

fi2 “ ´mspi2di2ŝ
T
i2,3 (160b)

With a 2ˆ 3 matrix rGis which has row elements defined as:

gi1 “ ´
”

Isi1,2 ŝ
T
i1,2 ´mspi1di1ŝ

T
i1,3rr̃Sc,i1{Bs ´mspi2 li1ŝ

T
i1,3rr̃Sc,i2{Bs

ıT
(161a)

gi2 “ ´
”

Isi2,2 ŝ
T
i2,2 ´mspi2di2ŝ

T
i2,3rr̃Sc,i2{Bs

ıT
(161b)

Also defining the vector vi as as 2ˆ 1 with the following components:

vi1 “ ´pIsi1,1 ´ Isi1,3qωsi1,3ωsi1,1 ´ ki1θi1 ´ ci1
9θi1 ` ki2θi2 ` ci2 9θi2 ` ŝ

T
i1,2τexti1,Hi1 ` li1ŝ

T
i1,3Fexti2

´mspi1di1ŝ
T
i1,3

”

2rω̃B{N sr
1
Sc,i1{B

` rω̃B{N srω̃B{N srSc,i1{B

ı

´mspi2 li1ŝ
T
i1,3

”

2rω̃B{N sr
1
Sc,i2{B

` rω̃B{N srω̃B{N srSc,i2{B ` li1
9θ2i1ŝi1,1 ` di2

`

9θi1 ` 9θi2
˘2
ŝi2,1

ı

(162)



Doc. ID: Basilisk-dualHingedRigidBodyStateEffector Page 27 of 36

vi2 “ ´pIsi2,1 ´ Isi2,3qωsi2,3ωsi2,1 ´ ki2θi2 ´ ci2
9θi2 ` ŝ

T
i2,2τexti2,Hi2

´mspi2di2ŝ
T
i2,3

”

2rω̃B{N sr
1
Sc,i2{B

` rω̃B{N srω̃B{N srSc,i2{B ` li1
9θ2i1ŝi1,1

ı

(163)

Eqs. (157) and (158) can now be re-written as:

ai1,1:θi1 ` ai1,2:θi2 “ fi1:rB{N ` gi1 9ωB{N ` vi1 (164)

ai2,1:θi1 ` ai2,2:θi2 “ fi2:rB{N ` gi2 9ωB{N ` vi2 (165)

Eqs. (164) and (165) are combined and written in matrix form to utilize some linear algebra
techniques.

rAis

„

:θi1
:θi2



“ rFis:rB{N ` rGis 9ωB{N ` vi (166)

Eq. (166) can now be solved by inverting matrix rAis. Note the definition rEis “ rAis
´1.

„

:θi1
:θi2



“ rEisrFis:rB{N ` rEisrGis 9ωB{N ` rEisvi (167)

And the subcomponents of rEs are defined as

rEs “

„

eTi1
eTi2



(168)

Since the modified Euler’s equation, Eq. (45), has :θi1 and :θi2 terms, it is more convenient to use the
expression for :θi as

:θi1 “ eTi1rFis:rB{N ` e
T
i1rGis 9ωB{N ` e

T
i1vi (169)

:θi2 “ eTi2rFis:rB{N ` e
T
i2rGis 9ωB{N ` e

T
i2vi (170)

The next step in the back substitution method is to analytically substitute Eqs. (169) and (170)
into the translational and rotational EOMs repeated here for clarity:

msc:rB{N ´mscrc̃s 9ωB{N `
NS
ÿ

i“1

ˆ

”

mspi1di1ŝi1,3 `mspi2 li1ŝi1,3 `mspi2di2ŝi2,3

ı

:θi1 `mspi2di2ŝi2,3
:θi2

˙

“ F ´ 2mscrω̃B{N sc
1 ´mscrω̃B{N srω̃B{N sc

´

NS
ÿ

i“1

ˆ

mspi1di1
9θ2i1ŝi1,1 `mspi2

”

