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1 Model Description
1.1 Problem Statement

The formulation assumes that there is a rigid hub, with Np lumped masses in the tank for the fuel.
Subscript j is used to indicate the j, fuel slosh mass, m;. Figure |1| displays the frame and variable
definitions used for this formulation.

There are four coordinate frames defined for this formulation. The inertial reference frame is indicated
by N : {f, 72, f3}. The body fixed coordinate frame, B : {by,bs, bs}, which is anchored to the
hub and can be oriented in any direction. The initial pendulum frame, Py ; : {Po, 1, Do, 2, Po, 3}, is a
frame with its origin located at tank geometrical center, T'. The Py ; frame is a fixed frame respect to
the body frame, oriented such that pg, 1 points to the fuel slosh mass in its initial position, P;. The
constant distance from point 1" to point P; is defined as [;.

There are a few more key locations that need to be defined. Point B is the origin of the body frame,
and can have any location with respect to the hub. Point B, is the location of the center of mass of
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Fig. 1: Frame and variable definitions used for formulation

the rigid hub. P, ; is the instantaneous position of the fuel slosh mass m;. d is vector from the center
of the body reference system to the tank geometrical center. l; is the vector from T to F. ;.

Figure 2 provides further detail of the fuel slosh parameters and reference frames. As seen in Figure[T]
an individual slosh particle is free to move in every direction while connected by rigid weightless rod to
the geometrical center of the tank. A linear damper effect is considered using a damping matrix, D.
The variables, ¢; and ©); are state variables and quantify the angular displacement from initial position
for the corresponding slosh mass.

pOj,Z

Pc,j.mj

Fig. 2: Further detail of fuel slosh and reference frames

Using the variables and frames defined, the following section outlines the derivation of equations of
motion for the spacecraft.



Doc. ID: Basilisk-sphericalPendulum Page 3 of

1.2 Derivation of Equations of Motion
1.2.1 Rigid Spacecraft Hub Translational Motion

The derivation begins with Newton's first law for the center of mass of the spacecraft.

F

7 = 1
/N = (1)

Ultimately the acceleration of the body frame or point B is desired
TB/N =Tc/N — C (2)

The definition of ¢ can be seen in Eq. .
1 &

c=— (mhubTBc/B +>] ijPc,j/B) (3)

Msc j=1 :

To find the inertial time derivative of ¢, it is first necessary to find the time derivative of ¢ with respect
to the body frame. A time derivative of any vector, v, with respect to the body frame is denoted by v/;
the inertial time derivative is labeled as ©. The first and second body-relative time derivatives of ¢ can

be seen in Egs. and (5).

Np

1
r_ o
€= Msc ( Zlm]"'pc,j/3> (4)
J:
1 &
" "
= msc( £ lmjrpc’j/B) (5)
Jj=

Remembering that the derivative of d is null respect to the body frame, the first and second body time

derivatives of rp,./p are
Po,j

cos(¢;) cos(;)

Tp. /B =1 sin(p;) cos(¥y) | +d (6)
- sin(é’j)
Po. —p;jsin(¢;) cos(d;) — 19j cos(yp;) sin(v;)

r}c)j/B =1 p; cos(ip5) cos(d;) — V; sin(ip;) sin(d;) (7)

—19; cos(V¥;)

Pos [ —; sin(goj) cos(v;) — 19] cos(gj) Sig(ﬁj) - gp? cos(j) cos(V;) |
—19? cos(p;) cos(¥;) + 2¢;9; sin(p;) sin(d;)

r;ﬁc’j/B =1 B cos(ip;) cos(9;) — V;sin(ip;) sin(d;) — © sin(ip;) cos(v;) (8)

_193 sin(p;) cos(¥;) — 2gbj1§‘j cos(p; ) sin(;)

—1§j cos(v;) + 19? sin(d;)

Egs. and are next reformulated to include these new definitions:
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c = - Z mjlj[( — ¢jsin(p;) cos(V;) — 29j cos(¢;) sin(ﬂj)>1§0j,1+
SC le

(& cost) cos(d) = 0 sinciy) sin03)) o, 2 = 0y costi | (9)

¢ =— Z m;l; {( @ sin(p;) cos(¥;)— 19 cos(p;) sin(d;)— cp]2 cos(p;) cos(;)— 19 cos(p;) cos(9;)
sc i
+ 2,9 sin( ;) Sin(ﬁ‘j))ﬁoj,l + <¢j cos(;) cos(v;) — ¥; sin(g;) sin(9;) — &3 sin(p;) cos(v;)
— 92 sin(i;) cos(d;) — 2¢,0; cos(p;) sin(d) ) o, 2 + ( = J; cos(9;) + 92 sin(v;)) ﬁoj,g] (10)
Using the transport theorem yields the following definition for ¢

¢ ="+ 2w x & +wpy x e+ wpy X (wpn x €) (11)
Eq. is updated to include Eq.