li1 9θ2i1ŝi1,1 ` di2
`

9θi1 ` 9θi2
˘2
ŝi2,1

ı

˙

(171)

mscrc̃s:rB{N ` rIsc,Bs 9ωB{N `
NS
ÿ

i“1

„

`

Isi1,2 ŝi1,2 `mspi1di1rr̃Sc,i1{Bsŝi1,3 ` Isi2,2 ŝi2,2

`mspi2 li1rr̃Sc,i2{Bsŝi1,3 `mspi2di2rr̃Sc,i2{Bsŝi2,3
˘

:θi1 `
`

Isi2,2 ŝi2,2 `mspi2di2rr̃Sc,i2{Bsŝi2,3
˘

:θi2



“ ´rω̃B{N srIsc,BsωB{N ´ rI
1
sc,BsωB{N

´

NS
ÿ

i“1

„

9θi1Isi1,2rω̃B{N sŝi1,2 `mspi1rω̃B{N srr̃Sc,i1{Bsr
1
Sc,i1{B

`mspi1di1
9θ2i1rr̃Sc,i1{Bsŝi1,1

`
`

9θi1 ` 9θi2
˘

Isi2,2rω̃B{N sŝi2,2 `mspi2rω̃B{N srr̃Sc,i2{Bsr
1
Sc,i2{B

`mspi2rr̃Sc,i2{Bs
`

li1 9θ2i1ŝi1,1 ` di2
`

9θi1 ` 9θi2
˘2
ŝi2,1

˘



`LB (172)
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Performing this substitution for translation yields:

msc:rB{N´mscrc̃s 9ωB{N`
NS
ÿ

i“1

ˆ

”

mspi1di1ŝi1,3`mspi2 li1ŝi1,3`mspi2di2ŝi2,3

ı´

eTi1rFis:rB{N`e
T
i1rGis 9ωB{N

`eTi1vi

¯

`mspi2di2ŝi2,3

´

eTi2rFis:rB{N`e
T
i2rGis 9ωB{N`e

T
i2vi

¯

˙

“ F´2mscrω̃B{N sc
1´mscrω̃B{N srω̃B{N sc

´

NS
ÿ

i“1

ˆ

mspi1di1
9θ2i1ŝi1,1 `mspi2

”

li1 9θ2i1ŝi1,1 ` di2
`

9θi1 ` 9θi2
˘2
ŝi2,1

ı

˙

(173)

Combining like terms yields:

#

mscrI3ˆ3s`
NS
ÿ

i“1

„

´

mspi1di1ŝi1,3`mspi2 li1ŝi1,3`mspi2di2ŝi2,3

¯

eTi1rFis`mspi2di2ŝi2,3e
T
i2rFis



+

:rB{N

`

#

´mscrc̃s`
NS
ÿ

i“1

„

´

mspi1di1ŝi1,3`mspi2 li1ŝi1,3`mspi2di2ŝi2,3

¯

eTi1rGis`mspi2di2ŝi2,3e
T
i2rGis



+

9ωB{N

“ F´2mscrω̃B{N sc
1´mscrω̃B{N srω̃B{N sc´

NS
ÿ

i“1

ˆ

mspi1di1
9θ2i1ŝi1,1`mspi2

”

li1 9θ2i1ŝi1,1`di2
`

9θi1` 9θi2
˘2
ŝi2,1

ı

`

”

mspi1di1ŝi1,3 `mspi2 li1ŝi1,3 `mspi2di2ŝi2,3

ı

eTi1vi `mspi2di2ŝi2,3e
T
i2vi

˙

(174)