Fp/v = Ton — € — 2wp/n X € —wg/n X €—wpg/n X (wp/n % €) (12)
Substituting Eq.([10]) into Eq.(12)) results in

l{( @ sin(p;) cos(¥;) — 0 cos(¢j) sin(¥;) — gbjz- cos(yp;) cos(;)

_ 193 cos(¢j) cos(¥;) + 2%19]- sin(¢;) sin(%))ﬁowl + (goj cos(¢j) cos(¥;) — 19 sin(¢;) sin(v;)

g02 sin(p;) cos(¥;) — 19 sin(p;) cos(¥;) — 2g0]19 cos(cpj)sm(ﬁj))ﬁojg + (— 19j cos(1;)
+ 193 Sin(ﬁj))ﬁojﬁ] — 2wp/n % c — wg/nv X € —wg/n % (wg/ar x ) (13)

Moving second order terms to the left hand side and introducing the tilde matrix to replace the cross
product operators simplifies the equation to

. 1 5 . .
wm—[hww—Z"%[@ﬁm%ﬁmWﬂ+W“M%Nm%Dmﬂ

+ ( — ¢pjcos(p;) cos(V;) + 19j sin(p;) sin(ﬂj))ﬁgjg + 19] cos(ﬁj)ﬁoj,g] =To/N — 2[‘:’6//\/]6,

—[wp/n]le

Z myl; {(—g@? cos(p;) cos(z%)—zé? cos (¢ ) cos(ﬁj)~|—2¢j19j sin(p;) sin(ﬁj)>ﬁ0j71

+ (= @3 sin(py) cos(i;) — 2 sin(ipy) cos(9;) — 2559 cos(ipy) sin(9;) ) o, 2 + V3 sm(ﬂj)poj,g] (14)
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Rearranging the terms:

i — (6] i (st os(0,)0,. — costie) st )
+ (COS(QD]') Sin(’t%)ﬁowl + Sin(cpj) Sin(ﬁj)ﬁoﬁg + COS(ﬁj)ﬁoj73)1§j:| = ,’.’;C/N — 2[&8//\/]0,

5] (= costo) conti o o — sinlis)cos( v, 2) 2

— [wp/n][e

+ ( — cos(g;) coswjmoj,l — sin(ip;) cos(;)Po, 2 + sin(V;)o, 5 ) 12
+ (2 Sin(goj) Sin(i%)ﬁoj,l -2 COS((,DJ') Sin(ﬁj)ﬁ0j72> @3193] (15)

Equation ({15]) is the translational motion equation and is the first EOM needed to describe the
motion of the spacecraft. The following section develops the rotational EOM.

1.2.2 Rigid Spacecraft Hub Rotational Motion

Starting with Euler's equation when the body fixed coordinate frame origin is not coincident with the
center of mass of the body .

Hs p=Lgp+ msch/N xc (16)
where Lp is the total external torque about point B. The definition of the angular momentum vector
of the spacecraft about point B is

Np
H g = [Ihub,B.JWB/N + MhubTB,/B X TB./B T Z m;Tp, /B X Tp. /B (17)
j=1
Now the inertial time derivative of Eq. is taken and yields

Np
Hee g = [Thub,5.Jws/n +wiin X [Thub, B JwB/n + MhubT B 5 X Fpyp+ Y, myTe, 5 X Fp,, 5 (18)
o1

The terms 75, /5 and 7p_/p are found using the transport theorem and knowing that rp, /g is fixed
with respect to the body frame.

TB./B = WB/N X TB,/B +WB/N X (W/\ X TB,/B) (19)
Pp.; /B =Tp, 5+ 2WEN X Th g +WpN X TP, /B + Wen X (Wa/n X TP, ;/B) (20)

Incorporating Eqgs. - into Eq. results in

Hse g = [Ihub,Jws/n + wp/n X Unub, B Jws/ar + MhubTB,/B % (WA X TB,/B)+
+ MhubTB./B ¥ [wB/N x (wp/n X TBC/B>] + Z m;Tp, /B X [ngc,j/B + 2w/ X T, gt
j=1

+wp/n X Tp, /B T wpn X (WA X TPc,j/B)] (21)
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Applying the parallel axis theorem the following inertia tensor terms are defined as

[Ihub,B] = [Ihub,B.] + mhub[Fp./8][7 5. B]" (22)
Np

[Ise.8] = [Thubs] + D, myl7p,,8l7p,,/8]" (23)
j=1

Taking the body-relative time derivative of Equation ([23)) yields

Np

L) = = s ([ 6l 6] + [ 517 6] (24)
j=1

The Jacobi Identity, (a x b) x ¢ =a x (b x ¢) —b x (a x ¢), is applied to the cross products of Eq.
D)

Hy g = [Ihub,B. ws/v + wi/n X [Thub, B Jws/A — MhubTB,/B X (TB,/B X Wi/A7)+

Np
+ MhubWp/N X [”’BC/B x (wB/N x TBC/B)] + 2 mj{TPC,j/B x le’oc,j/B —Tp. ;B X (T'pc,j/B x wB/N)
j=1

_ ’r';;,e,j/B X (rPc,j/B X wB/N) + WB/N X (TPC?J'/B X T;DW_/B)
—7p.,/B X (TP, ;/B X W/N) + WB/A" X [Tpc,j/B x (wp/nr X Tpc,j/B)]} (25)

Rearranging the terms in Eq. yields:

Np
Hs p = {[Ihub,Bc] + miw[Tp.Bl[Fp, 8" + D, my [ch,j/B][FPC,j/B]T} wB/N

j=1
Np
+ wp/n X {[fhub,Bc] + mnw 7o, 8][Fp, Bl + >, my [FPC,]'/B][FPC,]'/B]T}"‘JB/N
j=1
Np
+ ) mj{T'Pc,j/B XTh B~ [[fpc,j/B] [7p, /5] + [F}c,j/B][FPC,j/B]]wB/N
j=1

+wp/n % (TP, /B X Tioc,j/B)} (26)

Using Egs. (23]) and to simplify results in Eq. (26)), the following simplified equation is obtained:

Np
Hee g = [Lsc Bl + wpn % [Lse,slwpn + [Ie glwsn + D, [mjrpc,j/B X Th B
j=1

+ mjwg/N X (rPc,j/B X T;gc’j/B)] (27)

Egs. and are equated and yield

Np
Lp + meipn x ¢ = [Iee,Blopn + win * [TseBlwsn + [To plwsnv + [mj"“PC,j/B X Th B
j=1

+mjiwp/n X (rPc,j/B % rg)cJ/B)] (28)
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Finally, using tilde matrix and simplifying yields the modified Euler equation, which is the second EOM
necessary to describe the motion of the spacecraft.

Np
[Fse.8lwpn = —[@pn]Tse.8lwpnv — I plwsn — Y. <mj [7p.,/BI"p. /B
j=1

sl sl ) + Lo - maldliny - (29)

Rearranging Eq. (29)) to be in the same form as the previous sections results in

Np
Meel €7 p/n + [TseBléosn — Y, myli[Fp, /5] {(Sin(%‘) cos(¥;)Po,,1 — cos(g;) COS(ﬁj)ﬁojg)sbj
j=1
+ ( cos(g;) sin(d;)Po,,1+sin(w;) sin(d;)po, 2 +COS(19j)ﬁoj,3) @j] = Lp—[&p/n][Lsc, Blwp/n—Ise plws/n
Np

= Y mi{[@s e, 517, 5 + LlFr., /5] [( — cos(ipy) cos(d;)Bo,.1 — sin(p;) cos(9)Po, 2 ) &2
j=1

+ ( — cos(yj) cos(¥)Po;,1 — sin(p;) cos(¥;)Po, 2 + sin(ﬂj)ﬁoj,s)'ﬁjzﬂL
(2 sin(goj) Sin(ﬁj)ﬁon -2 COS(QOJ') Sin(ﬂj)ﬁoj,2>¢j’léj:| } (30)

1.2.3 Fuel Slosh Motion

The fuel slosh motion is being approximated by a lumped mechanical multi-mode model. Figure
shows that a single fuel slosh particle is free to move around the geometrical center of the tank at a
fixed distance [; and this formulation is generalized to include Np number of fuel slosh particles. The
derivation begins with Euler's law for each fuel slosh particle:

HTJ = LTJ' + mji‘T/N X lj (31)

Where the Lt ; represents the external torques. It contains the damping term that is modeled as D
damping matrix multiplied by the relative velocity between the tank and the fuel, l;-. It takes into
account the torque due to gravity and any other external torque.

LT,j = lj X Fg — Dl; + Text,j (32)

It is necessary to express Hp of the fuel slosh particle as:

Hrj =mjlj x I (33)
Deriving this equation we obtain: ‘ )
Hr7j =m;l; x1; (34)
Using the transport theorem once again:
Ij = U+ dpn x b+ 2w x U + wpn % (wpn x 1) (35)

l; prime and second derivative are equal to and because the d vector is constant in body frame.
The previous results are reported here:
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o cos(¢p;) cos(1d;
i =1

;)

sin(i;) cos(9;) (36)
— Sin(ﬁj)

p(],]’

U =1

j o cos(cpj)cos(ﬁ ) — 19 sin(p;) sin(19;)

[goj sin(p;) cos(¥;) — 19 cos(«p])sm(ﬁj)]
19 cos(ﬁ])

Fos [ —&;sin(p;) cos(9;) — ¥ COS(‘PJ)Smw ) — ¢ cos(p;) cos(d;)]

—1932 cos(ip;) cos(9;) + 2¢;9; sin(ip;) sin(9;)

U =1; @ cos(ip) cos(9;) — U sin(p;) 3111(19 ) — &5 2 sin(yp;) cos(v;) (38)
—192 sin(ip;) cos(9;) — 29,9 cos(ip;) sin(1;)

—1j cos(¥;) + 192 sin(v;)
Equating egs. and (34) and using eq. (35]), we obtain:

mjlj X [l;’ + ‘-;JB/N X lj + QwB/N X l;- + wB/N X (wB/N X lj)] = LT,j + mjfT/N X lj (39)
Substituting eq. in eq.
mjl; x [l( @ sin(p;) cos(¥) — 19 cos(p;) sin(d;) — gp? cos(p;) cos(¥;) — 19 cos(p;) cos(¥;)
o+ 259 sin(i;) sin(9) ) Bo,.1 + L (5 cosle;) cos(9) — 1 sin(py) sin(9;) — 2 sin(p;) cos(9)
— 192 sin(g;) cos(¥;) — 290]19 cos(¢j) sm(ﬁj))ﬁojg + lj< — 19] cos(¥;) + 19]2 sin(ﬁj))ﬁowg

+ wB/N X lj + QwB/N X l.; + WBIN X (wB/N X lj)} = LTJ‘ + mji“'T/N X lj (40)
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Execute separately the following vectorial product, using C' and S to indicate cos and sin, respectively.