Substitution into the rotational equation of motion:

mscrc̃s:rB{N ` rIsc,Bs 9ωB{N `
NS
ÿ

i“1

„

“

Isi1,2 ŝi1,2 `mspi1di1rr̃Sc,i1{Bsŝi1,3 ` Isi2,2 ŝi2,2

`mspi2 li1rr̃Sc,i2{Bsŝi1,3 `mspi2di2rr̃Sc,i2{Bsŝi2,3
‰

´

eTi1rFis:rB{N ` e
T
i1rGis 9ωB{N ` e

T
i1vi

¯

`
“

Isi2,2 ŝi2,2 `mspi2di2rr̃Sc,i2{Bsŝi2,3
‰

´

eTi2rFis:rB{N ` e
T
i2rGis 9ωB{N ` e

T
i2vi

¯



“ ´rω̃B{N srIsc,BsωB{N ´ rI
1
sc,BsωB{N

´

NS
ÿ

i“1

„

9θi1Isi1,2rω̃B{N sŝi1,2 `mspi1rω̃B{N srr̃Sc,i1{Bsr
1
Sc,i1{B

`mspi1di1
9θ2i1rr̃Sc,i1{Bsŝi1,1

`
`

9θi1 ` 9θi2
˘

Isi2,2rω̃B{N sŝi2,2 `mspi2rω̃B{N srr̃Sc,i2{Bsr
1
Sc,i2{B

`mspi2rr̃Sc,i2{Bs
`

li1 9θ2i1ŝi1,1 ` di2
`

9θi1 ` 9θi2
˘2
ŝi2,1

˘



`LB (175)
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And combining like terms yields:

#

mscrc̃s `
NS
ÿ

i“1

„

`

Isi1,2 ŝi1,2 `mspi1di1rr̃Sc,i1{Bsŝi1,3 ` Isi2,2 ŝi2,2 `mspi2 li1rr̃Sc,i2{Bsŝi1,3

`mspi2di2rr̃Sc,i2{Bsŝi2,3
˘

eTi1rFis `
`

Isi2,2 ŝi2,2 `mspi2di2rr̃Sc,i2{Bsŝi2,3
˘

eTi2rFis



+

:rB{N

`

#

rIsc,Bs `
NS
ÿ

i“1

„

`

Isi1,2 ŝi1,2 `mspi1di1rr̃Sc,i1{Bsŝi1,3 ` Isi2,2 ŝi2,2 `mspi2 li1rr̃Sc,i2{Bsŝi1,3

`mspi2di2rr̃Sc,i2{Bsŝi2,3
˘

eTi1rGis `
`

Isi2,2 ŝi2,2 `mspi2di2rr̃Sc,i2{Bsŝi2,3
˘

eTi2rGis



+

9ωB{N

“ ´rω̃B{N srIsc,BsωB{N ´ rI
1
sc,BsωB{N ´

NS
ÿ

i“1

„

9θi1Isi1,2rω̃B{N sŝi1,2 `mspi1rω̃B{N srr̃Sc,i1{Bsr
1
Sc,i1{B

`mspi1di1
9θ2i1rr̃Sc,i1{Bsŝi1,1 `

`

9θi1 ` 9θi2
˘

Isi2,2rω̃B{N sŝi2,2 `mspi2rω̃B{N srr̃Sc,i2{Bsr
1
Sc,i2{B

`mspi2rr̃Sc,i2{Bs
`

li1 9θ2i1ŝi1,1 ` di2
`

9θi1 ` 9θi2
˘2
ŝi2,1

˘

`
`

Isi1,2 ŝi1,2 `mspi1di1rr̃Sc,i1{Bsŝi1,3 ` Isi2,2 ŝi2,2

`mspi2 li1rr̃Sc,i2{Bsŝi1,3 `mspi2di2rr̃Sc,i2{Bsŝi2,3
˘

eTi1vi `
`

Isi2,2 ŝi2,2

`mspi2di2rr̃Sc,i2{Bsŝi2,3
˘

eTi2vi



`LB (176)