Po,ji ]

SDJ( 7)C(05) — 19]0(%)( i)
C(SDJ) (95) — 19320(%) (75)
- +2<p]19 S(p;)S(0;
> 0 S(95) S(e5)C(0;) .
I —5(9;) 0 —C(p;)C(05) $;C(pi)C(0;) — 0;S(05)5(9;)
—S(p1)C05) Clpi)C(0;) 0 —3S(07)C(9;) — 955 (;)C ()
—2¢;0;C()5(9;)
I —J;C(0;) + 925(9;) |
09T 350(05)C 5 )S(9;) = 9;S(07)S%(95) — 38 (05)C(9;) S (9;) — 938 (p7)C(95) S (9;) |
—2¢;9;C(0;)S%(9;) — 9;S(p)C2(9;) + 935 () C(9;) S (9)
$75(95)C(97)8(9;) + 9,C(p7)82(9;) + $2C(10;)C(9;) S (9;) + D3C(p5)C(9;)S (V)
_p —2;9;5(107)5%(9;) + 9;C(03)C*(9;) — 97C (0;)C (9;)S(9;)
J

315%(i07)C2(95) + U;0(2)S(105)C(95)S(95) + G3C (97)S (0) C2 (9;)
FU3C(07)S () C%(95) — 2¢9;5%(107)C(9;)S(9;) + ¢5C% () C*(9;)
—9;C(7)S(0)C(9;)S(95) — $3C () S () C*(95) — 95C(107) S (105)C*(0;)
—20;9;C%(;)C(9;)S(9;)

[ $,C(0;)C(9;)S(05) —9;S(05) — $28(;)C(9;)S(95) — 249;C(107)S*(9;) |

17 35S (05)C(9;)8(0;) + 9;C () + P2C(0;)C(95)S(9;) — 2059, 8(;)S%(05) | (41)

$;iC2 (V) — 2¢;0;C(97)8(9;)

Using the results obtained in eq. (41]), project eq. (40) on the axis of rotation of ¢ and ¥. The ¢
rotation axis is Py, 3, while we will call ﬁ’ojz the ) rotation axis.

PO,]
Do, 3 = [ ] (42)
1

mjl? [gbj cos?(9;)— 2(,0]19008(19 )Sln(ﬁj):| +mj130Tj73lj>< {QB/lej—l—QwB/le;-—l—wB/Nx(wB/lej)}

o O

~ AT
= poj,gLT,j + m;Po; 3TT/N X L (43)

Po.; :

7| —sin(y)

P, 2 = cos(¢) (44)
0
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I
77 Poja Po;1

Fig. 3: Rotation Axes

mjl]z {ﬂj + (p? COS(ﬁj) Sin(ﬁj)] + mjﬁ0€’2lj X [‘;JB/N X lj + 2“’8/]\/ X l;- +wp/N X (wB/N X lj)]
= Do, o Lrj + miPy oF /N x U (45)
Remembering that v/ = 7,y + d, and that d is constant in the body frame, we can use once again
the transport theorem to write:
d=wp/y xd+wgn x (w/n xd) (46)

7:T/N = FB/N + wB/N x d + WB/N X (wB/N X d) (47)

Rearranging the terms as done in the previous sections
m;l3¢; cos® (05) — mpo. s[L1([1] + [d)@p)n +mpo, 3117 /n = —mipg, 5[Li1[0s/n][@p/n]d

+ P, 3L g + 2m;l5 40 cos(95) sin(V;) — m;pg, 5[] [2[®B/N]l} + [@p/v] [‘:’B/N]lj] (48)

mjlgz{éj - mjﬁg-,z[ij]([ij] + [d])wB/N + mjﬁg,Q[ij]fB/N = —mjﬁéf,z[l}][%w] [@B/N]d
+ P oL — m;l3eF cos(9;) sin(0;) — mpg o[l;] {ﬂ%w]l} + [@p/v] [‘:’B/N]lj] (49)

Egs. (48) and are the Fuel Slosh Particle equations.
1.3 Back-substitution Method

The equations presented in the previous sections result in 2Np + 6 coupled differential equations.
Therefore, if the EOMs were placed into state space form, a system mass matrix of size 2Np + 6
would need to be inverted to numerically integrate the EOMs. This can result in a computationally
expensive simulation. The computation effort to numerically invert an N x N matrix scales with N3.
In the following section, the EOMs are manipulated using a back-substitution method to increase the
computational efficiency.
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This manipulation involves inverting twice a (3 x 3) matrix, the A=! and (D — CA~'B)~! matrices
as it is shown in egs. and . Then the system is completely solved back substituting for fuel
slosh and translational motions. The derivation of the back-substitution method can be seen in the
following sections.

1.3.1 Fuel Slosh Motion
Starting from eq.

. 1 . ~_ = - . . ~ . . ~ .
Pj = W{my‘p&,s[lj]([lj] + [d))wp/n — mph, 5[Li1i s/ — By, 5[] [@sn][@p/n]d

+ P, 3Ly + 2m;l5 40 cos(95) sin(9;) — m;pg, (1] [Q[QB/N]l} + [@n/v] [@B/N]lj} } (50)

; 1 ST T = . LT s
b1 = oozt (o ol + (Do = midl sl +ap,) (51

Writing it this way instead

i = ag,ipN + bl ws + ¢, (52
Where
T Po 3[[]
_ 53
D cosQ( ) 3)
o ] + 1) 50
ei l2 cos?(0;)
o = el G 1
i mjl? cos?(0;) 70,3 e

+ 2m; 130 cos(15) sin(9;) — m;pg, 5[] [2[@B/N]l} + [@p/n7] [@B/N]lj}} (55)

Doing the same for eq.
- 1 R = . AT 5 e T~ -
0 = e {mypoj, (1] + [dD)wpn — mjbo. o[117 58 — mjbo. o [1][@s/n 1 [@5/n]d

A

+ P oLy — myl3 @] cos(V;) sin(¥;) — m;pq. o[l;] [Q[QB/N]lQ- + [@n/n] [JJB/N]lj} } (56)

. 1 X ~ ~ ~ . ] ~ ..
v = o) (mjpof,z[lj]([lj] + [d])wp/n — mjpof,Q[lj]TB/N + @ﬁj> (57)
7%
Writing this a different way
’l§j = ail;jﬁB/N + bgjd)lg//\/’ + Cy; (58)
Where
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af, - —ﬁoj’;[lj] (59)
~'T 7 7.
bgj _ Py, 2[%](}53] +[d]) (60)

1 ~ .
Co; = 7l2{ m;Po. o[j1[@sn ] [@5inld + Bg, 2Ly — m;l5E5 cos(d;) sin(9)
sl oI5| 2y + llwadty |} (1)

1.3.2 Translation

Plugging these definitions into the translation equation

iy — (@ it | (i) cos(0) 0 — ostie cos(0, ), 2)

+ (cos(goj) sin(ﬁj)ﬁoﬁl + sin(p;) sin(ﬁj)ﬁon + cos(ﬂj)ﬁ()ﬁg)ﬁj] =To/N — 2[‘:’8//\/]6/

~ [omwlla 5] (= costiog) eos(0; ), = s os(0), 2)

+ ( — cos(gj) cos(ﬁj)ﬁorl — sin(p;) cos(d;)Po, 2 + sin(ﬁj)ﬁ%g)ﬁ?

+ <2 sin(goj) Sin(ﬂj)ﬁoj,l -2 COS(QOJ') Sin(’ﬂj)ﬁojg) (,0]19]:| (62)

Results in

Z m;l; [(sm ©;) cos(V;)Po,,1—cos(w;) cos(ﬁj)ﬁojg) (agji*B/N—i-bgij/N—i-c(pj)

/N[
+ <cos(<pj) sin(d;)po,,1 + sin(p;) sin(d;)Po; 2 + cos(ﬂj)ﬁ()wg) (agji*B/N + bgij/N + ng)]
. ~ / ~ ~ 1 B ~ . ~ -2
= fo/n—2[wpnv]c' —[wp/n] [WB/N]C—mTC > mil; <—COS(<Pj) cos(¥;)Po;,1 —sin(g;) COS(ﬁj)Poj,z) @5
j=1

+ ( — cos(p;) cos(V)Po; 1 — sin(w;) cos(;)Po; 2 + sin(ﬁj)ﬁoﬁg)ﬁ?

+ <2 sin(y;) sin(J;)Po,,1 — 2 cos(p;) sin('ﬁj)ﬁgﬁz) gbjﬂj] (63)

Simplifying
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{ Isys] — [(Sm ;) cos(V;)Po,,1 — cos(w;) cos(ﬂj)ﬁojg)a:‘gj + (cos(cpj) sin(d;)Po; 1

2 m;l; [(sm ©j) cos(¥;)Po, 1

+ sin(g;) sin(d;)Po, 2 + cos(vﬁ‘j)ﬁoj,;g)agj} }fB/N + { -
SC

— cos(p;) cos(ﬂj)ﬁojg) bgj + (Cos(goj) sin(9;)po;,1 + sin(g;) sin(V;)po, 2 + cos('ﬁj)ﬁoﬁg) bfgj] }dJB/N

= fo/n — 2l@pv]c — [Op/n]l@p/n] [( cos(¢;) cos(¥;)Po, 1
— sin(yp;) cos(ﬂj)ﬁojvg) gb? + ( — cos(p;) cos(ﬁj)ﬁoj,l - sin(goj) cos(¥;)Po; 2 + sin(vﬂj)ﬁoj73> 19?
+ (2 sin(gpj) Sin(ﬁj)ﬁon -2 COS((,OJ') Sin(ﬁj)ﬁon)gbj’lgj — (sin(apj) COS(ﬁj)ﬁon
— cos(g;) Cos(ﬂj)ﬁojg)c% — (cos(<pj) sin(d;)po,,1 + sin(p;) sin(d;)Ppo; 2 + COS(ﬂj)ﬁoj’g)Cﬁj] (64)

Multiply both sides by msc.