With the following definitions:

rAcontrs “

NS
ÿ

i“1

„

´

mspi1di1ŝi1,3 `mspi2 li1ŝi1,3 `mspi2di2ŝi2,3

¯

eTi1rFis `mspi2di2ŝi2,3e
T
i2rFis



(177)

rBcontrs “

NS
ÿ

i“1

„

´

mspi1di1ŝi1,3 `mspi2 li1ŝi1,3 `mspi2di2ŝi2,3

¯

eTi1rGis `mspi2di2ŝi2,3e
T
i2rGis



(178)

vtrans,contr “ ´
NS
ÿ

i“1

ˆ

mspi1di1
9θ2i1ŝi1,1 `mspi2

”

li1 9θ2i1ŝi1,1 ` di2
`

9θi1 ` 9θi2
˘2
ŝi2,1

ı

`

”

mspi1di1ŝi1,3 `mspi2 li1ŝi1,3 `mspi2di2ŝi2,3

ı

eTi1vi `mspi2di2ŝi2,3e
T
i2vi

˙

(179)

rCcontrs “

NS
ÿ

i“1

„

`

Isi1,2 ŝi1,2 `mspi1di1rr̃Sc,i1{Bsŝi1,3 ` Isi2,2 ŝi2,2 `mspi2 li1rr̃Sc,i2{Bsŝi1,3

`mspi2di2rr̃Sc,i2{Bsŝi2,3
˘

eTi1rFis `
`

Isi2,2 ŝi2,2 `mspi2di2rr̃Sc,i2{Bsŝi2,3
˘

eTi2rFis



(180)

rDcontrs “

NS
ÿ

i“1

„

`

Isi1,2 ŝi1,2 `mspi1di1rr̃Sc,i1{Bsŝi1,3 ` Isi2,2 ŝi2,2 `mspi2 li1rr̃Sc,i2{Bsŝi1,3

`mspi2di2rr̃Sc,i2{Bsŝi2,3
˘

eTi1rGis `
`

Isi2,2 ŝi2,2 `mspi2di2rr̃Sc,i2{Bsŝi2,3
˘

eTi2rGis



(181)
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rvrot,contrs “ ´
NS
ÿ

i“1

„

9θi1Isi1,2rω̃B{N sŝi1,2 `mspi1rω̃B{N srr̃Sc,i1{Bsr
1
Sc,i1{B

`mspi1di1
9θ2i1rr̃Sc,i1{Bsŝi1,1

`
`

9θi1 ` 9θi2
˘

Isi2,2rω̃B{N sŝi2,2 `mspi2rω̃B{N srr̃Sc,i2{Bsr
1
Sc,i2{B

`mspi2rr̃Sc,i2{Bs
`

li1 9θ2i1ŝi1,1 ` di2
`

9θi1 ` 9θi2
˘2
ŝi2,1

˘

`
`

Isi1,2 ŝi1,2 `mspi1di1rr̃Sc,i1{Bsŝi1,3 ` Isi2,2 ŝi2,2

`mspi2 li1rr̃Sc,i2{Bsŝi1,3 `mspi2di2rr̃Sc,i2{Bsŝi2,3
˘

eTi1vi `
`

Isi2,2 ŝi2,2 `mspi2di2rr̃Sc,i2{Bsŝi2,3
˘

eTi2vi



(182)

rAs “ mscrI3ˆ3s ` rAcontrs (183)

rBs “ ´mscrc̃s ` rBcontrs (184)

vtrans “ F ´ 2mscrω̃B{N sc
1 ´mscrω̃B{N srω̃B{N sc` vtrans,contr (185)

rCs “ msc ` rCcontrs (186)

rDs “ rIsc,Bs ` rDcontrs (187)

vrot “ ´rω̃B{N srIsc,BsωB{N ´ rI
1
sc,BsωB{N `LB ` vrot,contr (188)

This produces the following simplified equations:

„

rAs rBs
rCs rDs

 „

:rB{N
9ωB{N



“

„

vtrans
vrot



(189)

Solving the system-of-equations by

9ωB{N “

´

rDs ´ rCssrAs´1rBs
¯´1

pvrot ´ rCsrAs
´1vtransq (190)

:rB{N “ rAs
´1pvtrans ´ rBs 9ωB{N q (191)

Now Eq. (190) and (191) can be used to solve for 9ωB{N and :rB{N . Once these second order state

variables are solved for, Eqs. (169) and (170) can be used to directly solve for :θi1 and :θi2. This shows
that the back substitution method can work seamlessly for interconnected bodies. For this problem the
number of interconnected bodies was fixed to be 2, and resulted in an additional 2ˆ 2 matrix inversion
for each solar panel pair. This shows that for general interconnected bodies, this method would result
in needing to invert a matrix based on the number of interconnected bodies.