{msc Isys] — Z m;l; {(sm ©;) cos(ﬁj)ﬁoj,l — cos(p;) cos(ﬁj)ﬁgj72)agj + (cos(goj)sin(ﬁj)ﬁ%l

+ sin(p;) sin(9;)Po; 2 + COS(ﬁj)ﬁOjﬁ)aa] }fB/N + { Mec[C Z m;l; {(Sln ©j) cos(V;)Po; 1
— cos(p;) cos(ﬁj)ﬁojg) bgj + (cos(goj) sin(d;)Po; 1 + sin(p;) sin(V;)Po, 2 + cos(ﬁj)ﬁojvg) bgj] }wB/N

Np
= mecFoyn — 2msc|@pnle — msc@pnl[@pnle — > mjl; [( — cos(p;) cos(V;)Po; 1
j=1

— sin(p;) cos(9;)Po, 2 )5 + (= cos(ip;) cos(¥;)Bo, 1 — sin(p;) cos(d;)o, 2 + sin(V;)Bo, 3 ) 12
+ (2 sin(y;) sin(v;)po,,1 — 2 cos(p;) sin(ﬂj)ﬁoj,g)cpjﬂj - (sin(«pj) cos(¥;)Po; 1
— cos(p;) cos(ﬁj)ﬁon) Co; — (cos(cpj) sin(d;)Po,,1 + sin(ip;) sin(d;)Po; 2 + cos(ﬁj)ﬁoj,g)ng] (65)

1.3.3 Rotation

Same thing for rotation:
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Np
msc[é]'i;B/N + [Isc,B]wB/N - Z mjlj [ﬁPCJ-/B] |:<Sin(90j) Cos(ﬁj)ﬁoj,l
j=1

— cos(p;) cos(ﬂj)ﬁon) (agj’i;B/N + bgng//\/ + Csoj) + (cos(goj) Sin(ﬂj)ﬁon + sin(yp;) sin(ﬁj)ﬁon

o0, a) (@l i + o + )| -
Np

Lp — [@pn ] Tse. Blwsn — [Toe plwsn — | m]{ [©Os/n][7P. /BT E, /8
j=1

+[#p. /5] [( — cos(ip;) cos(¥;)Po,.1 — sinle;) cos(d;)o, 2 ) 5 + ( — coslpy) cos(9)ho, 1
— sin(p;) cos(ﬁj)ﬁojg + sin(?; )pow )192 (2 sin(p;) sm(ﬂj)ﬁgﬁl — 2cos(yp;) sin(ﬂj)ﬁ()ﬁg) gbjﬁj] }
(66)

Next

P
{msc [€]—> " m;l;[7p, /5] [ ( sin(p;) cos(¥;)Po; 1—cos(p;) COS(ﬂj)ﬁoj,z) al, + ( cos(ip;) sin(5)Po; 1
j=1

+sin(g;) sin(d;)Po, 2 + COS(ﬁj)ﬁoj,:s) aﬁj} }'i;B/N + { sc,B] Z m;li[Tp, /B [(Sin(%’) cos(¥;)Po; 1
— cos(y;) cos(ﬂj)poj,g) bT + (Cos(goj) sin(9;)po, 1 +sin(ip;) sin(9;)po, 2 + cos(ﬁj)ﬁoj,g) bgj] }wB/N

Np

= L — [GellEeslwnn — Leplosn = Y, mi{[@snlFr. s, s
7j=1

+»z{ff;J/B][(-—<xm<wj>cos<vj>ﬁo%1-—snn<¢j>cos<ﬂj>ﬁoﬁ2)¢§-+ (= cos(ipy) cos(@;)o,
— sin(p;) cos(¥;)Po, 2 + Sin(f}j)ﬁoj,s) 9% + (2 sin(¢p;) sin(9;)Po; 1
— 2cos(ipy) sin(V;)o, 2 ) 505 — (sin(i5) cos()Po, 1 — cos(ipy) cos(9)Po, 2 ) e,

_ (cos(goj) Sin(ﬁj)ﬁon + Sin((pj) Sin(ﬂj)ﬁon + COS(ﬂj)ﬁoj,3>C§ji| } (67)

1.3.4 Remaining Back-substitution Steps

The following definitions can be defined:

(4] = {macl ] - ZWKM%mwmwﬂwmm%m@@

+ (COS(%’) sin(;)po;,1 + sin(ip;) sin(d;)Po; 2 + COS(ﬁj)ﬁoj,:s)afgj} } (68)
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[B] { msc Z mj [(Sln 90]) Cos(ﬁj)ﬁoj,l - COS(‘P]') Cos(ﬁj)ﬁon) bgj

+ (cos(goj) sin(9;)Po;,1 + sin(p;) sin(J;)po, 2 + cos(ﬁj)ﬁojﬁ)bgj} } (69)

[€] = {melé] ij [, /B][(sin«oj»)coswj)ﬁoj,l—cos(w)coswj)ﬁoj,z)ag

7j=1

+ (cos(goj) sin(d;)po;,1 + sin(p;) sin(¥;)Po; 2 + cos(ﬁj)ﬁoj,g;)agj} } (70)

[D] = {[ sc,B] Z m;li[7p, /5] {(sin(%) cos(0j)Po,.1 — cos(;) Cos(ﬁj)ﬁoj’z)bgj
=

+ (COS(%’) sin(d;)po, 1 + sin(p;) sin(d;)Po; 2 + COS(ﬁj)ﬁoj,?))bgj} } (71)

Utrans = msc7‘°‘C/N — 2msc [‘:’B/./\/']C/ — Msc [‘:’B/./\/'] [‘:)B/./\/’]c
_ Z mjl; {( — cos(¢;) cos(¥)Po, 1 — sin(e;) cos(ﬁj)ﬁojg) 90? + ( — cos(¢;) cos(¥;)Po, 1
— sin(goj) COS('lgj)ﬁ()j’Q + Sin(ﬁj)ﬁoj@) 19? + (2 sin(gpj) SiH(ﬁj)ﬁ()j’l
— 2cos(p;) Siﬂ(ﬁj)ﬁojz)%léj - (Siﬂ(sﬁj) cos(¥;)Po,,1 — cos(p;) COS(ﬂj)ﬁoj,Q) Cy,