2 Model Functions
This module is intended to be used an approximation to a flexing body attached to the spacecraft.
Examples include solar arrays, antennas, and other appended bodies that would exhibit flexing behavior.
Below is a list of functions that this model performs:

• Compute it’s contributions to the mass properties of the spacecraft

• Provides matrix contributions for the back substitution method

• Compute it’s derivatives for θ and 9θ

• Adds energy and momentum contributions to the spacecraft
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3 Model Assumptions and Limitations

Below is a summary of the assumptions/limitations:

• Is an approximation to a flexing body

• Is developed in such a way that does not require constraints to be met

• The hinged rigid bodies must have a diagonal inertia tensor with respect the Si frame as seen in
Figure 1

• Only linear spring and damping terms

• The dual hinged rigid body will always stay attached to the hub (the hinge does not have torque
limits)

• The hinge does not have travel limits, therefore if the spring is not stiff enough it will unrealistically
travel through bounds such as running into the spacecraft hub

• The EOMs are nonlinear equations of motion, therefore there can be inaccuracies (and divergence)
that result from integration. Having a time step of ă“ 0.10 sec is recommended, but this also
depends on the natural frequency of the system

4 Test Description and Success Criteria
This test is located in simulation/dynamics/dualHingedRigidBodies/UnitTest/

test dualHingedRigidBodyStateEffector.py. In this integrated test there are two dual hinged
rigid bodies connected to the spacecraft hub. Depending on the scenario, there are different success
criteria. These are outlined in the following subsections:

4.1 Gravity integrated test

In this test the simulation is placed into orbit around Earth with point gravity and has no damping in
the hinged rigid bodies. The following parameters are being tested.

• Conservation of orbital angular momentum

• Conservation of orbital energy

• Conservation of rotational angular momentum

• Conservation of rotational energy

4.2 No gravity integrated test

In this test, the spacecraft is placed in free space (no gravity) and has no damping in the hinged rigid
bodies. The following parameters describe the success criteria.

• Conservation of orbital angular momentum

• Conservation of orbital energy

• Conservation of rotational angular momentum

• Conservation of rotational energy
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5 Test Parameters
Since this is an integrated test, the inputs to the test are the physical parameters of the spacecraft along
with the initial conditions of the states. These parameters can be seen in the test file. Additionally, the
error tolerances can be seen in Table 3.

Table 3: Error Tolerance - Note: Relative Tolerance is absp truth´value
truth )

Test Relative Tolerance
Energy and Momentum Conservation 1e-10

6 Test Results
The following figures show the conservation of the quantities described in the success criteria for each
scenario. The conservation plots are all relative difference plots. All conservation plots show integration
error which is the desired result. In the python test these values are automatically checked therefore
when the tests pass, these values have all been confirmed to be conserved.

6.1 Gravity with no damping scenario

0.0 0.2 0.4 0.6 0.8 1.0
Time (s)

1.0

0.5

0.0

0.5

1.0

Re
la

tiv
e 

Di
ffe

re
nc

e

1e 14

Fig. 2: Change in Orbital Angular Momentum Gravity
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Fig. 3: Change in Orbital Energy Gravity
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Fig. 4: Change in Rotational Angular Momentum Gravity
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Fig. 5: Change in Rotational Energy Gravity
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6.2 No Gravity with no damping scenario
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Fig. 6: Change in Orbital Angular Momentum NoGravity
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Fig. 7: Change in Orbital Energy NoGravity
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Fig. 8: Change in Rotational Angular Momentum NoGravity
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Fig. 9: Change in Rotational Energy NoGravity
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