- (COS(SOJ') sin(d;)Po;,1 + sin(p;) sin(d;)Po; 2 + COS(ﬁj)ﬁoj,:s)Cﬁj] (72)

Vot = L — [@p/n][Lse, Blwp/n — e plwnn

Np
-] mj{[‘:’s//\/] (7. ,/8]7p, 5 + LilTP. ;8] [( — cos(pj) cos(V;)Po,,1 — sin(p;) COS(ﬁj)ﬁon)%Q-
=1

+ < — cos(p;) cos(ﬁj)ﬁojl — sin(p;) cos(ﬁj)f)o].,g + Sin(ﬁj)ﬁojg) 19? + (2 sin(¢;) sin(ﬁj)f)oj,l
— 2cos(p;) sin(;)Po, 2 ) 505 — ( sin(p;) cos(d;)o, 1 — cos(e;) cos(9)Po, 2 )

— (COS(SOJ') sin(d;)po,,1 + sin(p;) sin(d;)Po; 2 + COS(W)?’@,:%)C&J } (73)

Therefore the translation and rotation EOMs are written in the following form

o o) o] = e -
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Solving the system-of-equations by

-1

G = (D] = [CNATHB])  (wrer — [CIAT  virans) (75)

TB/N = [A]il(”trans - [B]wB/N) (76)
Now the other state variables can be solved using Egs. and (58)):

$j = al PN+ bl wpn + ¢y, (77)
0; = aj ipn + by wpn + ¢ (78)

1.4 Rotational Kinetic Energy

The total rotational kinetic energy (i.e. kinetic energy about the center of mass) of the spacecraft is:

Np
1 1 : : 1. :
Trot = §wg/N[Ihub,BC]w3//\/ + S MhubT Be,C " T, C T Z 5T P 5/C " TR 5/C (79)
j=1
Expanding these terms results in
Np
1 o 1 . L . 1. L .
Trot = GwinHhub, B Jws /v + 5mne (75,5 =€) (T5.5—€) + > 5mj(Tp. ;B—€)(Tp, ;/5—¢€) (80)
j=1
Expanding further
1 1 ) : . L
Trot = §WB/N[Ihub,BC]wB/N’ + imhub(TBc,B “TB..B—2TB,B-C+C-C)
Np
+ Z imj('l:'Pcyj/B “Tp,,)B—2Tp,prc+c-c) (81)
j=1
Combining like terms results in
1 1 &
Trot = §w£/N[Ihub,Bc]wB/N + 5 MhubT Be, B TBe,B + > SMGTP,;/B  TP;/B
j=1
Np 1 Np
_ {mhubi'Bc,B + jzl mj/f'Pc,j/B:| e+ 5 [mhub + ]Zl m]}c' -C (82)

Performing a final simplification yields

Np
1 1 . . . . 1 .o
Trot = §w£/N[Ihub,Bc]wB//\/’ + 5Mhub”B.,B " TB,,B T Z imjrpc,j/B "Tp.;/B — 5gMmscc-C (83)

2 ~ 2
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1.5 Rotational Angular Momentum

The total rotational angular momentum of the spacecraft about point C is

Np
H, .0 = [Ihub,B.Jws/A + MhubTB.,C X TB,,C + Z m;Tp, .jc X TP, /C (84)
=1
Expanding these terms yields
Np
H, o0 = [Inub,B.Jwp/n + Mius(TB,,8 — €) X (5.8 — €) + Y. mj(rp, 5 — ) x (¥, /5 —€) (85)
=1

Distributing this result

H,ot.c = [Ihub,B.Jws/n + Mhub(TB..B X "B, B —TB,B X C—CXTp, p+cCXCc)
Np
=+ 2 mj(’l"ch/B X ’l;'PC’]./B — rPc,j/B X C — C X ch,j/B 4+ c X C) (86)
j=1
Simplifying this result yields the final equation
Np
H,o,0 = [Ihub,B.]JwB/A + MhubTB,.,B X TB,.B + Z m;iTp, /B X T'p, /B — MSCC X € (87)
j=1
1.6 Reference System Change

As we can see in Eqgs. (53), and (59), the problem is singular for ¥ = 7/2 + km, (k = 0,1,2...). In
order to solve this issue, a rotation of the pendulum frame, Py ;, is necessary. This rotation is performed
when ¥; reaches a value multiple of 7/4, to remain always far enough from the singularity. The new
pendulum frame PjS" is obtained with a rotation of the actual value of ¢ around the p3 ; axes, and of
¥ around ﬁ/2,j axes. This would lead to a new pendulum reference frame with p" aligned along the

pendulum direction. The Fig. {4 shows the P(5" respect to Py ;. At this point is easy to see that the

new value of ¢; and ¥; are equal to 0. To compute the new value of ¢; and 19j Eq. is reversed
and it yields:

5=l (58)
lj

g = bl (89)
i

The integration can continue using these new values and the new reference systems. This would lead
to discontinuities on ¢;, 0;, ¢; and 9, but not on the vectors I; and lg.

2 Model Functions

This module is intended to be used as a oscillating spherical pendulum attached to the spacecraft.
Below is a list of functions that this model performs:

e Compute it's contributions to the mass properties of the spacecraft
e Provides matrix contributions for the back substitution method
e Compute it's derivatives

e Adds energy and momentum contributions to the spacecraft
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Fig. 4: P%" frame definition

3 Model Assumptions and Limitations

Below is a summary of the assumptions/limitations:

e The mass is assumed to be concentrated at the pendulum meaning that the mass is considered a
point mass

e The link is considered massless: the link being the length between the rotation point and the mass

e |s derived in such a manner that does not require constraints to be met

4 Test Description and Success Criteria

This test is located in simulation/dynamics/sphericalPendulum/UnitTest/
test_sphericalPendulum.py. In this integrated test there are two spherical pendulums connected to
the spacecraft hub. There are two scenarios being tested: one with the time step being 0.01 and one
with the time step 0.001. Both tests should show energy and momentum conservation but the 0.001
should show less integration error.

5 Test Parameters

To validate and test the code a simulation with two spherical pendulums has been run using the following
input parameters:

L =0.3m,  my=20kg,  ¢10=00lrad/s, V10 =0.05rad/s

0.1 V2/2 0 —v2/2 (90)
di=1(01[m P01 = 0 Po2= |1 P03 = 0
0.1 V2/2 0 V2/2
lo = 0.4m, my = 40kg, 2,0 = 0.1rad/s, 192,0 = 0.5rad/s
0.1 1 0 0 (91)
di=|01[m  po,1=|0 Po,2 = |1 Po,3= |0

0.1 0 0 1
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truth—value )
truth

Test Relative Tolerance
Energy and Momentum Conservation le-8

Table 2: Error Tolerance - Note: Relative Tolerance is abs(

6 Test Results

The following figures show the conservation of the quantities described in the success criteria for each
scenario. The conservation plots are all relative difference plots. All conservation plots show integration
error which is the desired result. In the python test these values are automatically checked therefore
when the tests pass, these values have all been confirmed to be conserved. An additional note: the
angular momentum plots are plotting the change in the components of the angular momentum vector
in the inertial frame. The individual components are not labeled because the goal is for each component
to show conservation therefore the individual components do not have separate information needing to
be specified.

6.1 Time Step = 0.01

le—14
05 T T T 1

Relative Orbital Angular Momentum Variation

_20 | | | |
0.0 0.2 0.4 0.6 0.8 1.0

Time (s)

Fig. 5: Change in Orbital Angular Momentum Time Step = 0.01
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le-15

Relative Orbital Energy Variation

_4 | | | |
0.0 0.2 0.4 0.6 0.8 1.0

Time (s)

Fig. 6: Change in Orbital Energy Time Step = 0.01

le-11

0.5

0.0

-1.0F 1

—2.0F 1

Relative Rotational Angular Momentum Variation

_2.5 | | | |
0.0 0.2 0.4 0.6 0.8 1.0

Time (s)

Fig. 7: Change In Rotational Angular Momentum Time Step = 0.01
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le-11
0.5 T T T T

0.0 —

-1.0F 1

2.0} .

Relative Rotational Angular Momentum Variation

-25 | | | !
0.0 0.2 0.4 0.6 0.8 1.0

Time (s)

Fig. 8: Change In Rotational Energy Time Step = 0.01
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6.2 Time Step = 0.001

le—-14

0.5

Relative Orbital Angular Momentum Variation

_2_0 | | | |
0.0 0.2 0.4 0.6 0.8 1.0

Time (s)

Fig. 9: Change in Orbital Angular Momentum Time Step = 0.001
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Relative Orbital Energy Variation

Relative Rotational Angular Momentum Variation

le—15

_8 1 1 1 1
0.0 0.2 0.4 0.6 0.8 1.0

Time (s)

Fig. 10: Change in Orbital Energy Time Step = 0.001

le—14

1.0

0.5F '

0.0

—-0.5F

-1.0f

_2.0 | | | |
0.0 0.2 0.4 0.6 0.8 1.0

Time (s)

Fig. 11: Change In Rotational Angular Momentum Time Step = 0.001
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1.0 le—14

0.0

—-0.5F

—-1.0f

—-1.5}

Relative Rotational Angular Momentum Variation

2.0 | | | !
0.0 0.2 0.4 0.6 0.8 1.0

Time (s)

Fig. 12: Change In Rotational Energy Time Step = 0.001
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7 User Guide

This section is to outline the steps needed to setup a spherical pendulum in python using Basilisk.

1.

Import the sphericalPendulum class:
from Basilisk.simulation import sphericalPendulum

. Create an instantiation of a spherical pendulum particle:

particlel = sphericalPendulum.SphericalPendulum()

. Define all physical parameters for a spherical pendulum particle. For example:

particlel.r-PB_B = [[0.1], [0], [-0.1]] Do this for all of the parameters for a spherical pendulum
seen in the public variables in the .h file.

. Define the initial conditions of the states:

particlel.philnit = 0.05  particlel.phiDotInit = 0.0

. Define a unique name for each state:

particlel.nameOfPhiState = "sphericalPendulumPhi”  particlel.nameOfPhiDotState = "spher-
icalPendulumPhiDot”

. Finally, add the particle to your spacecraftPlus:

scObject.addStateEffector(particlel). See spacecraftPlus documentation on how to set up a space-
craftPlus object.
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